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OPTIMAL POLE SHIFT CONTROL IN
APPLICATION TO A HYDRO POWER PLANT
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∗
— R. P. Saini
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This paper presents a design technique to control a low-head hydro power plant connected as a single machine to an
infinite bus (SMIB) system. A state-space model with two-input and two-output variables is considered. The control action
is performed through the excitation and governor subsystems. The approach used is based on optimal pole shift theory. The

solution to optimal control is achieved without solving any non-linear algebraic Riccati equation. The discussed technique
offers satisfactory damping effects on speed and load angle oscillations. It is observed that the system’s satisfactory response
remains unchanged for any variation in a plant parameter that may occur due to change in operating conditions of a plant.
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1 INTRODUCTION

Power plant oscillations generally occur due to the
lack of damping torque at the generator rotor. The rotor
oscillation causes the oscillation of power system variables
(bus voltage, bus frequency, transmission line active and
reactive power, etc). Power system oscillations are usually
in the range between 0.1 Hz to 2 Hz.

In the classical design of controller for hydro-turbine-
generator unit, the speed control and the excitation con-
trol were considered as two separate entities, which are in-
dependent of each other [1]. The reason lies due to the fact
that the operation of speed loop is slower than excitation
loop. In recent years digital adaptive control techniques
have offered an enhanced efficiency in the identification
and control. The mutual coordination between the gov-
ernor and exciter control loops helps in obtaining better
damping of transients and wider stability margins.

There has been some reported literature [2-7] in which
pole shift approach has been applied in power system ap-
plications (Power system stabilizer) and in the design of
adaptive governor for synchronous operation of a hydro-
electric unit [8]. A generalized multivariable pole shifting
adaptive control algorithm is presented in [2]. The tech-
nique provides on-line self-searching pole shifting factor
to determine the excitation control limits over a wide
operating range. An adaptive self-optimizing pole shift
technique in the design of power system stabilizer is dis-
cussed in [3]. The control algorithm presented is based on
combined essences of minimum variance and pole assign-
ment. Further Chen et al . [4] have described an adaptive
power system stabilizer. A recursive least square method
with a varying forgetting factor is used and the degree of
shift is determined by a pole shift factor. A state-feedback
law based on pole shift approach is presented in [5]. The
feedback gains and system parameters can be determined
easily, as gains are linear functions of the pole shift factor.
Radial basis function identifier with pole shift controller
is applied for the design of power system stabilizer in [6].

Abdelazim and Malik [7] have presented Takagi-Sugeno
(TS) fuzzy system to identify a synchronous machine
model and the pole shift control is applied to calculate the
control signal. The identifier is a NARMAX model and
hence more suitable to represent the non-linear nature of
power systems. A robust adaptive controller design using
pole shift and parameter space method for governing of
hydro turbine is described in [8].

Recently the pole shift control scheme [9,10] has been
demonstrated for the power system stabilizer and hy-
dropower plant control applications. This technique does
not need the solution of non-linear algebraic Riccati equa-
tion and is easy to solve.

In the present paper, the possibility to obtain a co-
ordinated control of exciter and governor in a low head
hydro power plant is presented. The control scheme based
on optimal pole shift is employed. The method is based
on mirror image property [11]. The optimal pole shift
technique yields a solution, which is optimal with respect
to a quadratic performance index [11]. Its solution can
be easily found without solving any non-linear algebraic
Riccati equation. It requires only a first or a second or-
der Lyapunov equation to be solved for shifting a real or
a complex pole, respectively. The analysis is carried out
to study the effectiveness of this technique under various
load disturbances and operating conditions.

2 SYSTEM DESCRIPTION AND MODELLING

In the present paper single Kaplan turbine-generator
with exciter and governor in a low-hydro power plant con-
nected to local load and an infinite bus as shown in Fig. 1,
is considered for the study. The linear model of SMIB sys-
tem characterizes system oscillations accurately. This is
due to the fact that system oscillations depend on the
operating point of the power plant rather than the loca-
tion and magnitude of the applied disturbance. The size
and complexity of linear power plant model requires the
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use of state-space models. The usual approach to analyze
these systems consists of computing the eigenvalues and
eigenvectors of the state matrix.

