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A DETERMINISTIC LQ TRACKING PROBLEM:
PARAMETRIZATION OF THE CONTROLLER AND THE PLANT

L’uboš Čirka — Miroslav Fikar — Ján Mikleš
∗

The paper treats the design of an LQ optimal controller via the Youla-Kučera parametrization. It is assumed that the
nominal plant and controller descriptions are known and that the modified plant can be described via the dual Youla-Kučera

parametrization. The main aim of this paper is to design the LQ controller based on this modified plant.

K e y w o r d s: LQ control, Youla-Kučera parametrization

1 INTRODUCTION

Optimal control design, based on LQ performance cri-
terion has been derived historically first in terms of the
state space approach. By this method Riccati equations
have to be solved [1]. An alternative algebraic approach
involving the input-output plant description and leading
to the solution of Diophantine and spectral factorization
equations has been pioneered by [2], [3].

Various approaches are possible with the algebraic
approach when dealing with the LQ design. While the
first solutions directly provide the controller based on
the plant information [4], attention of the researchers
has recently been focused on the parametrized solutions.
Nice surveys dealing with the use of the Youla-Kučera
parametrization of the controller have been presented by
[5], [6].

Recently, the dual Youla-Kučera parametrization has
been introduced and used in the closed-loop identification
[7]. Here, the dual problem is solved where it is assumed
that a nominal controller is known and parametrization of
all possible plants is identified that lead to stable closed-
loop systems.

The main aim of this paper is to present the LQ con-
trol design involving both the controller and plant Youla-
Kučera parametrizations. This problem arises when the
plant Youla-Kučera parameter is identified and the con-
troller Youla-Kučera parameter is sought [6]. The choice
of the LQ cost follows the ideas presented in [8] where
penalization of the control signal derivative rather than
the control signal itself is assumed. This choice of the LQ
cost reflects more closely the practical needs of process
control.

The paper is organized as follows. In Section 2 the
closed-loop system description is presented. The design
of a deterministic LQ controller and a comparison of the
proposed approach with the classical approach are pre-
sented in Section 3. An illustrative example is given in
Section 4. Finally, Section 5 offers the conclusions.

1.1 Notation

All systems in this work are assumed to be SISO and
continuous-time. The systems are described by means of
fractions of polynomials in complex argument s , used
in L -transform. RH∞ denotes the set of stable proper
rational transfer function and S denote the set of stable
polynomials.

For simplicity, the arguments of polynomials are omit-
ted whenever possible — a polynomial X(s) is denoted
by X . We denote X∗(s) = X(−s) for any rational func-
tion X(s) .

2 CLOSED–LOOP SYSTEM

2.1 System description

Consider the closed-loop system illustrated in Fig. 1. A
continuous-time linear time-invariant input-output nom-
inal representation of the plant to be controlled is consid-
ered

Ay = Bu , (1)

where y , u are process output and controller output,
respectively. A and B are polynomials that describe the
input-output properties of the plant.

We assume that the condition degB ≤ degA holds
(ie, the transfer function of the plant is proper) and A
and B are coprime polynomials.

The reference w is considered to be from a class of
functions expressed as

Fw = H , (2)

where H , F are coprime polynomials and degH ≤
degF .
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Fig. 1. Block diagram of the nominal closed-loop system

The controller that gives a stable closed-loop polyno-
mial DM1,M−2 and internally stabilizes the closed-loop
system is described by the equations

Xũ = Y e , Fu = ũ , (3)

where X,Y are coprime polynomials and X(0) 6= 0.
The second equation assures that the controller tracks
the class of references specified by (2).

Note 1. When considering the most common case of
references – step changes, then H = 1, F = s in (2)
and the precompensator is given as 1/s . However, if the
controlled plant has a pole on the stability boundary
(s = 0), then the precompensator can be removed. In
general, the precompensator is not necessary if F divides
A , which is unfortunately not true for the majority of the
plants.

Consider the nominal plant and the nominal controller
transfer functions in the fractional representations

G =
NG

DG

, C =
NC

DC

, (4)

where

NG =
B

M1

, DG =
A

M1

, (5)

NC =
Y

M2

, DC =
FX

M2

(6)

and M1,M2 ∈ S with degrees degM1 = degA and
degM2 = degFX,DG, NG, DC and NC ∈ RH∞ .

