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COMMUNICATIONS

EASY TUNING OF PID CONTROLLER

Vojtech Veselý
∗

This note presents new tuning rules for PID controllers that can be viewed as extensions of the Aström and Hägglund’s

generalized Ziegler-Nichols rule [1]. Compared to other many tuning techniques given in references, where each of them

claims to be best suited for a particular problem, in this case the designer may to influence the closed-loop performance.
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1 INTRODUCTION

The tuning of PID controllers in the frequency domain
is a topic of great interest in the industry field. The wide-
spread use of simple methods of the Ziegler-Nichols type
[12], [1], [2], [6], [10], [11] clearly indicates the need for
simple methods that use minimal process information but
give the required closed-loop performance. It has been
stated that more than 95 percent of the controllers are of
PID [1]. The PI or PID controller implementation has
been recommended for the control of processes of low
to medium order with rather small time delay [6]. The
tuning rules of PID controllers can be divided in to the
following groups:

• Tuning rules based on a measured step response.

• Tuning rules based on minimizing an appropriate per-
formance criterion.

• Tuning rules that give a specified closed-loop response.

• Robust tuning rules

By [9], there are 154 tuning rules for PI controllers
and 258 tuning rules for PID controllers. Most of them
are suited for a particular problem or give the prespecified
closed-loop performance. In this paper the proposed tun-
ing rules are based on both ultimate frequency, ultimate
gain and specified closed-loop response given by partially
shaping of the open-loop frequency response. We pursue
the idea of [1] and [8]. The obtained results are illustrated
on benchmark examples [3].

2 PRELIMINARIES

Aström and Hägglund [1] have proposed a method for
tuning PID controllers in the frequency domain which is
a generalization of the Ziegler-Nichols tuning rules. For
PID noninteractive algorithm described by the transfer
function

R(s) = k(1 +
1

Tis
+ Tds) (1)

the determination of its parameters is summarized in the
following expressions

k =
rb cos(φb − φa)

ra
(2)

Ti =
1

2αωc
(tan(φb − φa) +

√

4α+ tan2(φb − φa)) (3)

Td = Tiγ (4)

where ωc is the ultimate frequency; ra and φa are the
module and phase of point A on the frequency response of
the investigated plant; rb and φb are the module and the
phase of point B on the open-loop frequency characteris-
tic, and γ is the ratio between the derivative Td and the
integral Ti time constant. The parameters of PID con-
troller designed by (1)–(4) guarantee that the ultimate
point A will be moved to point B. There are some particu-
lar cases. When a phase margin Pm is specified the follow-
ing conditions are imposed to point B: rb = 1, φb = Pm
and the starting point is on the real axis as an ultimate
point with ra = 1/ku and φa = 0. ku is ultimate gain
of controller. When a gain margin Gm is specified, the
following conditions are imposed to point B: rb = 1/Gm

φb = 0 and the starting point A is ultimate point of open
loop with P controller.
The combined tuning by the phase and gain margin leads
to moving two specified points of plant’s Nyquist diagram
to positions: r1 = 1, φ1 = Pm and r2 = 1/Gm, φ2 = 0.
Even if both specifications have been reached with the
same control parameters, the design procedure becomes
rather more complicated in comparison with classical
Ziegler-Nichols tuning. For more detail the reader can
consult [8].
In this paper the ultimate point A can be moved from
real axis to another point of the complex plain and closed-
loop stability and performance are guaranteed by a cor-
responding choice of the co-ordinates of point B.
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3 PID CONTROLLER TUNING

Let the co-ordinates of ultimate point A for some
transfer function FR(s) and plant G(s) be given by the
following expression

1 + kuFR(ωci)G(ωci) = 0 i =
√
−1

or

G(ωci) = − 1

kuFR(ωci)
. (5)

In this paper we assume that FR(s) is given as follows

• FR(s) = kR(1 +
1

Tas
)

• FR(s) = kR (6)

• FR(s) = kR(1 + Tbs)

For the first case of (6) the following results are
obtained. When co-ordinates of point B are given as
(−η + iρ) , for PID controller one obtains

Taωc
kukR(i− Taωc)

k(1 +
1

iTiωc
+ iTdωc) = −η + iρ (7)

From (7) one obtains

k = kukRα α =
ηTaωc − ρ

Taωc

Ti =
α

η
Ta

+ ρωc + αTd(ωc)2
(8)

when the derivative time constant is given or if Td = Tiγ

Ti =
1

ωcγ
(−ε+

√

ε2 + γ (9)

where

ε =
η + Taωcρ

2(ηTaωc − ρ)

provided that
ηTaωc − ρ > 0 (10)

Note that PI controller tuning parameters can be ob-
tained from (8) when Td = 0 and provided that

− 1

Taωc
<
ρ

η
< Taωc (11)

Finally, the PD controller tuning parameters are as fol-
lows

k = kukRα Td = − η + ρTaωc
ωc(ηTaωc − ρ)

(12)

provided that

−ρ

η
>

1

Taωc

When the third case in (6) holds, that is

FR(s) = kR(1 + Tbs)

for PID controller parameters the following results are
obtained

k = kukRβ β = Tbωcρ+ η

Ti = 0.5(δ +
√

(δ2 +
4

γω2
c

) (13)

Td = Tiγ δ =
ηTbωc − ρ

βγωc

Finally, when the ultimate point A is chosen at the real
axis, that is FR(s) = kR for PID controller and point
B(−η + iρ) the following results are obtained

k = kukRη Td = Tiγ

Ti =
1

ωcγ
(− ρ

2η
+

√

(
ρ

2η
)2 + γ) (14)

