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ASYMPTOTIC BEHAVIOUR OF n—th ORDER LINEAR
DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE
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New sufficient conditions for convergence to 0 of nonoscillatory solutions of some n-th order linear neutral functional

differential equations are given.

Keywords: linear differential equation, nonoscillatory solution

2000 Mathematics Subject Classification: 34C10

1 INTRODUCTION

We consider n-th order linear neutral functional dif-
ferential equation of the form

dn

g [2@) = p@)a(o ()] + a()2(7(t)) =0,

t>to, (1)

under the standing hypotheses that n > 2 and:
(a‘) pec C[[to,OO),(0,00)] ;
(b) o,7 € C[[to,); R], 0,7 are strictly increasing,

Jim () =%, i 7(0) =

(c) q€Clto,00); R, q(t) #0.

Our aim is to obtain new sufficient conditions for the
nonoscillatory solutions of equation (1) to converge to
zero. By a solution of equation (1) we mean a continuous
function z: [t;,00) = R such that z(t) —p(t)z(o(t)) is n
times continuously differentiable and x(t) satisfies Eq. (1)
for all sufficiently large ¢ > t, . The solutions which van-
ish for all large ¢ will be excluded from our consideration.
A solution of (1) is called nonoscillatory if it is eventu-
ally of constant sign in [t,,o00) otherwise is oscillatory.
The problem of oscillation and nonoscillation for neutral
differential equations has received considerable attention
in recent years; see the references cited therein. However,
most of the works on the subject has been focused on first
and higher order equations with constant coefficients and
a little has been published on higher order neutral equa-
tions with variable coefficients. For some results we refer
to [1,5,7].

2 SOME BASIC LEMMAS

The following lemmas will be useful in the proof of the
main results.

Lemma 1. ([6],Lemmas 2.1 and 2.2) Suppose that (a),

(b) hold.

Ay: Let 0 < p(t) <1, t > tg, and z(t) be continuous
nonoscillatory solution of the functional inequality
x(t)[z(t) — p(t)x(o(t))] <0  defined in a neighbor-
hood of infinity.

(i) Suppose that o(t) < t for t > ty. Then xz(t) is
bounded. If moreover 0 < p(t) < \* < 1, t > to,
for some positive constant \*, then tliglo x(t) =0.

Suppose that o(t) > t for t > to. Then x(t) is
bounded away from zero.

: Let 1 < p(t) for t > to, and x(t) be a continuous
nonoscillatory solution of the functional inequality
x(t) [z(t) — p(t)x(o(t))] > O defined in a neighbor-
hood of infinity.

(i) Suppose that o(t) > t for t > ty. Then z(t) is

bounded. If moreover 1 < A, < p(t), t > tg, for

some positive constant A, then lim z(t) =0.

>
<

(i)

Suppose that o(t) < t for t > to. Then x(t) is
bounded away from zero.

The next Lemma can be derived on the base of Theo-
rem 2 in [8].

Lemma 2. Assume that
g: [to,00) — [0,00), §: [tg,00) = R

are continuous, lim §(t) = oo,

t—o0

o (t) 1

htrgg.}f/t g(s)ds > .
where §(t) >t for t > to. Then the functional inequality

#(t) — g(t) z(5(t)) = 0,

cannot have an eventually positive solution, and

&(t) —g(t)x(6()) <0,

tZth

t2t07
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cannot have an eventually negative solution.
We say that the function u(-) € C™[R;R] is of degree
ke€{0,1, ..n} if

u(t)uD(t) >0,

0<i
(~D)*Fu)u® ) >0, k

IN

k

)

(2k)

IN
IN

1 <n.

Let 7*(t) = min{¢, 7(¢)}.

Lemma 3. ([7], Lemma 3.3) Suppose that n is odd, and

| oI P g e = o

to
for some € > 0. Then each nonoscillatory solution of
inequality

{0 () + q() v(r(t)} sgno(t) <0, t>to,

is of degree 0.

3 ASYMPTOTIC BEHAVIOUR

In this section we shall study the asymptotic behaviour
of the bounded and all nonoscillatory solutions of equa-
tion (1). Let 771(¢), o~ 1(¢) denote the inverse functions
of 7(t), o(t), and a: [tyg,00) = R be a continuous func-
tion. We define the function w(t) = x(t) — p(t) (o (¢)).
So Eq. (1) can be written as

t>ty, n>2.

ul™ (1) = —q(t) x(r (1)), (1")
Theorem 1. Suppose that 0 < p(t) < A* < 1,
(=1)"q(t) >0, o(t) <t <7(t), t <aft), and

1 7(t) ra(v) 1
lim inf o2 /t /U (€ —v)"2|q(&)| dédv > o (3)

t—o00

Then every nonoscillatory bounded solution of (1) tends
to zero as t — 0.