A stabilizing controller is then given by solution of
Diophantine equation

DGDC +NGNC = 1 . (7)

Substituting equations (5) and (6) into (7), the condition
of stability in S takes the form

AFX +BY =M1M2 . (8)

Let us now assume that, based on new data, the new
plant estimate is specified by the dual Youla-Kučera pa-
rameter Q given as

Q =
Qn

Qd

. (9)

The resulting modified plant transfer function is then
defined by the known relation which is summarized in
the following theorem.

Theorem 1. Let the nominal model plant G = NG/DG ,
with NG and DG coprime over RH∞ , be stabilized by
controller C = NC/DC , with NC and DC coprime over
RH∞ . Then the set of all plants stabilized by the con-
troller C is given by

G(Q) =
Nq

Dq

=
NG +DCQ

DG +NCQ
, (10)

where
Q ∈ RH∞ . (11)

P r o o f . Dual to that of [9].

Since our method involves polynomials rather than
polynomial fractions, we present a short overview of the
corresponding transformation between both descriptions.

Corollary 1. Let the nominal model plant G =
NG/DG , with NG , DG , B and A defined by (5) , be
stabilized by a controller C = NC/DC = Y/FX , with
NC , DC , Y and FX defined by (6) . Then the set of all
plants stabilized by controller C is given by

G(Q) =
Bq

Aq

=
BmQd + FXmQn

AmQd − YmQn

, (12)

where

Q =
Qn

Qd

∈ RH∞ , Am = AM2 , Bm = BM2 ,

Xm = XM1 , Ym = YM1 .
(13)

3 LQ TRACKING PROBLEM

In this section two approaches to the LQ tracking
problem will be presented:

• The first one is the classical one and it is based on
the determination of optimal closed-loop poles that
minimize the The LQ cost function. The controlled
plant is considered of the form (10).

• The second approach follows more modern ideas of the
Youla-Kučera parametrization of all stabilizing con-
trollers. In this approach, the design of the controller
is based on the change of the system – Youla-Kučera
parameter Q .

The general conditions required to govern the control
system properties are:

• stability of the control system,

• asymptotic tracking of the reference.

The goal of optimal deterministic LQ tracking is to
design a controller that enables the control system to
satisfy the above basic requirements and in addition the
control law that minimizes the cost function

J =

∫ ∞

0

{ϕũ2(t) + ψe2(t)}dt , (14)

where e = w − y denotes the control error and ϕ > 0,
ψ ≥ 0 are weighting coefficients. The cost function (14)
can be rewritten using Parseval’s theorem to obtain an
expression in the complex domain

J =
1

2πj

∫ j∞

−j∞

{ũ∗(s)ϕũ(s) + e∗(s)ψe(s)}ds . (15)
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3.1 Classical LQ problem

The design of a deterministic LQ controller for the
modified system (10) was described in [8]. The results of
this work are summarized in the following theorem.

Theorem 2. Define stable polynomials Dc and Df re-
sulting from spectral factorizations

D∗
cDc = ϕA∗

qF
∗AqF + ψB∗

qBq , (16)

D∗
fDf = A∗

qAqH
∗H , (17)

then the internal stability and solution of the determin-
istic LQ problem (14) is given by the controller polyno-
mials Xc, Yc calculated from a pair of Diophantine equa-
tions. The solution exists if AqF and B have no unstable
common factors and is unique.

The controller is given by the solution of the coupled
bilateral Diophantine equations:

ψB∗
qDf −AqFV

∗ = D∗
cYc , (18)

ϕA∗
qF

∗Df +BqV
∗ = D∗

cXc . (19)

P r o o f . See [8].

Corollary 2. If polynomials AqF and Bq are coprime,
then pair of Diophantine equations (16) , (17) is reduced
to the implied Diophantine equation

AqFXc +BqYc = DcDf . (20)

P r o o f . See [2], [10].

