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PERFORMANCE OF CONTROL LOOPS
WITH ROBUST CONTROLLERS

Ladislav Harsányi — Mária Dúbravská
∗

In this paper, necessary and sufficient conditions for robust performance and a robust controller design algorithm are

derived. The robust controller is designed for linear SISO systems in the frequency domain. The performance is specified by
a forbidden area in the complex plane.
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1 INTRODUCTION

Consider linear continuous SISO systems. Their pa-
rameters are changing within given intervals. The prob-
lem is to design a robust controller which, in addition to
robust stability, ensures also a certain guaranteed perfor-
mance of the control loop for all given interval changes
of the controlled system parameters. The design of this
controller is carried out in the frequency domain and is
based on the set of Nyquist plots of the perturbed SISO
system to be controlled. In the complex plane, a forbid-
den area is specified by the radius of a circle centered
in (−1, j0). If none from the set of perturbed open loop
Nyquist plots enters this area, then a certain performance
of control processes is guaranteed, specified by the forbid-
den area size via choosing the robust controller structure
and parameters.

2 MATHEMATICAL DESCRIPTION

OF THE UNCERTAIN SYSTEM

The relatively fast changes of the controlled system
parameters are most often due to changes of its working
point. Through these changes we replace the original non-
linear description of the plant by transfer functions the
coefficients of which at the same time specify the inter-
vals of parametric uncertainties. The set of plant trans-
fer functions will be represented by one uncertain system
model denoted Gp(s) . The relevant frequency response
Gp(jω) is represented by a set of Nyquist plots for all
possible combinations of uncertain parameter values of
the controlled system (cross hatched area in Figure 1).
Using average values of the controlled system uncertain
parameters qj = (qjmin+qjmax)/2, j = 1, 2, . . . , k , where
k is the number of uncertain parameters, we specify the
nominal model of G(s) as G(jω) . The variance of per-
turbed Nyquist plots around G(jω) will be expressed by

means of additive dynamics

G∆(s) = wA(s)∆(s) (1)

its frequency response being

G∆(j) = wA(j)∆(j) (2)

where ∆(jω) represents the set of perturbed Nyquist
plots whose magnitude |∆(jω)| does not exceed the unit
value for any ω , ie |∆(jω)| ≤ 1, ∀ ω ∈ 〈0,∞〉 and
wA(jω) is a perturbation weighting function. The most
unfavourable case for magnitude scattering |∆(jω)| is
when |∆(jω)| = 1 for all ω . This variance area of a unit
width is extended or reduced for all ω using the weighting
function wA(jω) , which will be designed as follows: We
specify a sequence of discrete values ωi , i = 1, 2, . . . ,m
from the perturbed system bandwidth. We define the
location of ωi on the Nyquist plot of the nominal model
G(jω) , as well as on a sufficient number of perturbed
Nyquist plots. We enclose all these points by a circle with
the smallest possible radius centered in ωi on G(jω) .
In this way we obtain a set of m circle radii. We define
the transfer function wA(jω) such that its magnitude is
equal or larger than the radius of the relevant circle for
all ωi , i = 1, 2, . . . ,m . Then the uncertain system model
is defined as

Gp(s) = G(s) + wA(s)∆(s) . (3)

Its graphical interpretation in the frequency domain is
shown in Fig. 1. Next, we modify this so-called additive
model to a multiplicative one

Gp(s) = G(s) +G(s)
wA(s)

G(s)
∆(s) = G(s)[1 + w(s)∆(s)]

(4)
where

w(s) =
wA(s)

G(s)
(5)
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Fig. 1. The area of system uncertainties represented by a set of

Nyquist plots
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Fig. 2. Control loop with multiplicative uncertainty
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Fig. 3. Graphical interpretation of robust stability and perfor-

mance

is the so-called relative weighting function of uncertain-
ties.

The transfer function w(s) is determined indirectly
first, we determine a maximum relative variance of magni-
tudes from the set r = 1, 2, 3, . . . , n of perturbed Nyquist
plots of the system for individual values ωi , ie in each
point ωi we look for a maximum with respect to r .

d(ωi) = max
Gpr(jωi)

∣

∣

∣

Gpr(jωi)−G(jωi)

G(jωi)

∣

∣

∣

r = 1, 2, . . . , n , i = 1, 2, . . . ,m .