Proof. Without loss of generality we may assume
that z(t) is bounded and eventually positive solution of
(1). Let n be odd (the proof is similar when n is even)
then u(™(t) > 0 for all large . For sufficiently large to
we have two cases:

Lout)>0,t>t ; 2. ult)<O0,t>t.
Case 1. Since u(t) is bounded, and u(™(t) > 0 then
(- (t) <0, t>t >ty i=1,2,...

(4)

,nm—1

then from the equality

(k) A,nil e (i)
u'™(t) = E (=1) _zztf25T_u (s)
1=k

(-1

e -0, )

where s > ¢, k =1, and with regard to (4), (1) we get

(1) > (n%), / (€ - q@a(r()de, <5,

vxlzqe have u(t) < z(t) hence |g(t)|u(r(t)) < |q)|z(T(t))
then

(1) > ﬁ / (6 — 12l lu(r(€))de

let s = a(t), and so

a(t)
() - ﬁ / (€ — )" |g(€)]dE u(r(t)) > 0.

By Lemma 2 and condition (3) the last inequality can
not have eventually positive solution, which is a contra-
diction.

Case 2. By Lemma 1, A; it follows that tliglo x(t) = 0.
The proof is complete. Analogously we can prove the
following result.

Theorem 2. Suppose that 1 < A, < p(t) is bounded,
(=D)"q(t) <0, t<o(t) <7(t), t <alt)

1 o 7)) polv)
liminfi/ /
t—ro0 (TL—Q)' t v
(€ -2

— U)”

Then every nonoscillatory bounded solution of (1) tends
to zero as t — o0.

Theorem 3. Suppose that n is odd, 1 < A, < p(t),
q(t) <0, t <o(t) and

000—1 - n—2[,—1(. 1—¢ | — s
A U Ol .
for some € > 0,
< a0l
/to T e} R ®)

where o;(7(t)) = min{oc~!(7(t)),t}. Then every non-
oscillatory solution of (1) tends to zero as t — co.

Proof. Assume for the sake of contradiction that
x(t) is an eventually positive solution of (1), then
u(™(t) > 0 for each t large. We consider two cases:
1.u(t) >0,t>1t ; 2. u(t)<0,t>1t, where tg is
sufficiently large.

Case 1. By Lemma 1, Ay it follows that Jim z(t) =

0, but this case is not possible because tlim u(t) =0
— 00
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means that u(t) is bounded, and since u(™ (t) > 0 then

(=1)'u®(t) <0, i =1,...,n which is impossible .

Case 2. We have
|q(t)|x(7‘(t))> —%u(a‘l(ﬁﬂ)), so Eq. (1)
implies
W)+ e 0)> 0, )

By Lemma 3 it follows that all nonoscillatory solutions of
(9) are of degree 0. We claim that tlim u(t) = 0, otherwise
— 00

lim u(t) = L < 0, then u(t) < L, t > tg. From (5) we

t—o00

have

n—1 S—ti o

Z S ul(s)

+ﬁ/ts(§—t)”—1u<">(§)dg, s>t. (5)
Then
ut) < =, | (€ ) al€galr(Eae

R S LS S (3| I

<o L€ gy O

L ¢ 1
S o) / €=h) o ©)

u(ty) 1 I (|
L >(n_1)1/t1(5 f) p(e=1(7(9))

and for ¢t — oo we get from the last inequality a contra-
diction with (8). Then tlim u(t) = 0. We claim that x(¢)
—00

is bounded and tlim x(t) = 0. First suppose that x(t) is
— 00

not bounded, then there exists a sequence {t,}5°; such
that

lim z(o(t,)) = oo,

x(s).

lim t, = oo,
n—oo

and z(o(ty)) = max

to<s<o(tn)

Since u(t) is bounded there exists a constant B < 0 such
that u(t) > B, t > t; > to. Then

z(t) > p(t)z(o(t))+B > Aa(o(t))+B,

and so A\.x(o(t)) < x(t) — B, then

which is a contradiction. Then z(t) is bounded.

Next to prove that limsupz(t) = 0, suppose that

t—o00

limsupz(o(t)) = s > 0. Let {t,,}2°_; be a sequence
sti:hoothat Jim = 00, limsup (o (ty))= s. For m
large enough we have e

w(tm) < a(tm)=Aea(o(tm)), 2(tm) 2 u(tm)+ Az (o(tn))-

We choose 0 < € < (A« —1)s. Then

e+ s > limsup z(t;,) > Axs, hence > (A —1)s

m—o0

which is a contradiction. Thus s = 0.

Example. Consider the neutral differential equation

(z(t) — an(at))m 6b z(bt*) =0, t>0.

(i) Let a € (0,3), b > 1, a(t) = 2t, then the condi-
tion of Theorem 1 is satlsﬁed which implies that each
nonoscillatory bounded solution of the above equation
tends to zero as t — oc.

Let a € (1,00), b > 0, £ = 1, then the conditions of
Theorem 3 are satisfied, therefore each nonoscillatory

solution of the above equation tends to zero as t — co.

(i)
. 1. .
For instance x(t) = S s such solution.
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