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“SUBMERSIVITY” OF A SOLUTION OF THE EQUATION

2 () + py(t) 2D (t) 4 -

D) 2(1) = @ g(t)

Monika Kovacéova

The main goal is to study certain properties of the solution of the differential equation (2) which are very appropriate
for exploring the Property A. One can describe these properties verbally as the ability of the function not to overcome a

certain level e for a certain time interval [to,to + d].

The function having these properties behaves as follows: from a certain ¢ > tg, it dives under a certain level of £ and
keeps being under this level maximally during a time interval §. For the sake of brevity let us call this behavior of the

function “submersivity ”.

We have found a criterion of “submersivity” as the simplest possible conditions to be imposed on the left side of the

equation (2) .
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1 INTRODUCTION

A new idea in the investigation of oscillatory solutions
has been brought by Kiguradze in [6]. In that paper the
following equation was studied

u™ () +u"D () = f(t (), .., umTI@). (1)

Here n > 3 and f: [a,00) X R* — R, a > 0, satisfies
local Caratheodory conditions and has the sign property
f(t,xo, 21, ..., 2n—1)signzg < 0. In the case of an oscilla-
tory left-hand side the question of oscillation of solutions
of (1) had not been studied before [1]. The results given
in it filled this gap to some extent. Consequently the os-
cillatory cases were studied in a few other papers. The
results of this kind were presented only for the third or-
der differential equations. See Dosld [2], Cecchi, Dosla,
Marini [1], Gregus, Graef [3], Gregus, Gera, Graef, [4,5].

“Submersivity” properties can help us to explore the
questions of oscillation of solutions in the case of the
oscillatory left-hand side operator.

The aim of this contribution is to study the properties
of solutions of the n!"-order differential equation of the
form

28 +pu(t) 2T 4 pa(t) 2(8) = a-q(t) (2)

where o > 0 and the functions p;(-),q(-) € C|0, 1] satisfy

conditions
0 < Gmin S q(t) S Qmax » Vt S [07 1] 9 (3)
P(t)=>_Ipi(t) < P, vte[0,1],  (4)
=1

Let us find a criterion of “submersivity” as the simplest
possible conditions to be imposed on the left side of equa-
tion (2).

One can describe these properties verbally as the abil-
ity of the function not to overcome a certain level ¢ for a
certain time interval [to, to + 0].

The function having these properties behaves as fol-
lows: from a certain ¢ > tg, it dives under a certain level
of ¢ and keeps being under this level maximally during
a time interval §. For the sake of brevity let us call this
behavior of the function “submersivity”.

This property is of major importance for exploring the
questions about the oscillating and nonoscillating prop-
erties of a solution.

2 MATHEMATICAL PRELIMINARIES

If = (z1,22,...2,) € R™ then the norm

[IZ] = max

Tl -

ax | |z

Denote further by (t) the vector

a(t) = (u(t),u/(t),...,u D (t)). All the vectors in this
paper are considered to be column vectors. Let the norm
of 4(t) be defined by

1] = max [[(t)]| = max(max [u') (t)])
J
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3 “SUBMERSIVITY” OF THE SOLUTION
OF THE EQUATION ™ (t) = aq(t).

First, we will study the “submersivity” properties of
the equation u(™(t) = aq(t). These properties will be
generalized to different types of the equations in the next
sections.

Theorem 1. Let a@ > 0, 0 < @min < Qmax be real
constants. Then for each p € (0,1) there exists a constant
e, 0 < e < 1, such that for each to € R, 6 > 0, and c,
e>c>0, for all ¢ € Clty,to + 0] satisfying

O<QminSQ(t) < @max, VtE [t07t0+5],

and for all solutions u(-) € C™[to, to+9] of the differential
equation

u™(t) = aqt), a>0,

with the property

—c < u(t) < ’u(to) Vit e [to,to + 5] R ’u(to) >0,

the inequality
p(u—c,ulto)e]) <ép

holds, where p denotes the Lebesgue measure of sets.

Proof . First we will consider the case tp =0, 6 =1
and u(0) =1.

Let 0 < ¢ < 1 be given. Then the set u~!([0,¢]) is
closed, and if it is nonempty, then it consists of one-point
sets {a;} and of intervals [tg, tx+1].

Since u(™(t) > 0 in [0, 1], there exist at most n—1 ze-
ros (counting their multiplicities) of v’ in [0,1]. u/(a;) =
0 and except the interval [tg,1] (if such an interval ex-
ists), in each interval [tx,tx+1] there exists a zero of u'.
This implies that there exist at most n intervals [tg, tg41]
where 0 < u(t) <e, ty <t <tpgq.

Let their number be m, 0 < m < n. Suppose that

p(ut0,e]) =p>0.

