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NON-CONTINUOUS {-NORMS
WITH CONTINUOUS DIAGONAL

, X
Dana Smutna

During the workshops at the 2nd International Conference on Fuzzy Sets Theory and Its Applications (Liptovsky Mikul4s,
Slovak Republic, January 31-February 4, 1994), several open problems were specified by the participants, see [4]. One of them
was the question: If T' is an Archimedean t-norm with a continuous diagonal, is T" necessarily continuous on [0,1] x [0,1]?
(This problem was stated in the book of Schweizer and Sklar [5] and Kimberling [1] has given an example of a continuous
Archimedean t-norm which is not uniquely determined by its diagonal.) However, the above problem was already negatively
solved by Gerianne Krause, but not yet published. In the paper we show a new class of Archimedean, non-continuous t-norms

with a continuous diagonal.
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1 INTRODUCTION

First we recall some well-known definitions and propo-
sitions which we will use:

Definition 1. A triangular norm (t-norm for short) is a
binary operation on the unit interval [0, 1], i.e., a function
T:1[0,1]> — [0,1] such that for all x,y,z € [0,1] the
following four axioms are satisfied:

(T1) Commutativity

T(x,y) =T(y,x),

(T2) Associativity

T(x,T(y,2)) = T(T(x,y),2)
(T3) Monotonicity

T(z,y) <T(xz,z) whenever y< z,
(T4) Boundary Condition
T(x,1)==z.

Proposition 1. A t-norm T is left-continuous if and
only if it is left-continuous in its first component, i.e., if for

each y € [0,1] and for each sequence (z,)nen € [0,1]V
we have

sup T'(zyn,y) = T(sup z,y) -
neN neN

Proposition 2. A t-norm T is Archimedean if and only
if for each x €]0,1[ we have

(n)

i o =0
where xp’ = (n—1) .
T(x, xy ifn> 1.

Proposition 3. A t-norm T is strictly monotone if and
only if the cancellation law holds, i.e., if T'(z,y) = T(x, z)
and x > 0 imply y = z.

Definition 2. Let T be a ¢t-norm. An element a €]0,1]
is called a nilpotent element of T if there exists n € N

such that agl) =0.

Definition 3. A multiplicative generator ¢ of a trian-
gular norm is a strictly increasing function ¢ : [0,1] —
[0,1] such that (1) = 1 and ¢(x) - p(y) € H(p) or
o(x) - o(y) < ¢(0). The corresponding ¢-norm 7' is de-
fined by means of ¢ as follows:

T(z,y) = ¢ (p(x) - 0(y))

where (=1 [0,1] — [0, 1] is the so-called pseudo-inverse
of ¢ defined by

(1) = sup(z € [0,1]; p(z) < 1)
with convention sup® = 0.

The triangular norms which are generated by the mul-
tiplicative generator are Archimedean t-norms. Continu-
ous t-norms which are not Archimedean cannot be gen-
erated by means of the multiplicative (additive) genera-
tor. However, there are several non-continuous t-norms
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which are generated, e.g., the drastic product Tp. A
more general method how to construct ¢-norms can be
found in Vicenik [7]. The t-norms which are constructed
by this method are not necessarily Archimedean. But
assuming the left-continuity of a ¢-norm, note that the
generated t-norms are then continuous and consequently
Archimedean.

For z €]0,1], we can write

o0

-

i=1

which is the unique infinite dyadic expansion of =, where
x; € {0,1} for ¢ € N. The set {i; x; = 1} is infinite.
It is easy to see that each z € ]0,1] is in a one to
one correspondence with (z;);cn, where z; € {0,1} and
card{i; x; = 1} is infinite. We will use the following
notation:

r = (-Ti)iEN .

Remark 1. Let z ~ (2;)ieny and y = (Yi)ien -
Then x < y if and only if there exists kK € N such that
forall 2 € N, i < k, we have

T, = Yi and Tl < Yka1 -
We will discuss a t-norm based on the above described

dyadic expansion which is generated by a non-continuous
multiplicative generator.

2 A NON-CONTINUOUS t-NORM
BASED ON DYADIC EXPANSION

In Smutnd [6] we have investigated the function
g: [0,1] = [0,1] which is based on the dyadic expansion.
This function is given by

0 ifx =0,
g(l') = = QIi

: 3
i=1

otherwise,

where if z €]0,1] then = ~ (x;);en. The function g is
strictly increasing and left-continuous. This function is
not right-continuous, each finite dyadic rational is a point
of discontinuity of the function g.

