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CONTOUR IMAGE DATA COMPRESSION
USING SPLINE WAVELETS

Zoltán Szabó
∗

The presented paper is motivated by seeking an efficient encoding scheme for arbitrarily shaped objects using linear,
quadratic and cubic spline wavelets. A new contour image data compression method is described and its efficiency evaluated

from the achieved bit-per-contour-pixel ratio point of view.
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1 INTRODUCTION

There are many applications where the shape of ob-
jects needs to be encoded, such as CAD, 3D modelling,
signature encoding [9], as well as region oriented video
coding techniques [1], where the shape information is de-
scribed by a binary mask having the same values for all
the pixels inside the shape. The binary mask indicates
the region(s) in which the texture of the object needs
to be coded [7]. Contours around the shape in binary
masks are generally simple closed ones, without intersec-
tion and ambiguous contour continuations (see Figure 1).
They are defined usually in pixel resolution, consisting
of a number of adjacent pixels that are called contour
points. They can be represented, eg , by a chain code [8]
or approximated with a polynomial function and subse-
quently entropy coded [9]. In our case the contour image
is converted to its parametric representation and coded
with spline wavelets.

1.1 Brief introduction to wavelet theory

The wavelet transform (WT) of a real function s(t) is
defined as [1]:

S(λ, τ) =
1
√
λ

∫

∞

−∞

s(t)ψ

(

t− τ

λ

)

dt (1)

where ψ(t) is a zero mean mother wavelet. The final
function S(λ, τ) as well as the particular wavelets are
described with two parameters: time shift τ also called
translation factor and dilation parameter λ , known as

the scale factor. The normalisation constant λ−1/2 com-
pensates the different energies of wavelets.

The special case of wavelet transform described above
is a dyadic discrete wavelet transform (DWT), where the
dilation parameter λ = 2m , and the translation factor
τ = 2mk , m > 0, k and m are integer numbers. The
dyadic DWT can be realised with the bank of filters
having impulse responses hm [1].

For discrete signal s(n), the dyadic wavelet transform
(DTWT) is defined:

Sm(k) =
∞
∑

n=−∞

s(n)hm

(

2mk − n
)

. (2)

The wavelet decomposition realised with the bank of fil-
ters broke down a signal into many lower-resolution com-
ponents (frequency bands) by low-pass end high-pass fil-
ters (see Fig. 2).

Generally the output from any low-pass filter can be
split iteratively until the last branch consists of a single
sample. In practice, the suitable number of levels is based
on the nature of the signal, or on the application [9].

The wavelet reconstruction filter-banks structure is
similar to the decomposition structure:

The conditions for perfect reconstruction s(n) =
s′(n), are given by the following formulae [1]:

FLP (z)HLP (z) + FHP (z)HHP (z) = 2 ,

FLP (z)HLP (−z) + FHP (z)HHP (−z) = 0 .
(3)

Note: The conditions above and block diagram in
Fig. 3 are valid, when non-causal filter-banks are con-
sidered with zero time delay. Otherwise time delay blocks
should be entered into particular branches.

Several different approaches exist for filter-banks de-
sign that create orthogonal or biorthogonal structures [8].
The structure of the orthogonal filter-banks is very spe-
cial. For example, if the length of their impulse response
is four: all filters (decomposition HP, LP and reconstruc-
tion HP, LP filters) use four coefficients a , b , c , d , where
the convolution along the bottom channel (multiplication

of polynomials HLP (z) = a + bz−1 + cz−2 + dz−3 and

FLP (z) = d + cz−1 + bz−2 + az−3 — see Fig. 4) gives
a particular “halfband filter” [8]. For this example the
halfband filter coefficients are (−1/16, 0, 9/16, 1, 9/16,