3.2 LQ problem: Youla-Kučera parametrization

The main aim of this paper is to derive alternative
expressions for the controller based on the Youla-Kučera
parametrization of both the plant and the controller. Let
us at first summarize the known results dealing with
parametrized systems:

Theorem 3. Let the nominal model plant G = NG/DG ,
with NG and DG coprime over RH∞ be stabilized by
controller C = NC/DC , with NC and DC coprime over
RH∞ . Then the set of all stabilizing controllers for the
the plant G is given by

C(S) =
Ns

Ds

=
NC +DGS

DC −NGS
, (21)

where

S ∈ RH∞ . (22)

P r o o f . [9].

Corollary 3. Let the nominal model plant G =
NG/DG = B/A , with NG, DG, B and A defined by (5) ,
be stabilized by controller G = NG/DG = Y/FX , with
NC , DC , Y and FX defined by (6) . Then the set of all
plants stabilizing controllers for the plant G is given by

C(S) =
Ys

FXs

=
YmSd +AmFSn

FXmSd −BmFSn

=
YmSd +AmFSn

XmSd −BmSn

1

F
, (23)

where

S =
FSn

Sd

∈ RH∞ , Am = AM2 , Bm = BM2 ,

Xm = XM1 , Ym = YM1 .
(24)

Note 2. The presence of F in the numerator of S as-
sures asymptotic tracking of the reference.
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Fig. 2. Block diagram of the closed-loop system

Theorem 4. Consider the closed-loop system with the
configuration in Fig. 2 defined by G(Q) and C(S) where
Q = Qn/Qd and S = FSn/Sd are stable proper rational
functions. The closed-loop system is stable if and only if
Q and FS together define a stable loop.

P r o o f . [11]

We now present the solution of the deterministic LQ
controller design within the Youla-Kučera parametriza-
tion framework assuming given the plant model G(Q)
and the controller C(S) . The aim is to derive a proce-
dure to compute S that minimizes (14) with the plant
update characterized by Q .

Theorem 5. Consider the minimization of the cost func-
tion (14) with respect to the Youla-Kučera parameter S
that is specified as a transfer function. Assume that the
nominal system G = B/A is stabilized by nominal con-
troller C = Y/FX and that a stable transfer function Q
is known. Solve modified spectral factorization equations
(16) , (17) for stable Dc , Df and the coupled bilateral
Diophantine equations for Sn and Sd

−ϕDfA
∗
qF

∗Ym + ψDfB
∗
qXm −QdDV

∗ = D∗
cSn ,

(25)

ϕDfA
∗
qF

∗AmF + ψDfB
∗
qBm +QnFDV

∗ = D∗
cSd .

(26)
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The optimal Youla-Kučera parameter is then given as

S =
Fsn

sd

=
FSn

Sd

, where sn =
Sn

DcDf

and sd =
Sd

DcDf

.

(27)

P r o o f . To begin the proof, the two signals ( ũ , e)
used in the cost function (14) are derived using equations
(12), (23) describing the closed-loop system (so that the
desired signals are functions of only external signal w )

ũ =
(AmQd − YmQn)(YmSd +AmFSn)F

(AmFXm +BmYm)(QdSd +QnFSn)
w , (28)

e =
(AmQd − YmQn)(XmSd −BmSn)F

(AmFXm +BmYm)(QdSd +QnFSn)
w . (29)

Substituting for w from (2) yields

ũ =
(AmQd − YmQn)H

M1M2(AFX +BY

(YmSd +AmFSn

QdSd +QnFSn

)

, (30)

e =
(AmQd − YmQn)H

M1M2(AFX +BY

(XmSd −BmFSn

QdSd +QnFSn

)

. (31)

Because the pair QnF , Qd can have only stable common
factors, we can write

1 = Qdsd +QnFsn, (32)

where sn, sd are stable rational functions

sd =
Sd

QdSd +QnFSn

, sn =
Sn

QdSd +QnFSn

.

(33)

Stability of sn and sd then implies stability of the term
SdQd + SnFQn that appears as a factor in the denomi-
nators. We can then write

ũ =
AqH

M1M2M1M2

(

Ymsd +AmFsn

)

=
AqH

D

(

Ym

1−QnFsn

Qd

+AmFsn

)

=
AqH

DQd

(

Ym +AqFsn

)

(34)

e =
AqH

M1M2M1M2

(

Xmsd −Bmsn

)

=
AqH

D

(

Xm

1−QnFsn

Qd

−Bmsn

)

=
AqH

DQd

(Xm −Bqsn) (35)

where D =M1M2M1M2 .