Remark 2. We can define f(z) = g\"Y(z) =
sup(z € [0,1]; g(z) < ) as the pseudo-inverse of the
function g. Because of the properties of this function,
the new function f is continuous and f(—Y = g. Note
that f is just the well-known Cantor function.

Example 1. Let T*: [0,1]2 — [0, 1] be given by
T*(x,y) = f(9(2)-9(y)),

where ¢ is the function from Smutng [6], and f is its
pseudo-inverse.

Then T* is an operator which is not a t-norm. 7™ is
commutative, monotone, it fulfils the boundary condition,
however, the associativity is violated. For example

1 33 1 1 13 3
T (=, T"(=,-))==-< ==T"(T*"(=,-), ).
(2’ (4’4)) 4<2 ( (2’4)’4)
On the other hand, the operation
min(z,y)

Te(z,y) =

o) ={ o) 10y
defines a t-norm. The axioms T(1), T(3), T(4) are evi-
dently fulfilled. The associativity follows from the conti-
nuity of f and the fact that f(g(z)) = « for all x € [0, 1].
For more detail see [6].

if max(z,y) =1,

otherwise,

Remark 3. As already mentioned, f(g(z)) = =
for x € [0,1]. Therefore Ty (z,Ti(z,2)) = g(f(z)3) for

x € ]0,1], which implies x%) =g(f(x)™) for z € [0,1].

Remark 4. The t-norm T, is an example of a
t-norm which is left-continuous on [0,1[* and continu-
ous in point (1, 1), but non-left-continuous on [0, 1]* and
non-continuous on its diagonal. Moreover, this ¢t-norm is
Archimedean but neither strictly monotone nor nilpotent
in any point from ]0, 1].

Indeed, let a €]z, =] for some n € N. Then

370 3
a(TT) = 5= > 0 for all m € N. Consequently, no element

b €]0,1[, b > a, can be a nilpotent element of T .

3 THE NON-CONTINUOUS ARCHIMEDEAN
t—-NORM WITH CONTINUOUS DIAGONAL

Again we deal with the function g and we define the
next functions ¢* : [0,1] — [0,1], ¢**: [0,1] — [0,1] and
h:[0,1] = [0,1] as follows:

t*(z) = sup(g(2); 9(2) < ),
" (x) = inf(g(2);9(2) = ),
=t (x)
ot (z) — t4 ()
0

with convention 5= 0.

h(z)

Remark 5. Note that t*(z) = go gt~V (z). More-
over, if € H(g) then h(z) =0.

Now we will investigate an operator based on the
above functions and the t-norm 7T,. Let the function
Tk [0,1]? — [0,1] be given by

TK(.Z',y) = T*(.Z',y) + F(:Ea y) ’
where the function F': [0,1]% — [0, 1] is given by
F(z,y) = min(h(z), h(y)) - (" (Tu(z,y)) = t"(Tu(2,y))) -
Evidently the axioms T(1), T(3) and T(4) are fulfilled.

The associativity of Tk follows from the fact that for all
x,y €10,1] is

f(Tx(z,y)) = f(Tu(z,y)) = f(2)-f(y)-

Proposition 4. The function Ty : [0,1]2 — [0,1] is a

t-norm.
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Proposition 5. The triangular norm Tk is not strictly
monotone.

Proof. Let z € [0,1] and = € H(g). Then

T*(%,x) = g(% x) = T*(g,x) and h(x) =0.

1 1
Therefore TK(E, z) = 9(5 . z)
1

+min(h(e). (5)) - (1 (o 5) 1" (T2 . 5)

1 2
=9(37) =Tx(52).
which is violation of the strict monotonicity of Tk .

Proposition 6. The triangular norm Ty is Archimed-
ean and Tk is not nilpotent in any point from the interval
10, 1].

Remark 6. The ¢t-norm Ty is an example of a
t-norm which is non-continuous, but continuous on its
diagonal. Moreover, this ¢-norm is Archimedean but nei-

ther strictly monotone nor nilpotent in any point from
10, 1].
Theorem 1. Let T: [0,1]?> — [0, 1] be an arbitrary con-
tinuous t-norm. Then

TK(:L'ay) = T*(:L'ay) + F(:Ea y) ’
where function F': [0,1]2 — [0,1] is given by

F(z,y) =T (h(z),h(y))-(t (Tu(z,y)) — t*(Te(z,y)))
is a non-continuous Archimedean t-norm with continuous
diagonal.
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