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CHANNEL EQUALISATION USING A SOFT
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This paper proposes some useful modifications to the Expanded Range Approximation (ERA) learning algorithm. In

channel equalisation, it is a common practise to recover the original signal using an artificial neural network. The ERA

algorithm is an alternative to the usual backpropagation algorithm that mitigates the effect of local minima during the

training process. In the basis of ERA, we propose a soft-based profiling of the homotopy parameter in order to avoid local

minima in the error surface more efficiently than in ERA. We use three specific membership functions that allow to control

the smoothness of the learning process, yielding better results and lower computational cost.
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1 INTRODUCTION

Channel equalisation is a major problem in digital
communications, specially in burst time division multi-
ple access (TDMA) transmissions, where transmitting an
equalising sequence in each burst is required [1]. When
a binary signal is transmitted through a real dispersive
channel, the received signal is affected by inter-symbol in-
terference (ISI). Moreover, if noise is present, further cor-
ruption ensues. Therefore, in many practical cases, equal-
isation is necessary to recover the information from the
received signal. Under adverse conditions such as low sig-
nal to noise ratio or when the distribution of the received
samples is not linearly separable, non-linear techniques
are most suitable, and artificial neural networks (ANN)
have become a common choice [2].

Artificial neural networks realised in the form of a mul-
tilayer perceptron (MLP) and trained by the backpropa-
gation (BP) learning algorithm have found wide applica-
tion in this field [3]. However, the presence of local min-
ima on the error surface of the BP algorithm can cause
lock-up to non optimal solutions. This issue has been ex-
tensively reported in the literature and becomes evident
both in linearly separable [4,5] or non-linearly separable
[6,7,8] mappings. In addition, second-order classical mini-
mization algorithms, such as conjugate gradient [9] or the
quasi-Newton method [10] present the same problem.

A promising method to mitigate the effect of local
minima in gradient-descent algorithms is the Expanded
Range Approximation (ERA) algorithm [11]. In this pa-
per, we propose useful modifications to the ERA learn-
ing algorithm. Our proposal is tested in TDMA channel
equalisation, where the network is trained to perform bi-
nary classification.

The paper is organized as follows. In section 2, we
review the ERA algorithm and present the modifications

proposed. Experimental results in channel equalisation
problems are shown and discussed in section 3. Finally,
we give some conclusions and further work in section 4.

2 DESCRIPTION OF THE

LEARNING ALGORITHM

2.1 Expanded Range Approximation

Even though the multilayer perceptron (MLP) trained
by the backpropagation (BP) algorithm has been widely
used as a classification tool, it has some drawbacks. One
of the most important problems is that many local min-
ima are likely to appear in the error surface when the
complexity of the problem is high. An interesting pos-
sibility to circumvent this problem is based on the Ex-
panded Range Approximation (ERA) algorithm [11]. In
this algorithm, the training set for the network is pro-
gressively expanded from an initial average setting to the
original complete training set in each training epoch. The
expansion process generates different sets of training data
and is controlled by a homotopy parameter λ ∈ [0, 1] . If,
for simplicity, we assume a network structure with a sin-
gle output neuron, the expansion of the training set as a
function of λ , is given by:

d̂p(i) =< d > +λ(i) [dp− < d >] (1)

where dp is the desired signal for the pth pattern, d̂p(i) is
the one used during the training, i is the training epoch,
and < d > denotes the arithmetic mean of the original P
training patterns.

Initially, λ = 0 and d̂p(1) = < d > , where d̂p(1) is the
initial setting of the training set for the desired signal of
the pth pattern. This training set is then expanded after
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each epoch, in a step-wise manner, until λ = 1, when the

training set is identical to the original set of input–output

pairs.

The ability of the ERA algorithm to avoid local min-

ima of the error function is based on three assumptions

[11]:

• The problem defined by λ=0 has only one global

minimum.

• The first small step (λ << 1) away from the λ=0

solution keeps the system in a global minimum.

• The range can be progressively expanded to λ=1

without displacing the system from the global mini-

mum at any step.

These three points are satisfied for the XOR problem [11],

however ERA can break down in more complex situa-

tions. A reason for this is that no general strategy has

been found for the variation of the step size during the

course of the expansion of the training set so as to assure

global convergence, and thus it is very easy to fall into a

local minimum. This is a major problem which may de-

pend on the training set, the network architecture, and

the initialisation of the synaptic weights.