The dual regulation of hydro-turbine is incorporated
through the operation of both wicket gate and runner
blade. The hydraulic flow in the penstock is modelled
with the assumption of inelastic water column effect. The
stiff water hammer equation can be expressed as [12]:

dh

dt
= −Tw

dq

dt
(1)

The turbine flow q and torque m in case of Kaplan
turbine are non-linear functions of head h , wicket gate
opening z , machine speed w and runner blade position
θ .

For a given reference operating point, the partial
derivative relationship between these variables is given
as [13]:

q =
δq

δh
h +

δq

δz
z +

δq

δw
w +

δq

δθ
θ

= T1h + T2z + T3w + T4θ
(2)

m =
δm

δh
h +

δm

δz
z +

δm

δw
w +

δm

δθ
θ

= T5h + T6z + T7w + T8θ
(3)

dq

dt
=

1

TwT1
[T3w + T2z − q + T4θ] (4)

The operation of Kaplan turbine involves control of the
wicket gate and the runner blade position in order to
regulate the water flow to the hydro-turbine. The corre-
sponding servomotor equations are described as [13]:

dz

dt
= (ugov − z)/Tgv,

dθ

dt
= (ugov − θ)/Trb (5,6)

where Tgv and Trb are the wicket gate and runner blade
servomotor constants, respectively.

A third order synchronous generator model is de-
scribed by the following set of differential and algebraic
equations [1]:

Ta

dw

dt
= m − ml − Dw,

dδl

dt
= w0w (7,8)

de′q
dt

=
1

τ ′

d0

[

EFD −
1

K3
e′q − K4δl

]

(9)

ml = K1δl + K2e
′

q (10)

Expressing the exciter equations as [14]:

dEFD

dt
=

1

TE

[Va − KEEFD] (11)

dVa

dt
=

1

TA

[KAVref + KAuex − KAVt − KAVf − Va]

Vt = K5δl + K6e
′

q
(12)

dVf

dt
=

1

TF

[

KF KE

TE

EFD +
KF

TE

Va − Vf

]

(13)

The dynamic characteristics of the system are expressed
in terms of constants K1−K6 . These constants except K3

depend upon the actual real and reactive power loading as
well as the excitation levels in the machine. The constant
K3 is an impedance factor that takes into account the
loading effect of the external impedance.

The SMIB system represented in state space form is
given by:

ẋ(t) = Ax(t) + B u(t) (14)

where the system state vector x and the system control
vector u are defined as follows:

x(t) = [w, δ, e′q, EFD, Va, Vf , q, z, θ]T

u(t) = [uex, ugov]
T

with uex being the exciter voltage signal and ugov gov-
ernor gate position. Using the following abbreviations

K7 = T7 − (T3T5)T1 − D,

K8 = T6 − (T5T2)/T1, K9 = T8 − (T5T4)/T1,

matrices A and B in (14) are expressed as:
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Fig. 1. A low-head hydro power plant connected as SMIB system

3 OPTIMAL POLE SHIFT

In the present work, the optimal pole shift approach
suggested by Amin [11] has been used. The method does
not require the solution of non-linear algebraic Riccati
equation. A first-order or a second-order linear Lyapunov
equation is to be solved for shifting one real or two com-
plex conjugate poles, respectively. To shift the complex
conjugate poles to a desired location only real part of
the open-loop complex conjugate poles are shifted keep-
ing the magnitude of imaginary parts preserved. The shift
of real/complex conjugate poles is achieved by an opti-
mal feedback control law with respect to a quadratic per-
formance index [11]. Consider a completely controllable
linear time-invariant multivariable system represented as:

ẋ(t) = Ax(t) + B u(t) (15)

where the dimensions of the state vector x and the control
vector u are (n × 1) and (m × 1), respectively. A and
B are constant plant matrices of appropriate dimensions.
When a feedback control law:

u = −Kx (16)

is applied to (15), a closed-loop system is derived in the
form:

ẋ = Acx (17)

where Ac = A − BK . With a given controllable pair
(A,B) , and if A is a non-singular matrix, then for the
following algebraic equation

PA + AT P − PBBT P = 0 (18)

there exists a positive semi-definite real symmetric solu-
tion P that satisfies Re(Si) < 0 and S2

i = λ2
i with i =

1, 2, .., n where λi and Si are the open-loop and closed-
loop poles with the feedback gain matrix K = BT P .

