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ROBUST PID CONTROLLER DESIGN

Ladislav Harsányi — Mária Dúbravská
∗

The article deals with the robust PID controller design for linear systems using the Tsypkin-Polyak Robust Stability
Theorem. According to the proposed method, presupposing knowledge of parametric uncertainty intervals of the controlled
system, the robust PID controller design task is transformed into a static optimization problem with the aim to find the
maximum value of the stability radius which is proportional to the closed-loop robust stability.

K e y w o r d s: robust controller, control system robust stability, parametric uncertainty,uncertainty radius, stability
radius, Tsypkin-Polyak plot, Tsypkin-Polyak theorem

1 INTRODUCTION

The design of robust controllers with constant coeffi-

cients is still topical because in general it yields simple,

reliable and cheap controllers with constant coefficients.

We assume that the parameters of the controlled system

vary in time within known intervals. The task of the ro-

bust controller synthesis is to ensure closed-loop stability

for all possible combinations of controlled system param-

eter values from given intervals. The robust controller pa-

rameter design is based upon the Tsypkin-Polyak robust

stability [1, 2, 3, 4, 5, 6]. This theorem provides neces-

sary and sufficient robust stability conditions for a linear

continuous-time system.

Consider a control system with a PID controller. To

determine its parameters, a gradient method has been

used which is based on the assumption that the initial

PID controller parameters have been adjusted to provide

a stable closed-loop. The maximum closed-loop robust-

ness is represented by the extreme value of a cost func-

tion which involves the Tsypkin-Polyak robust stability

theorem. Thus, the problem to be solved consists in max-

imizing the side of a square inscribed into the Tsypkin-

Polyak plot with respect to the PID controller param-

eters. In general, however, this relation (cost function)

is analytically too intricate or even unknown. Therefore

the search for its extreme has been carried out by deter-

mining experimentally (numerically) its gradient. As the

cost function can have several local extremes, the search-

ing procedure has to be run several times with different

initial conditions, ie with different controller parameter

value combinations. The final solution is that one which

yields the maximum value of the side of a square inscribed

into the Tsypkin-Polyak plot.

2 ROBUST PID CONTROLLER DESIGN

Let the controlled linear continuous system be de-
scribed by a transfer function

G(s) =
bmsm + bm−1s

m−1 + · · ·+ b1s+ b0

ansn + an−1sn−1 + · · ·+ a1s+ a0
=

B(s)

A(s)
. (1)

Consider that the intervals of system parameters are

known and their upper and lower bounds are a+i and

b+j , respectively, i = 0, 1, . . . , n , j = 0, 1, . . . ,m , m ≤ n .

By means of them, the system nominal model has been
determined as

G0(s) =
b0msm + b0m−1s

m−1 + · · ·+ b01s+ b00

a0ns
n + a0n−1s

n−1 + · · ·+ a01s+ a00
(2)

where
a0i =

a+i + a−i
2

, i = 0, 1, . . . , n

b0j =
b+j + b−j

2
, j = 0, 1, . . . ,m .

(3)

The PID controller transfer function is

GR(s) = r0+r1s+
r−1

s
=

r1s
2 + r0s+ r−1

s
=

R(s)

S(s)
. (4)

It is supposed that initial values of some parameters are
known. However, though the control-loop is stable, it is
not always robustly stable. The controller parameters r0 ,
r1 and r−1 which guarantee the closed-loop robust stabil-
ity will be determined using the closed-loop characteristic
equation

1 +GR(s)G(s) = 1 +
R(s)B(s)

Ss)A(s)
= 0 (5)
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Fig. 1. Geometric interpretation of the Tsypkin-Polyak theorem in
the (X, jY )-plane.

ie the equation

Q(s) = A(S)S(s) +B(s)R(s)

= qps
p + qp−1s

p−1 + . . . q1s+ q0 = 0 . (6)

Substituting a+i , b+j or a−i , b−j in qk , k = 0, 1, . . . p ,

these gain their maximum q+k or minimum values q−k .
By means of them, the midpoints of uncertainty intervals
are determined

q0k =
q+k + q−k

2
, k = 0, 1, . . . , p (7)

and uncertainty radii

αk =
q+k − q−k

2
, k = 0, 1, . . . , p (8)

as maximum deviations of qk from the q0k interval mid-

points. Then, for each qk from the interval q−k ≤ qk ≤ q+k
the following inequality holds

|qk − q0k| ≤ αk , k = 0, 1, . . . , p . (9)