We propose useful modifications to the ERA learning

algorithm in order to alleviate this problem. An appro-

priate profiling of the homotopy parameter λ can avoid

local minima in the error surface more efficiently than

ERA thus showing a priori better generalisation capabil-

ities.

2.2 Soft expansion in ERA

The variation of the training set within the ERA al-

gorithm can be considered from a soft perspective. While

ERA works in a step-wise manner, i.e. each value of λ is

fixed a certain number of epochs, our approach is based

on a continuous change in the value of λ , thus enhancing

the potential ability to avoid local minima. In this way,

we propose the soft ERA (SERA) algorithm in which the

λ evolution can be carried out by using three different

functions: triangular, Gaussian and bell-shaped, which

are shown in Fig. 1.

The modified algorithms are denoted as SERA1 (Tri-

angular), SERA2 (Gaussian), and SERA3 (Bell-shaped)

with corresponding values of λ given by:

λ1(i) =i/n

λ2(i) =e−( i−c

a
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λ3(i) =
1

1 +
∣
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∣

∣
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where i denotes the training epoch and n the final num-

ber of epochs. The parameters a , b , and c characterise

the Gaussian and bell-shaped functions.
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Fig. 1. Soft membership functions to describe λ parameter in the

SERA algorithm as a function of the training epochs. Gaussian

(dashed), triangular (solid) and bell-shaped (dots) functions are

plotted.

By using these functions, the λ parameter is driven
from zero, or from very low values, to 1 as the training
progresses. In the case of the triangular function, the
evolution of λ is linear with respect to the number of
epochs. Since the variation in each epoch is very small,
our proposal allows us to keep the model near the global
minimum in a more easier way than that of a step-wise
strategy.

The plotted Gaussian membership function yields
a quasi-linear evolution of the parameter. In the first
epochs, the evolution of λ is slower than that provided
by the triangular function; in this way, it is easier to keep
the system in a global minimum. After the initial epochs,
the evolution is faster and thus, the training set is closer
to the original one during more epochs.

The third alternative (the bell-shaped function) is sim-
ilar to the Gaussian, but it provides the highest increase
in the gradient of λ in the central epochs of the train-
ing process. As it begins with a value λ = 0, a global
minimum at the beginning of the training process can
be guaranteed and, since λ quickly approaches to 1, the
training set is closer to the original one during more num-
ber of epochs in the training process than with the other
membership functions. The latter feature allows us to get
higher generalisation capabilities. However, the fast evo-
lution in the central epochs of the training can take the
system out of the global minimum.

Summarising, if the variation of λ is too smooth, lo-
cal minima will be avoided, but the final network will
be trained by using the real training set just in the last
epochs, sacrificing its generalisation capabilities. In this
way, the bell-shaped function is the most versatile option
among the three proposed, since it has three parameters
to select and thus allows us a better control on the gra-
dient of λ during all the training process.

All these hypotheses about the function behaviour
were tested by studying changes in the gradient of the er-
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ror function. However, when dealing with complex prob-
lems, a small change of λ value can shift the problem
from a global minimum to a local one.

3 METHODOLOGY AND RESULTS

3.1 Experimental setup

The system that we shall consider throughout this
paper is depicted in Fig. 2. The input to the channel is
assumed to be a sequence, {yk} , of independent symbols
extracted from a specific alphabet. The channel output
is corrupted by random noise, {nk} , which is considered
to be an additive white Gaussian process. The equaliser
task is to recover the transmitted input sequence, {yk} ,
from the received sequence {rk} .

Two well-known communication channels are used to
assess the performance of the algorithms. The z -domain
transfer functions of which are given by H1(z) = 0.5+z−1

and H2(z) = 0.3482+0.8704z−1 +0.3482z−2 , which cor-
responds to real-like situations encountered in communi-
cations systems, as reported in [12].