0, −1/16). Note: The odd powers of z−1 are missing for
this type of filter.
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Fig. 1. The scope of contour image coding.
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Fig. 2. Dyadic wavelet transform realised with the tree structure of

high-pass (HHP )and low-pass (HLP ) decomposition filters. Note:
The circles represent down-sampling with a factor of two (the odd

numbered components are removed after filtering).
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Fig. 3. Inverse dyadic wavelet transform realised with the tree

structure of high-pass (FHP ) and low-pass (FLP ) reconstruction
filters. Note: The up-sampling operation ↑ 2 inserts zeros between

the samples.
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Fig. 4. The form of the orthogonal filter bank with four coefficients.
The left part corresponds with the decomposition (analysis) and the

right part corresponds with the reconstruction (synthesis) part of
the wavelet transform.
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Fig. 5. The biorthogonal filter bank

The biorthogonal filter-bank design is less restricted

than the design of an orthogonal one. The multiplication

of two polynomials along the bottom channel gives also

the halfband filter, but the reconstruction low-pass fil-

ter coefficients do not have to be the transpose (the flip)

of the decomposition low-pass filter coefficients. Figure 5

shows how the filters on the reconstruction side are re-

lated to the decomposition filters. The relation between

their transfer functions is derived from the equation 3

giving the following formulas:

FLP (z) = HHP (−z) , FHP (z) = −HLP (−z) , (4)

where the simple substitution z → −z provides a high-

pass filter based on the low-pass one, or vice versa [10]. In

time-domain it corresponds with multiplying the elements
of h(k) with (−1)j , j = 0, 1, . . . .

δ(x)
HHP(Z)
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HHP(Z4)

HLP(Z4)
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HHP(Z2)
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Fig. 6. Scaling function φ(x) and wavelets ψ(x) from iteration
of the low-pass filters. Where: δ(x) is the Dirac delta function,

HHP (z) is a transfer function of the highpass filter, HHP

(

z2
)

is a modified transfer function of the highpass filter (the filter
coefficients are zero padded).

The above-mentioned discrete-time filters have the fol-
lowing relation with the continuous-time wavelets ψ(t).
The approximation of wavelets (their shape) comes from
the iterative convolution of impulse responses of the
rescaled filters as it is shown in Fig. 6. Continuing
the decomposition we approximate more and more the
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Fig. 7. The representation of low-pass filters FLP (z) in z -plane
(a). Their frequency responses for five different values of n (b).

Note: Normalised frequency=1 corresponds to half the sample rate.

continuous-time wavelets’ shape [8]. The output from the
last LP filter approximates the so-called scaling function
φ(t) and the output from the last HP filter approximates
the continuous-time wavelet ψ(t).

2 SPLINE WAVELET TRANSFORM

We have a spline wavelet transform whenever the syn-
thesis functions (ψ(t) and φ(t)) are polynomial splines
of degree n [10]. It can be proved that using low-pass
filter with coefficients (1, 1) and derivation of the scal-
ing function according to the Figure 6 we will get the
first order B-spline basis function B0,1(t) [9]. Filter coef-
ficients (1/2, 1, 1/2) lead to the linear spline basis func-
tion B0,2(t), filter coefficients (1/4, 3/4, 3/4, 1/4) lead to
the quadratic spline basis function B0,3(t), and filter co-
efficients (1/8, 1/2, 3/4, 1/2, 1/8) lead to the cubic spline
basis function B0,4(t).

The same filter coefficients can be derived by repeated
convolutions of the coefficients h1 = (1, 1) as follows:

hn(k) =
1

2n−1
h1(k) ∗ h1(k) ∗ · · · ∗ h1(k) (5)

where n is the number of repetition of h1(k) in the
equation. The low-pass filter coefficient associated with

the nth order B-spline can be simply generated also by

binomial series development [8]:

hn(k) =
1

2n

(n+ 1)!

(n+ 1 − k)!k!
, k = 0, 1, . . . , n+ 1 (6)

The z transform of the sequence of filter coefficients

hn(k) is the following:

FLP (z) =
1

2n−1

(

1 + z−1
)n

= 2
(1 + z−1

2

)n

= 2
(z + 1

2z

)n

.

