Journal of ELECTRICAL ENGINEERING, VOL. 52, NO. 5-6, 2001, 154–157

COMMUNICATIONS

APPROXIMATED REPRESENTATION OF IMAGES
BY SINGULAR VALUE DECOMPOSITION
∗
∗∗
Igor Mokriš — L’ubomı́r Semančı́k

The paper deals with approximated representation of images by Singular Value Decomposition (SVD). SVD is based on
the computation of singular values of an image matrix. Since the number of singular values can be decreased, the exactness
of image representation decreases too, but the error of representation of SVD is minimal in relation to other linear orthogonal
transformations. Therefore SVD is a deterministic optimal transformation. As an example, the Slovak banknote in a raster
of 408 × 805 pixels is used and exactness and error of banknote representation is evaluated.
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1 INTRODUCTION

For representation of images linear orthogonal transformations are used. From many kinds of linear orthogonal transformations Singular Value Decomposition (SVD)
is very often used because its error of image representation is minimal in relation to the other linear orthogonal
transformations [1, 2, 5, 7-9, 11, 12].
SVD enables description of images by decomposition
of its matrices into a vector of singular values S and
eigenvectors U and V . Eigenvectors U, V and a vector
S contain the whole information about the image. But,
substantial information about the image is in vector S
and because of it vector S can be used for representation
of images.
Exactness and error of image representation are influenced by a number of singular values, which is used
for representation of images. The number of singular values for representation of images can be decreased. This
causes reduction of image representation. The quality of
image representation can be evaluated by exactness and
error of image representation, defined by truncation error, which is represented by the truncated singular values.
When the number of singular values decreases, the exactness of image representation decreases too, but truncation
error of approximated representation of images by SVD
is minimal in comparison to the other linear orthogonal
transformations. Therefore, from the point of truncation
error, SVD is a deterministic optimal for approximated
representation of images. The possibility to diminish the
number of singular values of images for image representation offers the idea to use the singular values of images
instead of images, which means large saving of information during processing and transmission of images.

There are many modifications of SVD. One of them
is Approximated Singular Value Decomposition (ASVD),
which is based on decreasing the number of singular values for representation of images [5, 7].
2 APPROXIMATED SINGULAR
VALUE DECOMPOSITION

SVD for image representation uses decomposition
of an image matrix into singular values [1, 4–6, 11, 12].
The decomposition of an image matrix F = [fi,j ];
i = 1, 2, . . . , M ; j = 1, 2, . . . , N is given by the form
F = U · S · V>

(1)

where U = [ui,j ] is the matrix of orthonormal roworiented eigenvectors F · F> , V = [vi,j ] is the matrix
of orthonormal column-oriented eigenvectors F> · F and
> is the matrix transpose operator.
S = [si,j ] is a diagonal matrix of singular value decomposition (1) defined by
sij ≥ 0 , i = j ;

sij = 0 , i 6= j .

(2)

For elements si,j the following relations hold
si,j ≥ 0 , i = j ,

S = diag [s1 , s2 , . . . , sN ] .

(3)

The elements αi are eigenvalues, computed by a determinant of the characteristic equation [3]
F> · F − α · I = 0

(4)

where I is a unit matrix with dimension N × N .
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The expression Fi = ui · si · vi> is the outer product
of the image matrix decomposition F into singular values
and represents an elementary subimage Fi . The elementary subimage Fi is a projection of image F in direction
of eigenvector ui in N -dimensional orthogonal space of
eigenvectors U N . The singular value si represents the
oriented energy of subimage Fi [1].
The singular values are positive real numbers. If singular values are in a monotonically decreasing order and
the next relation holds

Fig. 1. The Slovak banknote

s1 ≥ s2 ≥ · · · ≥ sK > sK+1 ≈ sK+2 ≈ · · · sN ≈ 0
1.0

(7)
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then for decomposition (1) an approximated relation
holds
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Relation (8) expresses the approximated representation of an image by SVD. The error of approximation of
an image by Euclidean metric is given as
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Fig. 2. Graphical representation of exactness and error of banknote
approximation
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Table 1. The exactness and error of banknote approximation for
number K = 1, 2, . . . , 10, 100, 200, 300 and 408 singular values

i Singular Values si Exactness ξ
1
68750.078
0.811
2
12349.400
0.838
3
7664.945
0.848
4
5689.450
0.853
5
5092.428
0.858
6
4532.229
0.861
7
4495.983
0.865
8
4023.822
0.867
9
3519.830
0.870
10
3441.027
0.872
100
1724.309
0.950
200
1095.712
0.983
300
726.024
0.995
408
427.955
1.000