For any Si and λi which satisfy the optimality con-

dition, the quantities αi = −(Re(Si)+Re(λi))
2 and (αi +

Re(λi)) are positive.

Let α be a positive real constant scalar. Then for the
following matrix algebraic equation:

P (A + αI) + (AT + αI)P − PBR−1BT P = 0 (19)

there exists a positive semi-definite real symmetric solu-
tion P satisfying: Re(Si) ≤ −α and (Si+α)2 = (λi+α)2

with i = 1, 2, ... , n and

K = R−1BT P (20)

where R is a positive definite symmetric matrix for the
given controllable pair (A,B).

Also the feedback control law u = −Kx minimizes the
following quadratic performance index

J =

∞
∫

0

(xT Qx + uT Ru)dt (21)

with Q = 2αP . The theory of one real pole shift, a com-
plex pole shift and several poles shift is given in Appendix
A.

4 SIMULATION RESULTS AND DISCUSSION

The hydro plant connected to infinite bus with local
load at generator terminal is represented as two-input and
two-output system. The two inputs are exciter and gate-
blade position and the two outputs are speed and load an-
gle. The parameters considered in the study for the power
plant are given in Appendix B. The open loop eigenvalues
(λi) determined from (14) at heavy load (Pe = 1.0 pu,
Qe = 0.62 pu) and light load (Pe = 0.2 pu, Qe = 0.0
pu) conditions are given in Table 1.

The time domain simulations are performed with (i)
step signal and (ii) exponential signal. Due to limited
space in the paper, simulation results at operating point:
Pe = 1.0 pu, Qe = 0.62 pu are presented here. The out-
put response of the plant without controller is simulated
for load disturbance: 0.02 puand 0.05 pustep increment
and 0.1 pustep reduction from initial operating point as
shown in Fig. 2. The similar characteristics as above are
determined for exponential change in load and are illus-
trated in Fig. 3. From Fig. 2 and Fig. 3, the output re-
sponse without controller is observed to be highly oscil-
latory. The open-loop Bode plot is shown in Fig. 4. The
frequency response indicates low damped characteristics.

To illustrate the effectiveness, consider the above de-
scribed optimal pole shift control scheme applied to heavy
load operating conditions. The dominant eigenvalues are
shifted to new position, (preserving the imaginary com-
ponent) with desired damping coefficient ζ = 0.82 so as
to damp out the oscillation. Having determined the con-
troller gain at heavy load operating point, closed-loop
eigenvalues are computed from (17). Table 1 shows the
closed-loop eigenvalues of the power plant under study for
controller gain determined at heavy load operating point.
The dominant open-loop eigenvalues and corresponding
closed- loop eigenvalues are shown in boldfaced. The
damping coefficient and undamped natural frequency cor-
responding to each open-loop eigenvalues is represented
in square bracket.
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Table 1. Quantitative analysis of eigenvalues with gain matrix
determined with pole shift approach applied at heavy load operating

point

Operating Open loops Closed loop
point eigenvalues eigenvalues

Pe = 1.00 pu −0.0408 ± j8.948 −14.4398 ± j8.9475

Qe = 0.62 pu [0.0045/8.95] −8.8086 ± j9.6582

Heavy load −8.8093 ± j9.6568 −15.0 ± j0.6410

[0.674/13.1] −1.8339

−1.8389j0.7423 −2.0000

[0.944/1.95] −0.7143

−1.8335[1.0/1.83]

−2.0000[1.0/2.0]

−0.7143[1.0/0.714]

Pe = 0.80 pu −0.0877 ± j9.0389 −13.4258 ± j12.96315

Qe = 0.25 pu [0.0097/9.04] −20.5732

Normal load −0.0877 ± j9.0389 −16.1549

−8.8054 ± j9.5916 −6.5199 ± j7.5691

[0.67/13.0] −1.8167

−1.796 ± j0.6805 −1.9631

[0.935/1.92] −0.7125

−1.8333[1.0/2.0]

−2.000[1.0/2.0]

Pe = 10.20 pu −0.1552 ± j9.1137 −25.5578

Qe = 0.00 pu [0.017/9.11] −13.8114 ± j16.6734

Light load −8.8235 ± j9.5009 −16.6540

[0.681/13.0] −3.4485 ± j7.0614

−1.7105 ± j0.740 −1.7507

8[0.918/1.86] −1.91453

−1.8331[1.0/1.83] −0.7150

−2.0000[1.0/2.0]

