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SOME PROPERTIES OF SYSTEMS
WITH QUADRATIC HAMILTONIANS

Marcel Polakovié

For a quadratic Hamiltonian the classical evolution, the evolution of mean values of quantum position and momentum,
classical projection, nonlinear evolution and the projection of quantum evolution by the momentum mapping are investigated.
All these evolutions can be, in a sense, regarded as being identical. For some of them the Planck constant is considered to

have a varying value.
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1 INTRODUCTION

Quadratic Hamiltonians can be considered both in
classical mechanics and in quantum mechanics (QM). Ex-
amples of systems given by quadratic Hamiltonians are
the free particle and harmonic oscillator. In the present
paper, we shall investigate some properties of systems
with quadratic Hamiltonians. We shall consider vari-
ous constructions of time evolutions based on quadratic
Hamiltonians, e.g. classical evolution, evolution of mean
values of quantum position and momentum, classical pro-
jection, nonlinear evolution. We shall show that these evo-
lutions can be in a natural way regarded as being iden-
tical. We shall also consider the Planck constant to be a
variable in some of these cases, and investigate the sys-
tem given by a quadratic Hamiltonian with the changed
value of the Planck constant. In the case h — 0 this will
lead to the classical limit of QM.

In Section 1, some preliminary considerations are pre-
sented. In Section 2, the time evolution of the mean val-
ues of quantum position and momentum is investigated
where the Planck constant is a variable. This is related
to the approach to the classical limit of QM given in [3].
In Section 4, the classical projections [1] are considered
where the Planck constant is also a variable. This also has
a connection to the classical limit of QM. In Section 5, the
nonlinear evolution [2] is considered and in Section 6 the
projection of the quantum evolution by the momentum
mapping is investigated.

2 PRELIMINARIES

Let R*™ 32 = (x1,29,...,29,) = (¢, D)

= (qla' < yqn,P1y- - apn)

be the 2n-tuple of coordinates of position and momentum
in the 2n-dimensional classical “flat” phase space. Let H
be the state space of a quantum mechanical system with
n degrees of freedom and

X=0X1,...,Xon)=(Q1,...,Qun,Pr1,... ,P)
be the corresponding operators of position and momen-
tum. They generate an irreducible representation of the
Heisenberg canonical commutation relations (CCR).

The Planck constant h is a fundamental constant of
Nature, but it is useful to investigate the limit transition
h — 0 for some purposes. Therefore we shall consider
varying values of this constant. The changed value will
be denoted by A2A where A # 1. The original value of
the Planck constant will be obtained by setting A = 1.
The limit transition A — 0 will be represented by A — 0
in this context. Now, for the possibly changed value of
Planck constant A%/ we have

XA = (X}, X5,) = (@1, , Q. P PY)
the operators of position and momentum where we define
Q}=)Qi, P=\P, i=1,...,n.

It can be straightforward checked that the operators Qf‘,
P} form an irreducible representation of CCR with the
value A\2# of the Planck constant. Obviously, for A = 1
we obtain X! = X . Let us consider a projective represen-
tation of the additive group R?" given by the well-known
Weyl operators

U, = eXp(%X o ac)

where S is the standard symplectic matrix 2n x 2n with
elements

Sj]+n:7’sj+n]:15 .7:15275”7

Sir =0 otherwise.
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For A possibly different from 1 we have also the Weyl
operators

U:Z\ :exp<)\%.hX)‘ . S':L') .

Obviously U = Us.

We shall consider the quantum quadratic Hamiltonian
1 2n
H = 5 Z ainin (1)
i,j=1

where the real constants satisfy the relation a;; = aj;
in order to make the operator H symmetric. In fact, in
this case the operator H is essentially selfadjoint on a
common domain of all operators X;. For the changed
value of Planck constant A2 it is natural to take the
following version of the quantum quadratic Hamiltonian:

2n
1
H» = 5 > ap X)X} (2)

i,j=1
Obviously H' = H. We shall also use the classical coun-
terpart of these quantum Hamiltonians:

2n
1
h(z) = 5 Z Qi T;T5 (3)

i,j=1
which can be considered to be the their “classical limit”.
Let

2(0) = (21(0),... ,22(0))= (q(0), p(0))
= (01(0), - ,¢n(0),p1(0), - .., pn(0))  (4)

be the initial state of the system with classical Hamilto-
nian h given by (3),

2(t) = (z1(t),. .., 20 (t))= (q(t), p(t))
= (ql(t)v s 7Qn(t),p1(t), -

be the state evolved at time t.