(7)

The configuration of zeros and poles are illustrated in

Fig. 7a, where zeros of multiplicity n are placed on the

real axes at point −1, and poles of multiplicity n are

in the centre of z -plane. The frequency responses for five

different n are shown in Fig. 7b. Note: n = 3 corresponds

to the quadratic- and n = 4 corresponds to the cubic-

spline scaling function φ(t). Hereafter, the other filter

coefficients are derived.
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Fig. 8. The representation of decomposition low-pass filters HLP (z)
in z -plane for n = 4 (a). The frequency responses for five different

values of n (b). Note: Normalised frequency=1 corresponds to half
the sample rate.
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Table 1. Low-pass filter coefficients for biorthogonal wavelet decomposition and reconstruction. hn(k)DEC stands for decomposition-
and hn(k)REC stands for reconstruction-filter coefficients.

LP filters Low-pass filter coefficients

n = 1 h1(k)DEC 1/2, 1/2

h1(k)REC 1, 1

n = 2 h2(k)DEC -1/8, 1/4, 3/4, 1/4, -1/8

h2(k)REC 1/2, 1, 1/2

n = 3 h3(k)DEC 3/64, -9/64, -7/64, 45/64, 45/64, -7/64, -9/64, 3/64

h3(k)REC 1/4, 3/4, 3/4, 1/4

n = 4 h4(k)DEC -0.0195, 0.0781, -0.0039, -3/8, 0.2734, 1.0938, 0.2734, 3/8, 0.0039, 0.0781, -0.0195

h4(k)REC 1/8, 1/2, 3/4, 1/2, 1/8

Table 2. High-pass filter coefficients for biorthogonal wavelet decomposition and reconstruction. gn(k)DEC stands for decomposition-
and gn(k)REC stands for reconstruction-filter coefficients.

HP filters High-pass filter coefficients

n = 1 g1(k)DEC 1, -1

g1(k)REC -1/2, 1/2

n = 2 g2(k)DEC 1/2, -1, 1/2

g2(k)REC 1/8, 1/4, -3/4, 1/4, 1/8

n = 3 g3(k)DEC 1/4, -3/4, 3/4, -1/4

g3(k)REC -3/64, -9/64, 7/64, 45/64, -45/64, -7/64, 9/64, 3/64

n = 4 g4(k)DEC 1/8, -1/2, 3/4, -1/2, 1/8

g4(k)REC 0.0195, 0.0781, 0.0039, -3/8, -0.2734, 1.0938, -0.2734, -3/8, 0.0039, 0.0781, 0.0195

As it was mentioned before the multiplication of two
polynomials (in z -plane: the multiplication of transfer
functions HLP (z) and FLP (z)) along the bottom channel
(Figures 4 and 5) gives the so-called half band filter [8].
Therefore, if one of these polynomials will compose the
spline scaling function, then the second one can be derived
from the half band filter transfer function [8]:

P (z) = 2
(1 + z−1

2

)n(1 + z

2

)n n−1
∑

i=0

(

n+ i− 1

i

)

×
(1 − z

2

)i(1 − z−1

2

)i

= FLP (z)HLP (z) . (8)

The first part of the expression above represents the re-
construction low-pass filter leading to the spline scaling
function (see Equation 7) and the second part represents
the transfer function of the decomposition low-pass fil-
ter HLP (z). The configuration of zeros and poles for

n = 4 is illustrated in Fig. 8a. The frequency responses

for n = 1, 2, . . . , 5 are shown in Fig. 8b.

The filter coefficients of decomposition and reconstruc-

tion part for n = 1, 2, 3, 4 are summarised in Tables 1 and

2.

3 CONTOUR IMAGE DATA COMPRESSION

USING SPLINE WAVELETS

Wavelet transform offers good properties for data com-

pression. The signal-decomposition to several frequency

bands leads even to the signals with low entropy and

thereby to more efficient entropy coding. The process of

contour image compression/decompression with wavelet

transform is shown in Fig. 9.
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Contour image
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Fig. 9. Wavelet-based contour image coding and reconstruction.
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Fig. 10. Relative statistical frequencies of the S1(k) — output from the HP decomposition filter (a), S2(k) — output from the LP
decomposition filter (b), S2(k + 1) − S2(k) — differences of the successive samples of the output from the HP decomposition filter (c).