Then there exists an interval [tg,tg4+1] with the length
d greater than or equal to % > %. Write [tg,tp+1] =
[tkos ko + d]. Clearly, there exists a subinterval

[tkn + tg,, + 4%] C [tkojtko + d] in which

m ]5”
S > Q Gmin——— > O Grmin ——————
> |u(t)| Z & {min on(n+l) = aqmmnn on(n+1) ’
d
LE [thn +thy + 73]
Hence
e=agq L :>M(u_1[0 5])<p- (5)
min o ) =

In the general case we transform the solution wu(t)
satisfying all assumptions of the theorem to the solution

ui(s) = % of the differential equation
(n) ad™ ad”
= t 0) = —— 1
1 (S) u(to) q( 0ots ) u(to) ql(s)a Vs € [05 ] )

and wu; satisfies the assumptions of our theorem in the
case tp = 0, 6 =1 and u(0) = 1. As —c < uy(s) < ¢
iff —cu(to) < u(t) <wu(to)e at corresponding t, and the
transformation t = h(s) = to + sJ where 0 < s <1 has
the property

p(h(A)) = u(A),

for a measurable A, by (5) we come to the implication in
the variable ¢:

n

ad” P
u(ty) i n gn(ntD)

E =

= u(u e ulto)e]) < dp,

and this gives the statement of our theorem.

4 SOME ESTIMATIONS OF
SOLUTIONS OF THE EQUATION

() +pa(t) - 2TV + - A pa(t) - 2(8) = ()

Mark a(t) == (u(t),u(t),--- ,u™ D (t)) and

()] = max(max [ul?) (2)])

We will deal with the differential equation
20() +pi(t) -2V + -+ palt) - 2(8) = q(t), (6)

where the functions p;(-),¢(-) € C[0,1] and satisfy con-
ditions

lg(t)| < gmax » vte[o,1],  (7)
P(t) = Z pi(t)] < P, vte[0,1].  (8)

Let M be the constant defined by

M = sup{||F(0): 7(-) € C™[0,1], *™ () =0
and |r(¢)| <1, Vte[0,1]}.

In the next theorem we will show that ||Z(¢)||, where
z(+) € C[0,1] solves the problem (6), (7) and (8), can be
bounded by a constant, which depends only on constants
Qmax, P, and M.
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Theorem 2. If the function z(-) € C™[0, 1] is a solution
of the differential equation (6) with the property

0<z(t)<1 forallte]0,1], (9)

where functions p;(-), q(-) satisfy conditions (7), (8). Let
the constant P satisfy the inequality

1
P 24P -
e < oM

Then there exist constant zmax defined by
Zmax i= (1 4+ e TP P)[2M + guax + T 2M gay] , (10)
with the following property:

1Z()]| < Zmax Yt € [0,1].

Proof . The proof will be divided into three parts.
1. In the first part we find the estimation for ||Z(0)||. Let
us consider the auxiliary differential equation

w™(t) =0, @(0) = Z(0), (11)

whose solution is a function w € C™[0,1]. Clearly, there
exists a positive constant M such that

< M-
I43(O)] < M - max fu(t)

To obtain the estimation of ||Z(0)|| we use the estima-
tion of ||@i(t) — Z(¢)]].

If w(-) is a solution of the problem (11), then w(-) is
the solution of the differential equation

w™ () + pr (W () 4 -+ pa(t)w(t)

=p (W™ V) + -+ pu(Dw(t). (12)

The function z(-) is a solution of the equation (6) and

w(-) is a solution of the equation (12), hence by (7) and
(8) we immediately obtain

@) - 2(t)]) < b0+ / |@)IP() + la(r)ldr]

t
< elta+Pyds [/ (IF() 1P+ Guna )|
0

and further

Jite) = 20l < 7 [P [ aoldr + aned . (013

And now, in order to obtain the estimation of ||@(¢)]]
we can use the following estimation of ||«/(0)||. Since w(:)
is the solution of (11) on [0, 1], we have

lF@)I < [lw(0)] e",

vt € [0,1]. (14)

“SUBMERSIVITY” OF A SOLUTION OF THE EQUATION z("™)(t) + py (t) 2=V (t) + - --

+pn(t) 2(t) = - q(t)

Applying (13) and (14) we find the estimation of ||Z(0)]|.
Using the inequalities (9), (13) and (14) we can show that

|70)] )
< H < m t) —
p < s f(t)] < mase ()] + ()

Z(t)|l
< 1+61+p[p/ 1G(P)|AT + Guna
0

<1+ e P (0)]]e + gmax]

which implies

[@(0)]]

o S1+ TP P||b(0)]| + P gmax -

By P-e*™" < L after a simple reduction we get

- P 62+P) S 1 + elJrPQmax .

By (11), it is obvious that

12O = [15(0)]] < 2M (1 + e gmax) ~ (15)

holds.

2. In this part we will find the estimation of ||Z(¢) — 7(¢)||
on the interval [0,1]. (The function v(¢) will be defined
by (16). Let us consider the auxiliary problem

v(t) = q(t), F(0) = Z(0), (16)

whose solution is a function v € C™[0,1]. The function
v(+) also solves the differential equation

(n 1) (n z)

Zp

t) +q(t).