7pn(t)) (5)

Let us consider the symplectic reformulation of QM
given, e.g. in the work [1]. The role of phase space will be
played by the projective Hilbert space P(H). If v € H
then Py, € P(H) is the corresponding onedimensional
projector. Given a A > 0 and @ € H, the orbit of
generalized coherent states will be

0, ={U¢;z € R*"}.
Its natural projection into P(H) is
P(O))={Py;n € O3} ={U}Py(U)) " =Pyay;z € R*}.

The orbits Of/; are all identical sets if v is fixed, only the
parametrization by x is different for different A. On each
orbit P(Ofl‘}) there is a unique P, € P(H) such that for

all i =1,2,...,2n, Tr(Pd)XZ-): 0. Now if A\ is fixed, for
each Py, € P(O}) there exist unique x € R*" such that

Py =P} = U$P¢(U$)_1-

It would be correct to denote P = Pj » as this projector
depends also on the choice of ¢. We shall not do this but
always if we deal with projectors P; where x or A is

a variable, we consider ¢ to be fixed. From now on ¢
will always denote such a natural “initial” element of the
orbit, i.e. with zero mean values of the observables X;,
i =1,...,2n. It can easily be seen now that the orbit
P(O:;) can be naturally identified with the “flat” space
R2™ . Tt is Tr(ng\Xi)‘): x; foralli=1,...,2n.

Within this framework, we can consider classical pro-
jections [1]. These are classical systems given on the orbits
P(0}) in the following way: If A > 0 be given, let H} be
an arbitrary quantum Hamiltonian then the Hamiltonian
of the classical projection is given

hoy (P)= hoy(x) = Tr(PYHY) .

As the orbits P(O$) can be identified with R?", the
classical projection can be considered to be a classical
Hamiltonian system on the phase space R?".

The next material is taken from [2]. Let Gy g be the
Weyl Heisenberg group parametrized by

a=(q,--- qn) €ER", p=(p1,...,pn) ER", s €R
with group multiplication

1
9(q,p,8)9(¢,p',s") = g(q+q’,p+p’, s+s’+5(q’-p—p’-q))

where ¢-p denotes the scalar product of ¢, p.If Lie(Gwg)
denotes the Lie algebra of Gwpy and Lie(Gwp)* is
its dual, then the elements F € Lie(Gwpg)* can be
parametrized by parameters qg,p9 € R",s9 € R: F =
F(qo,po, s0). For sg # 0 the coadjoint action of Gw g
in the space Lie(Gwp)* in this parametrization has the
simple form

Ad*(g(q,p, s))F(qo, o, s0) = F(q+ qo,p + po,s0) . (6)

The group Gwpy is a central extension of the additive
group R?"”. The abovementioned projective representa-
tion U, of R?" can be extended to a unitary representa-
tion U(Gwp) of Gwp in this way: if © = (¢, p) then

Uloa,p,s)) = exp () U

Given a unitary representation U of a Lie Group G, let
us define the corresponding momentum mapping

F: P(H) — Lie(G)*,
F(Py) = Fy € Lie(G)*, Fy(§) = Tr(PyXe)
where ¢ € Lie(G) and X¢ is given by
U(expt) = exp(—itXe).

If G = Gwpy then we can choose a basis {&;i =
0,1,...,2n} in Lie(Gwpn) such that X¢, = X; for
i=1,...,2n, X¢e =Xo=nhl.

3 EVOLUTION OF MEAN VALUES OF
QUANTUM POSITION AND MOMENTUM

In [3], an approach to the classical limit of QM is given
which relates the time evolution of the mean values of
position and momentum of a quantum system to the time
evolution of its classical limit via the transition to the
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limit & — 0. For each value of A, there is given a quantum
Hamiltonian Hj, operators of position and momentum
qr, pr and an initial state of the system. This initial state
is for each A chosen conveniently on the orbit of Glauber
coherent states. Then it is shown that for # — 0 the
time evolution of the mean values of quantum position
and momentum converges to the time evolution of the
classical limit.

We shall proceed in a similar way but only for quadratic
Hamiltonians. Let A > 0 be given and H* be given by
(2). As in [3], a crucial role will be played by a convenient
choice of the initial state for given A. In [3] Glauber
coherent states were used; we shall use the generalized
(Perelomov) coherent states (see, e.g. [5]). Let Py € P(H)
be such that Tr(P;X;) =0 forall i = 1,... ,2n. For each
A > 0 we choose the initial state on the orbit P(O$):

Ploy = UoyPs(Uo) ™"

Here z(0) € R?" parametrizes the initial state. It will be
fixed and A will converge to 0.