−0.7143[1.0/0.714]

Table 2. Closed loop eigenvalues obtained with computed gain
matrix at normal load conditions

Normal load Heavy load Light load

−14.5849 ± j9.0374 − −14.0204 ± j16.2076

−8.8049 ± j9.5930 18.4530 ± j9.8151 −24.7965

−15.0 ± j0.6797 − −16.1545

−0.7143 7.7125 ± j11.6110 −3.9679 ± j7.002

−2.0000 −16.7681 −0.7207

−1.8337 −7.6209 −1.9308

−0.7150 −1.7556

−2.0510

−1.8493

The output response of power plant is shown in figures
Fig.5 to Fig.9. The closed loop time response simulated
with step and exponential signal at load disturbance con-
ditions as stated above are shown in Fig. 5 and Fig. 6,
respectively. The simulated response illustrates that the
optimal pole shift control method brings about consider-
able damping effect on the output variables. As observed,
the settling time and overshoot of plant output response
reduced with this control approach.

The Bode plot of plant without load disturbance and
with load disturbance is given Fig. 7 and Fig. 8, respec-

tively. The response is thus non-oscillatory. The root-loci

plot obtained for the plant is shown in Fig. 9. As it is

observed, due to variation in nature and magnitude of

disturbance, poles and zeros are located differently, which

leads to significant changes in root-loci configurations.

The performance of plant response significantly gets

affected due to variation in operating point. With the

same gain matrix, closed-loop eigenvalues are also deter-

mined at normal and light load conditions as given in

Table 1. A similar plant output response with controller

is obtained for the said operating points.

To further ascertain the feasibility of this technique,

optimal pole shift approach has been applied at initial op-

erating point: Pe = 0.8 pu, Qe = 0.25 pu. The controller

gains are determined after shift of dominant open-loop

eigenvalues to new locations. Then closed loop eigenvalues

are evaluated for heavy and light load operating points

and given in Table 2.

Table 3. Closed loop eigenvalues obtained with computed gain

matrix at light load conditions

Normal load Heavy load Light load

−15.0 ± j9.5026 −24.0326 ± j12.1913 −23.301 ± j11.6621

−14.7450 ± j9.1143 −6.7116 ± j13.9755 −7.2556 ± j13.4938

−0.7143 −1.0429 ± j1.2321 −1.1218 ± j1.1213

−2.0000 −0.4464 −3.9679 ± j7.002

−1.8335 −1.9082 −0.5312

−1.7113 ± j0.7400 −1.2883 −1.9117

−1.4175

In the same way, pole shift approach has been applied

at operating point: Pe = 0.2 pu, Qe = 0.0 pu and sub-

sequently closed loop eigenvalues at heavy and normal

load operating points are computed. Table 3 represents

the closed loop eigenvalues at the said operating point.

The above study indicates that only dominant eigenval-

ues get shifted to new optimal locations irrespective of

gain matrix determined at any operating point and sub-

sequent changes in operating point. Thus the control gain

matrix obtained using optimal pole shift approach is to a

great extent independent of power plant operating points

ie variation in operating point do not pose any threat to

controller performance.

5 CONCLUSION

The hydro power plant control as SMIB system was

studied in the paper. An approach towards achieving

an optimal control using pole-shift satisfying a quadratic

performance index was discussed. The simulation results

illustrated that the optimal pole shift control method

brings about considerable damping effect on the output

variables. Also this method requires only a first or sec-

ond order Lyapunov equation to be solved for a shift of
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Fig. 2. Time responses of output variables for step changes in different load disturbances without controller; (a) Load angle deviation;
(b) Speed deviation

Fig. 3. Time responses of output variables for exponential changes in different load disturbances without controller; (a) Load angle
deviation; (b) Speed deviation

Fig. 4. Bode plot of un-compensated plant under without load disturbance

Fig. 5. Time responses of output variables for step changes in different load disturbances under the optimal pole shift based control
scheme; (a) Load angle deviation; (b) Speed deviation
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Fig. 6. Time responses of output variables for exponential changes in different load disturbances under the optimal pole shift based
control scheme

Fig. 7. Bode plot of compensated plant without load disturbance

Fig. 8. Bode plot of compensated plant with load disturbance; (a) speed ; (b) load angle

real or complex pole respectively. The control gain ma-
trix determined at any operating point leads to shift of
dominant open loop eigenvalues at other operating points
as well. Optimal pole shift based control scheme ensures
stabilization with change in operating points.