When the derivative time constant Td is fixed for Ti one
obtains

Ti =
η

ωc

1

ρ+ ηTdωc
(15)

provided that
ρ

η
> −Tdωc

There are many different quality criteria of the systems
evolution. The fact that improvement of the controller de-
sign in one respect will very often bring deterioration in
another, is well known. In [7] the following evolution crite-
ria have been proposed. Two classical measures are com-
mon to characterize the mid frequency part of the system,
the phase margin and gain margin. However, in recent
years a restriction of the maximum sensitivity function

Ms = max
ω

|S(s)| = max
ω

| 1

1 +G(s)R(s)
| (16)

has been more and more excepted as an exclusive quality
and robustness measure [2]. When further damping of
the step response or increased phase margin is required,
a restriction on the maximum complementary sensitivity
function

Mt = max
ω

|T (s)| = max
ω

| G(s)R(s)

1 +G(s)R(s)
| (17)

should be added, especially for plants with integral ac-
tion. The default values are Ms = 1.7, Mt = 1.3. The
above two criteria can be expressed as restrictions on the
Nyquist curve of the open loop transfer function. The con-
straint that sensitive function S(s) is less than a given
value Ms implies that the open loop should be outside a
circle with radius 1/Ms and center −1. The constraint
that T (s) is less than a given value of Mt also implies
that the open loop transfer function is outside of the Hall
circle [5]. In [4] it is shown that a constraint on both Ms

and Mt can be replaced by a slightly more conservative
constraint that implies that the Nyquist curve avoids the
circle with radius R and center −C , where

C =
2MsMt −Ms −Mt + 1

2Ms(Mt − 1)
(18)
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R =
Ms +Mt − 1

2Ms(Mt − 1)
(19)

Changing the transfer function and parameters of FR(s)
one can measure out different ultimate points A , or dif-
ferent points of the plant Nyquist diagram. The closed
loop stability and performance design can be by remov-
ing suitable point of plant Nyquist diagram to point B
with co-ordinates (−η+ iρ) outside of restricted area de-
fined by circle (R,−C) .

4 EXAMPLES

Aström and Hägglund [3] have proposed 11 benchmark
systems for evaluating the PID controllers. The first five
systems are standards that are well suited to parametric
studies. The remaining benchmark systems are more spe-
cialized. They illustrate systems with various difficulties
of control. PID control is not well suited for all of them.
In this paper four examples have been taken from the
“remaining” part of benchmark systems.
As a first example we show the system with fast and slow
modes. The transfer function of this system is given as
follows

G(s) =
100

(s+ 2)2
(

1

s+ 1
+

0.5

s+ 0.05
)

The above system has been stabilized for

R(s) =
0.1608s2 + 0.2618s+ 0.8066

2.456s

with

Ta = 10 s η = 0.3 ρ = −0.5 γ = 0.25 kR = 0.05

The co-ordinates of ultimate point A are (−2.9817 −
0.1086i) . The performance of the closed-loop system can
be characterized by the following parameters

Gm = inf dB

Pm = 77.943 degree

ωP = 1.7207 rad/s

The second example belongs to the class of conditionally
stable systems. The transfer function of this system is

G(s) =
(s+ 6)2

s(s+ 1)2(s+ 36)

The obtained results for PID controller are as follows

k = 1.51 Ti = 4.3543 s Td = 1.0886 s

The above results have been obtained for

Ta = 13 s η = 0.3 ρ = −0.5 kR = 1

Co-ordinates of ultimate point A are (−0.2149− 0.011i)
with γ = 0.25 Performance of the closed-loop system can
be characterized by the following parameters

Gm = −303.88 dB

Pm = 58.047 degree

ωP = 1.0176 rad/s

The third example belongs to the class of oscillatory sys-
tems with transfer function

G(s) =
ω2
o

(s+ 1)(s2 + 2ζωos+ ω2
o)

for ωo = 1 ζ = 0.1. The obtained results for PID con-
troller and PI filter are as follows

R(s) =
1.311s2 + 0.839s+ 0.1342

6.251s

The above PID controller parameters have been obtained
for

Ta = 30 s η = 0.3 ρ = −0.5 γ = 0.25 kR = 0.1

Co-ordinates of ultimate point A are (−2.3471− 0.078i) .
Performance of the closed-loop system is given by follow-
ing parameters

Gm = inf dB

Pm = 96.232 degree

ωP = 0.02157 rad/s

and ultimate parameters are ωc = 0.0808rad/s kukR =
0.42566.
The last example belongs to the class of unstable systems.
The modified transfer function is

G(s) =
1

(s− 1)2

The designed PID controller parameters are

k = 0.75 Ti = 16.165 s Td = 4.04 s

The above results are obtained for

Tb = 4 s η = 3 ρ = 0 γ = 0.25

Co-ordinates of ultimate point A are (−0.16 + 0.7838i) .
The obtained gain margin and phase margin are

Gm = −9.5424 dB

Pm = 68.339 degree

ωP = 5.89 rad/s

5 CONCLUSION

The ability of PI and PID controllers to control most
of practical industrial processes has led to their wide ac-
ceptance in industrial applications. In this note modified
design procedure of Aström and Hägglund’ [3] generalized
Ziegler-Nichols tuning rules are proposed. The proposed
approach allows to stabilize such systems which are not
good candidates for PID control.
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