For these initial states we shall investigate the time
evolution of mean values of observables X (which play
the role of position and momentum). For a given value
A > 0 and Hamiltonian H* let us denote the quantal
time evolution by

A —it
o1 (Bhoy) = exp (5357 ) Py exp (g ).
The mean value of the observable X7 in this evolved state

will be Tr(gpt s (P;‘(O))Xi)‘). The result is that these values

are for all A > 0 identical to their classical counterparts
zi(t).

Theorem 1. Let x(0),z(t) be the classical states de-
fined by (4), (5). Let A > 0 be arbitrary. Then

A .
Tr(gpg)\ (PZ)‘(O))X{\): zi(t), i=1,...,2n.

Proof . Let us first note that
A) 207 — it
o (g5 ) = 0 (g ) = exp((H).

H> _ H
Pex = Pe1-

SO

For the initial state Pé\(o) the mean value of the observ-
able X; is

i (0)

DY

Now we can use the well-known Ehrenfest theorem [4] for
the quadratic Hamiltonian H = H' and the fact that for

a quadratic Hamiltonian the right-hand side of Hamilton
equations consists of linear functions. We obtain

Tr(Pyig)Xi)=Tr(Paw Xi)=

(T
Tr(pfy (Po)Xi)= Tr(<p51 (p#l)Xi): zA( )
So we have
H $i(t)
Tr(pth (Po) X2) = AT (ofy (Plio)) Xi)= A5

= z;(t)  which completes the proof.

Corollary. It is obvious that

lim Tr(of, (P ) XM= 2;(t) .
;_}Hlo r(%s,,\( z(O)) z) zi(t)

4 CLASSICAL PROJECTIONS

Another approach to the classical limit is by using the
classical projections [1], [6], [7]. If H is a oneparameter
family of quantum Hamiltonians, the classical projection
for a given value of A is given by the Hamiltonian

hy(x) = Te(PYHY) .

if he is the corresponding classical limit, then it can be
shown

In [6], an attempt is made to extend the convergence also
to the dynamics. Unfortunately, there is a mistake in the
proof of Theorem 2 in [6] but it seems that Theorem 3
in [6] will hold with some additional assumptions. The
convergence of dynamics means that if for each A > 0
and corresponding classical projection we have the same
initial condition as for the classical limit then the time
evolution of classical projection will converge to the time
evolution of classical limit as A — 0.

We shall again consider only quadratic Hamiltonians
given by (2). Given A > 0 then the Hamiltonian of the
classical projection is

A _ AT
hey(x) = Tr(PrH?).
We will prove a
Lemma. For each A >0
(UNTXM) =X +ad, i=1,...,2n.
Proof. We have (see [1])
(U)' XUy = Xy + 251 .
Then
M =1 yA7rrA -1
(UNTIXAU) = (Us) ' AX Uz = AN(Us) ™' XiUs
= A(Xi+ 5) = MK+l = X+l

Then we have

Theorem 2. Let h be given by (3), H* by (2), A > 0.
Then there exist a constant C such that

h,(x) = Tr(PRHY)= h(z) + Cx
and

lim C) = 0.

A—0
Hence

A —
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Proof . It will be sufficient to prove the statement
for H» = X}X}. We have (here the projector P, is the
one speciﬁed in Section 2)

TP = TR )
= Tr(P¢ )TIX)XAUD)
= Tr(Py(U, ) XPUXU) XU
Tr(Py(X + 2 ) (X + 2;1))

= TY(P¢()\X1. +a ) (AX; + ;1))

= N Tr(Py X, X;) +Aw; Tr(PyX;)+Axz; Tr(PyX;)
+ 22 Tr(P¢): T + A2 Tr(Pd)Xin) .

We can put C\ = A2 Tr(Py X, X;).

As classical Hamiltonians differing only by a constant
generate the same dynamics, the proof of the next The-
orem is trivial. Let x(0) and z(¢) be given by (4), (5);
let 2,(0) be the initial state for the classical projection
given by Hamiltonian h),(z) = Tr(P}H?*) and x,(t)
the evolved state at time ¢.

Theorem 3. Let A > 0 be given and

z(0) = 2,(0) .

cp
Then for arbitrary t

x(t) = xi‘p(t) .
Corollary. The limit transition lim a3, (t) = z(t)
A—0

is satisfied trivially.