Error ε
0.189
0.162
0.152
0.147
0.142
0.139
0.135
0.133
0.130
0.128
0.050
0.017
0.005
0.000

3 APPROXIMATED REPRESENTATION
OF IMAGES BY SINGULAR
VALUE DECOMPOSITION

When matrices U and V are expressed as column
vectors
U = [u1 , u2 , . . . , uN ]

(5)

V = [v1 , v2 , . . . , vN ]

then the matrix S is expressed by submatrices Si and
decomposition (1) will be in the form
F=

N
X
i=1

ui · si · vi> =

N
X
i=1

Fi .

and is minimal in relation to the other linear orthogonal
transformations and therefore SVD is deterministic optimal. Because the singular values si for i = K + 1, . . . , N
represent truncated singular values, the approximation
error is the truncation error of an image representation.
Number K follows from the needed approximated representation of image F. This modification of SVD is called
the Approximated SVD (ASVD) [7].

(6)

With aim to show the approximated representation
of images by ASVD the Slovak banknote (Fig. 1) was
chosen. The Slovak banknote was figured as an image
in raster 408 × 805 pixels in 256 pseudo-colour levels
obtained by a scanner.
After decomposition (1) of the Slovak banknote (Fig. 1)
408 singular values si 6= 0 at Single format by Pascal
were obtained. By (7) and (8) the number of singular
values was decreased and exactness of approximation was
evaluated by equation
PK

i=1
ξ = PN
i=1

s2i
s2i

(10)
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Fig. 3. Slovak banknote represented by 1 singular value

Fig. 4. Slovak banknote represented by 10 singular values

Fig. 5. Slovak banknote represented by 100 singular values

Fig. 6. Slovak banknote represented by 200 singular values

Fig. 7. Slovak banknote represented by 300 singular values

Fig. 8. Slovak banknote represented by 408 singular values

and error of approximation by equation

ε=

PN

i=K+1

PN

s2i

2
i=1 si

.

(11)

For evaluation of exactness and error of banknote approximation the computation for number K = 1, 2, . . . , 10,
100, 200, 300 and 408 singular values was performed.
The results of evaluation are stored in Tab. 1 and figured
by graph in Fig. 2.
It follows from the results that the exactness of banknote approximation starts from 0.811 and reaches 1 and
the error of banknote approximation starts from 0.189
and reaches 0. For every singular values si the next equation can be satisfied
ξ+ε=1

(12)

and the choice of the number K of singular values for
approximate representation of images depends on real
application.

The banknote (Fig. 1) consists of the 408 × 805 =
328 440 pixels. This number of pixels can be represented
by 408 singular values and the corresponding number of
eigenvectors U and V by relation (1). If the number of
singular values is decreasing, the exactness of image approximation decreases too but it can be sufficiently large.
Examples of approximated representation of banknote
(Fig. 1) in dependence on the number of singular values
K are shown in Fig. 3 to 8.
The payment for the approximation representation of
images by singular values is the computation time needed
for computation of singular values and eigenvectors U
and V . Because the algorithm for computation of singular values is iterative, the time of singular value computation for approximated representation of images can be
minimised [4, 6, 10, 12].
As it was mentioned above, the approximation representation of banknote by 1st singular value is large. It
follows from the fact that 1st singular value is larger in
relation to the other singular values. Due to this fact the
computation of the 1st singular value and corresponding
exactness and error of approximation was performed for
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all Slovak banknotes (face and back) 5000.- Sk, 1000.- Sk,
. . . , 20. -Sk (Tab. 2). The exactness and error of approximation is in “adequate regions” for all banknotes.
Table 2. Representation of Slovak banknotes by the 1st singular
value

Banknote
5000 face
5000 back
1000 face
1000 back
500 face
500 back
200 face
200 back
100 face
100 back
50 face
50 back
20 face
20 back

Singular Exactness ξ Error ε
1
1
Values s1
72882.305
0.815
0.185
70218.563
0.783
0.217
72939.227
0.835
0.165
72070.7426
0.816
0.184
68320.063
0.820
0.180
70292.328
0.793
0.207
69030.578
0.794
0.206
70419.656
0.804
0.196
68750.078
0.811
0.189
65532.266
0.759
0.241
65022.398
0.813
0.187
63385.715
0.781
0.219
70465.719
0.827
0.173
68884.781
0.813
0.187
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CONCLUSION

Decreasing the number of singular values decreases the
exactness and increases the error of approximate representation of images. It follows from the analysis of approximated representation of images that by a suitably
chosen number of singular values the exactness and error
of approximation can be in satisfactory regions. The criteria for the choice of the number singular values follow
from real application during processing and transmission
of images.
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