Minimizing equation (14) with respect to all stable S
represents minimization of the following cost function in
the complex domain

J =
1

2πj

∫ j∞

−j∞

{ũ∗(s)ϕũ(s) + e∗(s)ψe(s)}ds

=
1

2πj

∫ j∞

−j∞

(ϕSũ + ψSe) ds, (36)

where Sũ and Se are spectral functions of the form and

denoting P = (
AqH

DQd
) we have

Sũ = ũ∗ũ =
(

P (Ym +AqFsn)
)∗(

P (Ym +AqFsn)
)

=

P ∗P (A∗
qAqF

∗Fs∗nsn+YmA
∗
qF

∗s∗n+Y
∗
mAqFsn+Y

∗
mYm) ,

(37)

Se = e∗e =
(

P (Xm −Bqsn)
)∗(

P (Xm −Bqsn)
)

=

P ∗P (B∗
qBqs

∗
nsn +XmB

∗
q s

∗
n +X∗

mBqsn +X∗
mXm) .

(38)

Completing to squares [2] yields

ϕSũ + ψSe = P ∗P
(

(ϕA∗
qAqF

∗F + ψB∗
qB)s∗nsn+

+ (ϕYmA
∗
qF

∗ − ψXmB
∗
q )s

∗
n + ϕY ∗

mAqF − ψX
∗
mBq)sn

+ (ϕY ∗
mYm + ψX∗

mXm

)

. (39)

Let us now consider first the term containing s∗nsn

S1 = P ∗P (ϕA∗
qAqF

∗F + ψB∗
qBq)s

∗
nsn

=
(DfDc)

∗(DfDc)

D∗DQ∗
dQd

,

where the stable polynomials Dc , Df are defined from
two spectral factorization equations (16), (17). The cost

is thus given as

ϕSũ + ψSe = R∗R+ yd,

with

R =
(DfDc

DQd

sn +
ϕDfA

∗
qF

∗Ym

DQdD∗
c

−
ψDfB

∗
qXm

DQdD∗
c

)

where yd is the rest that is independent of sn . We can

manipulate the second and third terms in brackets. These

can be separated into

−
ϕDfA

∗
qF

∗Ym

DQdD∗
c

+
ψDfB

∗
qXm

DQdD∗
c

=
Sn

DQd

+
V ∗

D∗
c

. (40)

Multiplication with DQdD
∗
c yields (25). The first term

Sn/DQd is stable and the second one V ∗/D∗
c is unstable.

Because the second term is unstable and sn is required

be stable, it vanishes in the cost. The brace now reads

(DfDc

DQd

sn −
Sn

DQd

)

. (41)
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Clearly, the best what can be done is to set the brace to
zero, hence

sn =
Sn

DfDc

. (42)

Because the denominator is stable, so is sn as well. The
denominator sd is derived from (32), substituting sn

from (42), and Sn from (40)

sd =
1

Qd

−
QnF

Qd

sn =
1

Qd

−
QnF (ψDfB

∗
qXm − ϕDfA

∗
qF

∗Ym −DQdV
∗)

QdDfDcD∗
c

=
ϕDfA

∗
qF

∗AqF + ψDfB
∗
qBm +QnFDV

∗

DfDcD∗
c

(43)

In order to have sd stable, the denominator must also
be stable. This can only be assured if the unstable D∗

c

cancels with the numerator and results in (16) and (17).
sd is thus given as

sd =
Sd

DfDc

. (44)

Corollary 4. If polynomials Qd and QnF are co-
prime, then the pair of Diophantine equations (16), (17)
can be reduced to the implied Diophantine equation

QdSd +QnFSn = DfDc. (45)

P r o o f . Multiplying (25) by QnF and (26) by Qd

gives

D∗
cQnFSn = −ϕDfAqF

∗YmFQn

+ ψDfB
∗
qFXmQn −QdQnFDV

∗ (46)

D∗
cQdSd = ϕDfAqF

∗AmFQd

+ ψDfB
∗
qBmQd +QdQnFDV

∗ . (47)

Summation of the previous equations gives

D∗
c (QdSd +QnFSn) =

=ϕDfA
∗
qAqF

∗F + ψDfB
∗
qBq = DfDcD

∗
c (48)

and (45) follows directly.