5 NONLINEAR EVOLUTION

We shall look for the solutions of the following nonlin-
ear Schroedinger equation [2, Section 3.5]:

2n

—¥(t) = ) = h(Te(Py X1),

8F

Tr(Pyy Xon)) X0(t)  (7)

where the state 1(0) € H at time ¢ = 0 is an analytic
vector [2] for the representation U(Gw ) given in Sec-
tion 2, h is given by (3) and the quantities Tr(Py)X;)
are inserted for the components F} into

Oh(F, ..., Fon) .
— =1,...,2n.
aFJ ) j ) K n
Let
Tr(Py(o)X;)=2;(0), j=1,...,2n,
s0 Py = le(o) in the notation of Section 2. (There ex-

ists a corresponding projector P, according to Section 2.)

We obtain the following

Theorem 4. The solution (t) of the equation (7) is

such that the projector Py € P(O}p(o)) is the unique

one having the property
Tr(Pyy X;) = x;(t),

ji=1,...,2n

where x;(t) is determined by (5).

Proof . According to [2, Theorem 3.5.1] in the cor-
responding notation it is sufficient to find the cocycle el-
ement gp(t, F(0)) € Gwn where

F(O) = F(P¢(O)) = (,7:1(0), e ,.Z‘Qn(O), SO) 5

and 0 # sp € R is a constant. Let (o} denote the classical
flow on Lie(Gwp)* with Hamiltonian h. The abovemen-
tioned cocycle element is defined by the relation

e F(0) = Ad*(gn(t, F(0))F(0).
We have
@?F(O) = (z1(¢), ... ,xan(t), s0)

where z;(t) be determined by (5) as ¢} is the usual
Hamiltonian flow on the corresponding coadjoint orbit.
According to (6) we obtain

gn(t, F(0)) = g(a(t) = (0), p(t) - p(0), 5)
for some s € R, so according to [2, Theorem 3.5.1]

¥(t) = Ulg(a(t) — q(0), p(t) — p(0), 5))1(0).
Since

$(0) = U(g(q(0),p(0), s))p
where s’ € R and the vector ¢ determined in Section 2
has the property that Tr(PyX;)= 0 for j = 1,...,2n,
we obtain

¥(t) =Ul(g(at), p(t),s"))¢
where s’ € R and finally

TI‘(Pw(t)Xj):ZL'j(t), ]:1, ,27L.
Remark . From Theorem 4 it follows that the non-

linear evolution considered can be formally identified in
a natural sense with the classical evolution.

Remark . If the orbit Oqlp(o contains an eigenvec-

tor of H then according to [1] the quantum evolution
given by the Hamiltonian H lies in this orbit. If we use
the Ehrenfest theorem, we obtain that this quantum evo-
lution is identical with the nonlinear evolution considered
here.

6 EVOLUTION PROJECTED
BY MOMENTUM MAPPING

If we have a quantum Hamiltonian H (not necessarily
quadratic), it generates a time evolution in P(#). The
space P(H) is projected into Lie(Gwpm)* by the mo-
mentum mapping F. More precisely, it is projected onto
a coadjoint orbit of Gy in Lie(Gwp)*. There arises
a natural question: if the quantum flow after the pro-
jection by F gives a well defined "flow” in Lie(Gwm)*.
More precisely: if F(P,) = F(P,), does it follow that
F(‘Pﬁl (Pw)) = F(‘Pﬁl (Pn))?

It can be shown that if H is quadratic then the answer
is positive.
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Theorem 5. Let H be given by (1). Let ©¥,n € H be
such that F(Py) =TF(P,). Then for arbitrary time t

Fpih (Pp)) = Foih (Py)) -
Proof . If we denote

F(Py) =F(P,;) = F(0) = (F1(0),... , F2,(0), s0)
where 0 # so € R, then
F(0) = Te(Py X)) = Te(P, X,) = 2,(0),
Let

F(of, (Py) = FU(t) = (FY (1), ., F (1), 50).

Fpi'y (Py)) = F(t) = (F{'(t),... , F3,(t), 50) -

Then a consequence of Ehrenfest theorem and of the fact
that H is quadratic is that

F(t) = Tr(pfy (Py)Xo) = 2i(t), i=1,...,2n,

i=1,...,2n.

F(t) = Tr(pf (P)X;) = xi(t), i=1,...,2n.

Remark . From the proof it is clear that the “pro-
jected” evolution considered in the given coordinates of
Lie(Gwm)* can be formally identified with the corre-
sponding classical evolution.

7 CONCLUSION

It was shown that for quadratic Hamiltonians various
constructions of time evolutions can be in a natural way

regarded as being identical. There arises a natural ques-
tion if there exist some deeper reasons for this fact.
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