List of Symbols

m – mechanical torque

w0 – base angular speed (377.16 rad/sec)

w – rotor angular speed in pu

δl – load angle in rad

D – damping coefficient

Ta – mechanical time constant in sec

e′q – internal transient voltage in the q -axis in
pu

Vt – terminal voltage in pu

xd – d -axis synchronous reactance in pu

x′

d – d -axis transient reactance in pu

re + jxd – transmission line impedance in pu

xq – q -axis synchronous reactance in pu

KA,KE – voltage regulator gains

TA, TE – voltage regulator time constants

KF , TF – stabilizing transformer gain, time con-
stant
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Fig. 9. Root loci of plant under various natures and magnitude of load disturbance: up (i) Load angle (a) 0.02 pu increment, (b) 0.1
pu reduction; down (ii) Speed (a) 0.02 pu increment, (b) 0.1 pu reduction

K1 − K6 – constants of the linearized model of syn-
chronous machine

Pe, Qe – reactive and reactive power output from
synchronous machin

Vf – stabilizing transformer voltage

EFD – field voltage

Vref – reference voltage

Va – regulator voltage

τ ′

d0 – d -axis open circuit field time constant

APPENDIX A [11]

ż = Fz + Gu v = −K̇z

with the transformation z = CT x the performance index

is given as: J̇ =
∞
∫

0

(

zT Q̇z + vT Rv
)

dt

Shift of one real pole: Let a dominant open loop real
pole λ = γ is to be shifted to a new location in s -plane
s = σ for a desired damping coefficient, satisfying optimal

condition: |σ| > |γ| . Let a positive scalar be given as:
α = −(σ + γ)/2 The first order model is given by:

F = λ and G = CT B

In the above equation, CT is the left eigenvector of F
associated with λ . Now the solution of the first order
Lyapunov equation: (σ + α) V̇ + V̇ (σ + α) = Ḣ with

V̇ = Ḣ/(2(σ + α)) Thus the optimal parameters are:

Ṗ =
2(σ + α)

Ḣ
, Q̇ =

4α(σ + α)

Ḣ
, K̇ = ṖR−1GT

Shift of complex conjugate poles:

A open loop complex conjugate pair of poles λ = γ+jβ
is desired to be shifted to a new location in s -plane
s = σ ± jβ . Let a positive scalar α be as defined above.
The second order model is:

F =

[

γ β
−β γ

]

, G = CT B, CT =

[

cT
1

cT
2

]

.



Journal of ELECTRICAL ENGINEERING 56, NO. 11–12, 2005 297

In the above expression,
(

cT
1 + jcT

2

)

is the left eigenvector
of F associated with open loop pole. Solve the second
order linear Lyapuov equation

(F + αI) V̇ + V̇
(

FT + αI
)

= Ḣ

Ḣ = GR−1GT

Then optimal parameters are

K̇ = R−1GT Ṗ , Q̇ = 2αṖ , Ṗ = V̇ −1.

Now for the full order model,

u = −Kx, K = K̇CT

Then ẋ = (A − BK) x .

Shift of several poles

The resultant optimal parameters may be obtained by
summation of individual ones due to shift of each poles
ie

P =
∑

i

Pi, Q =
∑

i

Qi, K =
∑

i

Ki (A-12)

where Ki = K̇ic
T
i , Pi = ciṖic

T
i , Qi = 2αiPi.

APPENDIX B

The plant data are as follows:

Sn = 131MVA, Vn = 13.8 kV, x′′

d = 0.330
x′

d = 0.360, xd = 1.010, x′′

q = 0.330

x′

q = 0.57, xq = 0.57, ra = 0.00

τ ′′

d = 0.030s, τ ′d = 2.7s, τ ′′

d0 = 0.030s
τ ′

d0 = 7.6s, D = 0.0, KE = −0.17
TA = 0.05, TE = 0.95, KA = 400

KF = 0.025, TF = 1.0, Tw = 2.23s
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