(6)

Then, we choose the transfer function w(s) whose mag-
nitude fulfills the following relation

|w(jωi)| ≥ d(jωi) ∀ωi , i = 1, 2, . . . ,m (7)

3 ROBUST STABILITY CONDITIONS

Consider the multiplicative uncertainty (4) and the
control configuration according to Fig. 2, where GR(s)
is the controller transfer function.

Denote the loop transfer function including uncertain-
ties as

Lp = GRGP = GRG(1 + w∆) = L+ Lw∆ (8)

where

L = GRG (9)

is the loop transfer function with nominal model without
considering uncertainties. The closed loop transfer func-
tion without uncertainties will be denoted as

T =
L

1 + L
. (10)

Suppose Lp , L and T to be stable. Based on the Nyquist
stability criterion, the closed loop with uncertainties is
robustly stable, if for ωi ∈ 〈0,∞〉 the distance between
the point Ai on the Nyquist plot G(jω) and the point
(−1, j0), ie the vector |1+L(jωi)| (see Figure 3) is larger
than the perturbation circle radius |w(jωi)L(jωi)| in the
points Ai , ie

|Lw| < |1 + L| ∀ω . (11a)

Graphical interpretation of this robust stability condition
is in Fig. 3. By modifying (11a) we obtain other equivalent
robust stability conditions.

∣

∣

∣

Lw

1 + L

∣

∣

∣
< 1 ∀ω , (11b)

|Tw| < 1 ∀ω , (11c)

|T | <
1

|w|
∀ω . (11d)

4 ROBUST PERFORMANCE

Circle radii centered in (−1, j0) which are function of
ω represent magnitudes of wp(jω) . A circle for ωi with
radius |wp(jωi)| is depicted in Fig. 3. If we choose as
wp(s) the Laplace transform of pure transport delay, ie

wp(s) = Ke−Ds , then we get for all ωi only one radius
for all circles, equal to K . With the choice of radius K we
ensure a certain performance quality, eg maximum over-
shoot, maximal settling time etc, but without their direct
quantification. The rule of portion applies: the bigger the
radius K , the bigger the performance quality. If we want
to ensure a given performance quality, we have to replace
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circles with centres in (−1, j0) with Hall circles, their
parameter is the frequency response modul value M . It
is possible to assign to this parameter the value of some
performance quality parameter, eg maximum overshoot.
Defining the function wp(jωi) is in this case much more
complicated.

The closed-loop robust performance can be guaranteed
by choosing the size of these radii such that for all ωi ∈
(

0,∞
(

none of the perturbed Nyquist plots GR(s)Lp(jω)

intersects the relevant circle with the radius |wp(jωi)| .
This requirement is fulfilled, when the sum of circle radii
wp(jωi)| and w(jωi)L(jωi)| is smaller than the distance
between the circle centres 1 + L(jωi)| for all ωi , ie

|wp|+ |wL| < |1 + L| ∀ωi . (12a)

Graphical interpretation of this condition is shown in
Fig. 3. Modifying this inequality we can get further for-
mulas to guarantee the closed loop robust performance:

∣
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wp

1 + L
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∣

wL

1 + L

∣

∣

∣
< 1 ∀ω , (12b)

|wpS|+ |wT | < 1 ∀ω , (12c)

max
ω

(

|wpS|+ |wT |
)

< 1 . (12d)

Considering |wL| = |w| |L| and the inequalities

|1 + L| ≥ |L| − 1 for |L| > 1 (13a)

|1 + L| ≥ 1− |L| for |L| < 1 (13b)

then, instead of the right hand side in (12a) we can use
the right hand side of (13a), or (13b) getting

|L| >
1 + |wp|

1− |w|
for |L| > 1 and |w| < 1 (14a)

or

|L| <
1− |wp|

1 + |w|
for |L| < 1 and |wp| < 1 . (14b)

Inequalities (13) are stricter than conditions (12), there-
fore conditions (14) are only sufficient conditions of per-
formance quality.

Condition (14a) is effective mainly for low values of ω ,
while condition (14b) mainly for high values of ω .