According to the Tsypkin-Polyak theorem, the closed-
loop robust stability is specified by the stability radius
value γ which is a function of controller parameters, ie
γ = γ(r0, r1, r−1). Maximising the stability radius γ with
respect to the controller parameters

γmax = max
r0,r1,r−1

γ(r0, r1, r−1) (10)

the new, ie maximum, uncertainty radii can be deter-
mined

∣

∣qk − q0k
∣

∣ = αkγ , k = 0, 1, . . . , p (11)

for which the closed-loop is robustly stable. For γ > 1
(γ < 1) the original values of uncertainty interval radii
αk increase (decrease) by such a γ -multiple for which the
closed-loop stability is preserved.

3 DETERMINATION OF THE

MAXIMUM STABILITY RADIUS

For given uncertainty intervals of the controlled system

and known values of r0 , r1 and r−1 we calculate the

coefficients q+k , q−k , q0k and αk for k = 0, 1, . . . , p . In
this way we obtain the characteristic polynomial of the

closed-loop system for the nominal model

Q0(s) = q0ps
p + q0p−1s

p−1 + · · ·+ q01s+ q00 (12)

and the related Michajlov plot (using the substitution
s = jω )

Q0(jω) = U(ω) + jωV (ω) . (13)

(13) Next, the auxiliary polynomials are generated

S(ω) = α0 + α2ω
2 + α4ω

4 + . . .

T (ω) = α1 + α3ω
2 + α5ω

4 + . . .
(14)

and the polynomial quotients

X(ω) =
U(ω)

S(ω)

Y (s) =
V (ω)

T (ω)

(15)

by means of which we define the complex function

Z(ω) = X(ω) + jY (ω) (16)

graphical representation of which in the (X, jY )-plane is
the so-called Tsypkin-Polyak plot (Fig. 1).

According to the Tsypkin-Polyak theorem [1], the nec-

essary and sufficient closed-loop robust stability condition
is fulfilled if for ω ∈ 〈0,∞) the Z(ω)-plot passes through
the p-quadrants of the (X, jY )-plane anticlockwise, not

intersecting the square located in the coordinates origin
and having the edge-size 2γ parallel with the axes and for
the marginal values of ω , the polynomials X(ω), Y (ω)

meet the conditions
∣

∣X(ω = 0)
∣

∣ > γ ,
∣

∣Y (ω = 0)
∣

∣ > γ ,
∣

∣X(ω = ∞)
∣

∣ > γ ,
∣

∣Y (ω = ∞)
∣

∣ > γ , ie they have to lie

in the domains I, II, III and IV.

Applying the above theorem to the robust PID con-
troller synthesis, the two following tasks arise:

a) generation of such an algorithm for computing the
changes of parameters r0 , r1 and r−1 , which guaran-

tees convergence of the stability radius computation
procedure to its maximum value γmax

b) finding of the tangential point of the square having the
side-length 2γ and the Tsypkin-Polyak plot.

a) For various combinations of parameter values r0 , r1
and r−1 we obtain different Z(ω) plots given by (16) and
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different related stability radii values γ . This implies that
there exists a function

γ = γ(r0, r1, r−1) . (17)

For its small changes ∆yk around the operating point

Ak(rk0 , r
k
1 , r

k
−1) we can write

∆γk =
[ ∂γ

∂r0

]

Ak

∆rk0 +
[ ∂γ

∂r1

]

Ak

∆rk1 +
[ ∂γ

∂r−1

]

Ak

∆rk
−1

(18)
where the partial derivatives in the brackets are elements
of the gradient presenting the direction of the steepest
growth of the function (17). The PID controller parame-
ters changes corresponding to this direction are solution
to the following optimisation problem

∆γk
max = max

r0,r1,r−1

∆γk(∆r0,∆r1,∆r−1) (19)

[

∆rk0
]2

+
[

∆rk1
]2

+
[

∆rk
−1

]2
= h2 . (20)

(20) Equation (19) is the cost function subject to the
constraint (20), h is the given size of the iteration step.