The two-dimensional discrete contour is represented
as a set of two discrete parametric functions x(k) and
y(k), where parameter k indicates the pixel position at
the contour. These functions are decomposed by wavelet
transform (low-pass and high-pass filters) to frequency
bands Sm(k) and entropy coded with Huffman coding.
The decompression is an inverse process, where the de-
coded binary data are transformed to parametric func-
tions with wavelet reconstruction and displayed as the
contour image.

The biorthogonal wavelet transform based on the fil-
ters listed in Tabs. 1 and 2 are reversible. It means,
that perfect reconstruction is possible if the output from
wavelet-decomposition-block Sm(k) are with no change
transformed back by reconstruction block. Higher data
reduction can be achieved when Sm(k) are thresholded
(values not exceeding the threshold are set to zero) [1].

4 TEST RESULTS AND DISCUSSION

In our experiments, one level decomposition and re-
construction was used (Fig. 5) with three different types
of filters (n = 2, n = 3, n = 4 — see Tabs. 1 and 2).
The outputs from HP and LP filters (S1(k) and S2(k))
were Huffman coded separately with different code tables
derived from the image test set containing 60 contour
images [9]. The output from the LP filter (S2(k)) was

differentially encoded instead of the direct Huffman cod-

ing, since the standard deviation is essentially reduced

after differentiating (see Tab. 3). The relative statistical

frequencies of the coded data are shown in Fig. 10.

Table 3. Statistical analysis of wavelet transformed contour image

data. Note: These results are obtained with wavelet transform using
LP reconstruction filter corresponding to the cubic B-spline scaling

function (n = 4).

S1(k) S2(k) S2(k + 1) − S2(k)

Minimum −1.47 5.97 −6.34
Maximum 1.17 417.13 6.24

Mean 0 134.39 0
Standard Deviation 0.65 73.68 2.62

Variance 0.43 5428.60 6.88

Table 4. The average bit-per-contour-pixel (bpcp) ratio for wave-
let-based contour image compression.

Wavelet type

(bpcp) n = 2 n = 3 n = 4

(linear) (quadratic) (cubic)

Huffman coded S1(k) 4.71 2.65 1.52
and S2(k)

Huffman coded S1(k) and 0.53 1.02 0.29
S2(k + 1) − S2(k)
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5 CONCLUSION

The test results are summarised in Tab. 4. Two dif-
ferent approaches are compared: first, when the outputs
from wavelet decomposition S1(k) and S2(k) are coded
directly and second, when S2(k) is coded differentially.
Three types of filters were used, presented in Tabs. 1 and
2, where n = 2 corresponds to linear-, n = 3 corresponds
to quadratic-, and n = 4 corresponds to cubic-spline scal-
ing function.

The transformed data S1(k) and S2(k) (as well as
their differences) are real numbers, thanks to the fact
that filter coefficients and the input signal are real. The
Huffman coding requires their rounding to finite precision
numbers, which causes that the reconstruction becomes
lossy. Rounding the data before Huffman coding to one
decimal precision causes an error between the original
and the reconstructed signal approximately 0.17 units (in
our case one unit is the distance between two successive
pixels). This approximation error can be considered as
almost negligible, as the next image processing point of
view.

Comparing the results in Tab. 4 we can draw the fol-
lowing conclusions: a) The differentially encoded data of
wavelet transform brings an essential improvement over
their direct coding. Depending on the wavelet transform
it is over 60%. b) From the three tested wavelet types
(n = 2, n = 3, n = 4), the third one (n = 4) is the most
effective.

Note: The theory of wavelet compression offers more
possibilities to explore and improve these results. Differ-
ent types of wavelets can be used, the depth of tree de-
composition can be changed or higher compression can be
achieved with thresholding the wavelet-transformed data.
Nevertheless, this would go beyond the frame of this pa-
per.
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