Another formulation of the closed loop robust perfor-
mance conditions can be obtained from (12a) under the
following assumptions.

a) For low values of ω and LÀ 1 is |1+L|
.
= |L| and if

|w| < 1, then

|L| >
|wp|

1− |w|
(15)

b) For high values of ω and L¿ 1 is |1 + L|
.
= 1 and if

|wp| < 1, then

|L| <
1− |wp|

|w|
. (16)

20log |L(jw )|

-2.0 -1.0-1.5 1.0-0.5 0.0 0.5 1.5

dB

20log (w) (rad/sec)

40

0

20

-20

-40

-60

L>>1 , 20log |L(jw )| >A(w)

L>>1 , 20log |L(jw )| >A(w)

B(w)=20log
1- |Wp(jw )|

|W(jw)|

A(w)=20log
|Wp(jw)|

1-|W(jw )|

Fig. 4. Graphical interpretation of (19)

5 ROBUST CONTROLLER DESIGN

The controlled system has been identified in N work-
ing points. As a result, there are N transfer functions
Gpr(s) , r = 1, 2, . . . , N . Using average values of their
uncertain parameters we will define the nominal model
G(s) . We define the frequency response magnitude d(ω)
according to (6) and choose the weighting function w(jω)
according to (7) with a common structure

w(s) =
T1s+ a

T2s+ 1
. (17)

Radii of the system of circles that guarantee the required
performance can be pre-specified by a transfer function
of the same structure

wp(s) =
T3s+ b

T4s+ 1
. (18)

In the synthesis of the robust controller we will apply the
logarithms of (15) and (16)

20 log |GR(jω)|+ 20 log |G(jω)| >

20 log
|wp(jω)|

1− |w(jω)|
= A(ω) , (19a)

20 log |GR(jω)|+ 20 log |G(jω)| <

20 log
1− |wp(jω)|

|w(jω)|
= B(ω) . (19b)

If choosing in (17) T2 > T1 , a < 1, then |w(jω)| < 1
and we can avoid an uncertain expression in (19a). The
validity of (19a) and (19b) is ensured by the choice of the
controller transfer function GR(s) .

The PID controller structure is often sufficient. In-
equalities (19) do not provide a direct algorithm of robust
controller synthesis. They present the criterion of required
performance quality. Therefore we design a controller us-
ing some known method of robust controller synthesis
considering only robust stability conditions. A possible
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approach is the method of small gain. In the case the re-
quired performance quality is not achieved we modify the
controller parameters. The first iterative step of PID con-
troller synthesis for the nominal system can be a method
of optimal modul, because PID controller designed this
way fulfills the condition of robust stability, too. We use
this possibility in the next example.

5 ILLUSTRATIVE EXAMPLE

Consider a system

G(s) =
K

s3 + 3s2 + 2s+ 1

where only the gain K is changing in the interval 〈2, 3〉 .
The system has been identified in three working points.
The gain K = 2.5 corresponds to the nominal model.
The transfer function of the relative weighting function
of uncertainties w(s) has been chosen according to (17),
with T1 = 0.25 s, T2 = 1 s, a = 0.21. This chosen transfer
function w(s) meets the condition (7).

The circle radii specifying the performance are given
by the transfer function (18) with T3 = 0.41 s, T4 = 1 s
and b = 0.4. Inequalities (19) will be fulfilled by choosing

the PID controller in the form GR(s) = (r1s
2 + r0s +

r−1)/s with coefficients r0 = 0.6, r−1 = 0.4, r1 = 1.

Fulfillment of (19) for the designed controller is obvi-
ous from Fig. 4. It proves that the designed PID controller
guarantees robust stability and the required closed loop
robust performance as well.

6 CONCLUSION

In this paper one possible robust SISO controller de-
sign procedure guaranteeing a pre-specified performance
has been proposed. The developed design procedure is
a frequency domain computer aided engineering synthe-
sis method. Its first step is the determination of a rel-
ative weighting function for uncertainties w(jω)| from
the identified transfer functions of the controlled system

in several working points. Then, with respect to the re-
quired performance the radii of a circle system |wp(jω)|
are chosen. Using the average values of system uncer-
tain parameters we choose the nominal model G(s) . The
structure and parameters of the controller are chosen to
fulfill the robust performance conditions (19).

As an original contribution we consider the part of
this paper beginning with formula (13) to the condition
of robust control quality.
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