Comparison of two approaches to the LQ tracking
problem is summarized by the following corollary.

Corollary 5. The classical LQ controller (Yc, Xc ) ob-
tained from (18) , (19) and the parametrized LQ con-
troller (Ys, Xs ) obtained from (23) , (27) with stable
polynomials Dc and Df calculated from (16) and (17)
are identical.

P r o o f . It is not difficult to check that

Yc

Xc

=
Ys

Xs

.

The transfer function of the classical controller (Yc, Xc )
can be obtained from equations (18) and (19)

Yc

Xc

=
ψB∗

qDf +AqFV
∗

ϕA∗
qDf +BqV ∗

.

Using equations (25), (26) and (27), we can rewrite the
Youla-Kučera parameter S as follows

Sn

Sd

=
−ϕDfA

∗
qF

∗Ym + ψDfB
∗
qXm −QdDV

∗

ϕDfA∗
qF

∗AmF + ψDfB∗
qBm +QnFDV ∗

. (50)

Putting (50) into (23)we have

Ys

Xs

=
YmSd +AmFSn

XmSd −BmSn

=
ψB∗

qDfD +AqFV
∗D

ϕA∗
qDfD +BqV ∗D

=
ψB∗

qDfAqFV
∗

ϕA∗
qDf +BqV ∗

. (51)

4 EXAMPLE

In this section, an example is presented to show all
steps of the calculation in both cases of LQ design. Let
us consider a nominal controlled system described by the
transfer function

G =
B

A
=

5

3s+ 1
.

The reference has been chosen as a step change w(t) =
1(t) . The proper transfer function of the nominal con-
troller without the precompensator is given as

C =
Y

X
=

0.5111s+ 0.2

0.6667s+ 1.444

and yields the closed-loop pole polynomial of the form

M1M2 , where M1 =M2 = s+ 1

Let us now assume that, based on new data, the new plant
estimate is specified by the dual Youla-Kučera parameter
Q given as

Q =
Qn

Qd

=
0.5

5s+ 1
.

The resulting modified plant transfer function is then
(cf. (12))

G(Q) =
Bq

Aq

=
25.17s+ 5

15s2 + 7.833s+ 0.9
.

The weighting coefficients ϕ and ψ in the cost func-
tion (14) have been selected as ϕ = 0.7, ψ = 0.8. Both
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stable polynomials Dc and Df obtained from spectral
factorizations (16), (17) are of the form

Dc = 12.55s3 + 26.63s2 + 27.3s+ 4.472 ,

Df = 15s2 + 7.833s+ 0.9 .

Finally, calculation of the classical LQ controller Cc for
system G(Q) gives

Cc =
Yc

FXc

=
13.42s2 + 7.006s+ 0.805

12.55s3 + 26.63s2 + 4.794s

Alternatively, calculating the optimal Youla-Kučera pa-
rameter S of the controller from (25) and (26)

S =
FSn

Sd

=
−4.183s4 − 6.916s3 − 4.589s2 − 0.690s

37.65s4+ 92.45s3+ 108.1s2+ 39.83s+ 4.025

gives the same controller

C(S) =
Ys

FXs

=
YM1Sd +AM2FSn

FXM1Sd −BM2FSn

=
13.42s2 + 7.006s+ 0.805

12.55s3 + 26.63s2 + 4.794s
.

Note 3. Although the Youla-Kučera parameter S is
a transfer function with the degree of the denominator
equal to four, the resulting controller polynomials Ys , Xs

are only of the degree equal to two. This controller degree
reduction is caused by the fact that both its numerator
and denominator are divisible by D as it is shown in (51) .

5 CONCLUSIONS

In this paper, deterministic LQ controller has been
presented. The controller has been derived based on as-
sumption that a nominal stabilizing controller for a nom-
inal plant has changed. This is useful when updating the
controller on the basis of new data collected on the plant.
The relation between the controller and the plant update
characterized by the Youla-Kučera parametrizations of all
stabilizing systems is given by a Diophantine equation.
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