Conditions for the extreme of the defined problem (22)
are implied by the corresponding Lagrange function (21)

L=∆γk+λ
[

(∆rk0 )
2+(∆rk1 )

2+(∆rk
−1)

2 − h2
]

(21)

∂L

∂∆r0
=

[ ∂γ

∂r0

]

A∗

+ 2λk∆rk0 = 0

∂L

∂∆r1
=

[ ∂γ

∂r1

]

A∗

+ 2λk∆rk1 = 0

∂L

∂∆r−1

=
[ ∂γ

∂r−1

]

A∗

+ 2λk∆rk
−1 = 0

∂L

∂λ
=

[

∆rk0
]2

+
[

∆rk1
]2

+
[

∆rk
−1

]2
− h2 = 0

(22)

where L is the Lagrange multiplier.

If we knew the partial derivatives of the bracketed ex-
pressions, ie the gradient of (17) in the particular oper-
ating point, the solution to this set of equations would
be the numeric values of ∆rk0 , ∆rk1 , ∆rk

−1 , λk . As the

analytical expression of (17) is not known, these partial
derivatives are determined experimentally in each par-
ticular operating point Ak , k = 0, 1, 2, . . . as follows.
For a given small change of a single controller parameter,
eg ∆rk0 , in the k -th operating point the corresponding

change ∆γk
r0

is computed. These computations are per-

formed sequentially also for changes of ∆rk1 and ∆rk
−1

finally yielding the numeric values of ∆γk
r1

and ∆γk
r−1

.

The gradient of (17) in the given point is then

[ ∂γ

∂ri

]

Ak

=
∆γk

ri

∆rki
, i = 0, 1,−1 . (23)

Having obtained the values (23) we are now able to solve
the system of equations (22). From its solution we ob-

tain such controller coefficients changes ∆rki , i = 0, 1,−1

which, according to (18), bring about the change of ∆γk

in the direction of the gradient (17) bounded by the cho-

sen step h . Then, the new operating point Ak+1 is given

by the expressions

rk+1
0 = rk0 +∆rk0 ,

rk+1
1 = rk1 +∆rk1 ,

rk+1

−1 = rk
−1 +∆rk

−1 ,

γk+1 = γk +∆γk .

(24)

If the inequality γk+1 < γk holds, we return back to the
operating point Ak , decrease the step-length h to one
half, solve again (22) and determine the new point Ak+1 .

If the above inequality still holds, we again decrease the

step-length h to one half and repeat the computing pro-

cedure. The step-length h has to be halved until the in-

equality sign reverses. In case the reverse inequality holds,

the stop condition of the iterative computation has to be
tested (such a condition can be eg γk+1 − γk ≤ ε , where

ε is the prescribed solution accuracy, or achievement of a

prescribed number of solution steps). Should these con-

ditions still not be fulfilled, the procedure goes on by de-

termining the gradient (23) in the new operating point

Ak+1 , by computing new controller parameter changes

according to (22) and by determining a new operating

point Ak+2 . If the function (17) is unimodal, using the

described algorithm allows to find its absolute maximum,

ie the maximum stability radius γmax = γ∗ . If the func-

tion (17) is not unimodal, the found extreme is only local.

However, by an appropriate choice of the starting point
r00 , r

0
1 , r

0
−1 it is possible to find also other extreme val-

ues and declare the largest of them to be the absolute

extreme. The solution result is given by (20), otherwise

the equation set (19) is solved in a new working point

Ak+1 . If the extreme value γ∗ lies outside the stable re-

gion, its value on the stability border is considered.

b) The search for the tangential point of the Tsypkin-

Polyak plot and a vertex of the square with the side-

length 2γ (where by the plot must not cross any point of

the square) reduces to the search for a common solution

of both slants of the square and the Tsypkin-Polyak plot

(points A′ , B′ , C′ and D′ in Fig. 1). The solution is

again carried out using a numeric iterative procedure.

The solution is the point with the least absolute values

of co-ordinates (X, jY ) taken as the stability radius, ie

|X | = |Y | = γmax = γ∗ .

The algorithm for searching the extreme value of

the function (17) as well as the tangential point of the

Tsypkin-Polyak plot and a vertex of the square with the

side-length 2γ has been programmed under MATLAB.

The program includes the graphical representation of the

solution, plotting the Tsypkin-Polyak plot and its in-

scribed square either in each iteration step or only the

final solution.
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Fig. 2. The stability region of the PID controller of the parameter
plane (r0 − r

−1 for r1 = 0.4.
Fig. 3. Graphical solution of robust PID controller design.