Channel Equaliser+
kŷ

ky

kn

kr

Fig. 2. Schematic of a data transmission system

At the receiver, a block of m received samples, [rk, rk−1,
, . . . , rk−m+1] , where k is the present discrete time index,
is used to estimate the transmitted signal. A possible way
to solve the problem is to consider that the set of received
samples has to be classified according to the two possible
classes (states) of the input: ±1. Figure 3 shows an exam-
ple of the receiver task when m = 2, plotting the output
vectors for channels H1 (z) and H2 (z) when the trans-
mission is corrupted with additive Gaussian noise with a
standard deviation σ = 0.15. The x-axis shows the signal
received in the instant n , and on the y-axis, the previous
sample. It is clear that both classes, corresponding to ±1,
are not linearly separable.

3.2 Model comparison

We present results for the equalisation of the two
previous communication channels, corrupted with addi-
tive Gaussian noise, by using different classification algo-
rithms. The five algorithms are the classical MLP trained
with the BP learning algorithm, the original ERA algo-
rithm, and the three proposed SERA versions.

In order to equalise each channel, we used a training
set formed by 250 patterns and a validation set consti-
tuted by 250 more. Finally, we evaluated the obtained Bit
Error Rate (BER) for each Signal-To-Noise Ratio (SNR)

value on 105 received symbols (test set), which represents
a reasonable confidence margin for the least estimated er-
ror. All networks were initialised with the same synaptic
weights. The learning rate and the number of neurons in
the hidden layer were fixed after experimental studies to
achieve the best results (five neurons in the hidden layer).
We considered situations with and without additive noise
(σt = 0.15 and σt = 0, respectively); both for training
and validation sets. This methodology has been followed
since in a real situation, the aim is to recover the original
signal independently of the level of transmission noise.
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Fig. 3. Schematic of a data transmission system

Figure 4 depicts results in the test set over 10 realiza-
tions of the experiment. We use BER as a factor of merit,
the lower the value of BER, the better is the equalisation
carried out by the algorithm. Moreover, we study the de-
pendence between BER and SNR since it is important to
know the performance of the algorithms in different noisy
environments. From empirical evidence, the parameters of
λ functions shown in (2) are chosen as c = n , a = n/2,
and b = 4. Figure 4 shows that the proposed SERA algo-
rithms lead to better outcomes than those obtained with
the original ERA algorithm, which are, in turn, much su-
perior to those obtained with the classical BP algorithm.
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Fig. 4. Obtained Bit Error Rate (BER) for each Signal-To-Noise Ratio (SNR) for channel H1(z) with (a) σt = 0, (b) σt = 0.15 , and

channel H2(z) with (c) σt = 0 and (d) σt = 0.15 .

This occurs for both channels and controlled noise train-
ing situations. Despite results with different SERA func-
tions are quite similar, Bell-shaped membership function
achieved slightly better results in most of the cases.

As it was expected, the value of BER is lower in the
case of the first channel than in the second one, since
it is easier for the algorithm to equalise its transfer func-
tion. It is also remarkable that a considerable dependence
on the value of SNR appears for the case of ERA and
SERA algorithms. Nevertheless, even in bad conditions
of SNR, the BER is smaller than that achieved by the
classical BP. The distance between BP and the other al-
gorithms becomes much more significant when SNR is
high. This suggests that even in excellent conditions of
SNR the BP algorithm has its capability of equalisation
limited. It is an obvious advantage of the ERA and SERA
algorithms, which can perform much better in moderately
noisy transmission channels.

It is remarkable that for the particular conditions of
our problem, the ERA and SERA algorithms become
cheaper in terms of computational burden. This is due
to the fact that when dealing with desired signals whose
value is +1 or −1, and the number of patterns belonging

to each class is the same, equation (1) is trivially simpli-
fied.

4 CONCLUSIONS

In this paper, we have presented useful modifications
to the ERA algorithm. The homotopy parameter of ERA
is softly varied in a way inspired on the most common
fuzzy-logic membership functions. More robustness to
local minima and improved generalisation performance
have been observed when Gaussian or Bell-shaped mem-
bership functions were employed. Simulation results have
been presented for a channel equalisation application.
Further work will consider adaptive update of member-
ship function parameters.
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ciate Professor and Head of the Department of Electronics

Engineering.

Emilio Soria-Olivas (Prof, PhD) received his BSc in

Physics with first class honours in 1992 and his PhD degree

in 1997 in Electronics Engineering from the Universitat de
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