4 EXAMPLE

Consider a linear continuous-time dynamic system of
the third order

G(s) =
b2s

2 + b1s+ b0

a3s3 + a2s2 + a1s+ a0

with the following interval changes of its parameters

a+3 = 1 , a+2 = 5 , a+1 = 60 , a+0 = 18 ,

b+2 = 5.2 , b+1 = 98 , b+0 = 50 ,

a−3 = 1 , a−2 = 4 , a−1 = 55 , a−0 = 14 ,

b−2 = 4.9 , b−1 = 90 , b−0 = 42 ,

The nominal system is

G(s) =
5.05s2 + 94s+ 46

s3 + 4.5s2 + 57.5s+ 16
.

Its coefficients have been determined as arithmetic aver-
ages of the minimum and maximum values of the perti-
nent uncertainties. Under a PID controller the character-
istic equation with the nominal model is

A(s) = (1 + 0.5r1)s
4 + (4.5 + 9.4r1 + 5.05r0)s

3

+ (57.5 + 5.05r−1 + 94r0 + 46r1)s
2

+ (16 + 46r0 + 94r−1)s+ 46r−1 .

The initial values of the PID controller parameters have
been chosen from the stable region of the parameter plane
r0 , r−1 given by the D -partition plot for the chosen value
of r1 .

Figure 2 depicts the D -plot (double cross-hatched)
and the singular line (single cross-hatched), plotted for
r1 = 0.4, which determine the stable region in the plane
of parameters. For any pair r0 and r−1 chosen from

the stability region (and a given value of r1 ) the closed-
loop is stable. The first starting triple of parameters is
r0 = 0.8, r−1 = 10, r1 = 0.4. Further, we choose the
initial step-length h = 0.01 and the solution accuracy
ε = 0.005. Using the above-mentioned software, the fol-
lowing robust PID controller parameters have been com-
puted: r∗0 = 0.8249, r∗

−1 = 0.3510, r∗1 = 0.0278 to
which corresponds the maximum robust stability radius
γmax = γ∗ = 11.4955. The graphical solution is depicted
in Fig. 3.

The determined maximum robust stability radius γ∗

relates to the nominal model, generated by the triple
of parameter values r∗0 , r∗1 , r∗

−1 and the corresponding

uncertainty radius (8). The characteristic equation (6) is
now

Q(s) = (a3 + b2r1)s
4 + (a2 + b1r1 + b2r0)s

3

+ (a1 + b0r1 + b1r0 + b2r−1)s
2

+ (a0 + b0r0 + b1r0 + b1r−1)s+ b0r−1

= q4s
4 + q3s

3 + q2s
2 + q1s+ q0 .

Using the boundary coefficient values a+i , a−i and b+j ,

b−j , yields the following characteristic equation coeffi-

cients

q+0 = 467.00 , q−0 = 392.28 , q00 = 429.64 , α0 = 37.36 ,

q+1 = 1083.82 , q−1 = 981.02 , q01 = 1032.42 , α1 = 51.40 ,

q+2 = 407.55 , q−2 = 375.03 , q02 = 391.28 , α2 = 16.26 ,

q+3 = 28.49 , q−3 = 25.95 , q03 = 27.22 , α3 = 1.272 ,

q+4 = 1.416 , q−4 = 1.392 , q04 = 1.404 , α4 = 0.012 .

The closed-loop robust stability under the designed PID
controller considering the given original uncertainties for
which γ = 1 as γ∗ > 1. It has been verified also by
applying the Kharitonov theorem Using the upper- and
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lower uncertainty limits and the coefficients of the de-
signed controller, we have generated the four Kharitonov
polynomials. All their roots for the uncertainty radii (11)
for all γ from the interval 1 ≤ γ ≤ 11 have negative real
parts.

5 CONCLUSION

The paper deals with the robust PID controller design
for linear continuous-time systems. The robustness issue
has been solved via transformation of the original task
to the static optimization problem. The proposed robust
controller synthesis algorithm is based upon the Tsypkin-
Polyak theorem on robust stability of linear systems. As
the described algorithm is relatively simple and yields a
reliable solution, it has a chance to become a common
engineering method. Its drawback is that the cost func-
tion (17) uses to have several local extremes. Therefore,
the solution procedure needs to be repeated for several
initial stable values of PID controller parameters. Thus,
several values γmax are obtained from which the largest
one is chosen as γ∗ . The benefit of the method is that it
also indicates robustness redundancy which can further
be used to include the performance improvement in the
synthesis algorithm.
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