(17)
As the function z(-) solves the equation (6) and the func-
tion v(-) solves the equation (17), we obtain

o0+ Y pilt)e

t
12(8) = 7(®)]| < €f°(1+P(T”dT/O [o(r)| P(r)dr

e”PP/O [|7(r)]|dT . (18)

Compare the solution of equation (16) with the zero so-
lution of the equation

=0, (0)=0.

v (t) (19)

Equation (19) can be put into the form

o () + pr ) TV () + -+ paue(t) = g(t)
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where p;(t) = 0, and therefore P(t) = 0. Again, we can
derive the estimation:

() = T < e 47 (IF(0)| + guma)

ey (7)) < e IFO)] + gumar) -

Using the property [|7(0)|| =
(15) we obtain:

IZ(0)|| and estimation

[F@)] < e [2M(1+ gmax - €'7) + qmax] - (20)

3. Finally, we estimate [|Z(¢)|| on the interval [0,1]. In
view of (18) and (20) we have

IZON < 151 + 12(2) = @) < e 2M (1 + gmaxe™* )

t
+ e guae + € TP P / 157 [d7 < e2M (1 + gaxe+P)
0
t
+ e qmax + €1+PP/ [2M (1 + gmaxe' T)e™ + quaxe™]dT .
0

Since t € [0, 1], it is sufficient to put
Zmax 1= (e + (e — 1)61+PP)[2M + Gmax + €1+P2quaX] )

which completes the proof.

Remark . If the constant P satisfies the inequality
P.e2tP < ﬁ, where M is a positive constant such

that [|@(0)] < M - m[%)i] |w(t)| then instead of (15) we
te(o,

get
1BO)]| < M(M +1)[1 + e gumax] -

Then step by step we come to the inequality
Zmax = (e + (e — 1)e' TP P) [M(M + 1) + gmax
+ €1+PM(M + 1)Qmax} .
Remark . From the proof of Theorem 2 we can see

that this theorem remains to be true when instead of the
assumption

0<z(t)<1 foralltel0,1].

we suppose only that |z(¢)| < 1 for all ¢ € [0, 1].

Theorem 3. For each qmax > 0 and each ¢ > 0 the
constant P > 0 defined by

3

pP= , (21)

€ Zmax

where zmax is determined by (10), has the following prop-
erty:
If the function z(-) € C™[0,1] is a solution of (6) such
that
0<z2(t) <1

for all t € [0,1], (22)

where the functions p;(-),q(-) € C[0,1] and satisty con-
ditions (7) and (8), then for the solution v € C™[0,1] of
the differential equation

ut™(t) = q(t), @(0) = Z(0) (23)

we have

| 2(t) —u(t)]| <e, Vtel0,1].

Proof . Let the function z(-) solve the equation (6)
and satisfy the assumption (22). We will show that P
determined by (21) has the mentioned property. Let us
rewrite the equation (6) into the form

20(t) = qt) —pi ()2 V(@) — - —pa(t)2(t) . (24)

Then we can compare the solution of (24) with the solu-
tion of (23). Apparently,

1200) — a(t)]| < s e / P ()= () — -

7pn(T>Z(T>|dT < 6/0 P||Z(t)|dr .

Using the definition of P and the fact that the ||2(¢)| <
Zmax We obtain

S . €
||Z(t) - ’U,(t)” S ePZmax S €Zmax =,
max
which proves the assertion.
5 “SUBMERSIVITY” OF A

SOLUTION OF THE EQUATION
2V () + 1)z (E) + -+ palt)z(t) = - (1)

In this section, we we will study the “submersivity”
properties of the differential equation (2) where a > 0
and the functions p;(-), ¢(-) € C[0, 1] satisfy conditions

0< Qmin S (J(t) S Gmax vt € [Oa 1] )
P(t)=> Ipi(t) <P vt € [0,1],
=1

Theorem 4. For arbitrary constants qmin and @max,
such that 0 < ¢min < Gmax, and amax > 0, p € (0,1),
there exist P > 0 and ¢ € (0,1) with the following
property:

If z(-) € C™[0,1] is a solution of (2) such that

0<z(t)<1 foralltel0,1], and=z(0)=1, (25)
where p;(-),q(-) € C[0,1] satisfy conditions (3), (4) and
0 < a < aumax, then

u(z"'0,¢e]) <p.
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Proof . Denote by Qmax = max@max and choose &1
satisfying

T

p

2e1 < ; (min ron(ntD) <

1 — &1 . (26)

o
1—¢
Theorem 3 ensures for constants (QQmax and &7 chosen

by (26) the existence of a constant P > 0, defined by
P = —=— such that:

If z(-) is the solution of the equation (2) satisfying

(25), for which the properties (3), (4) are true, then
12(t) —a®)| <er vt e[0,1],

where u(-) € C™[0,1] solves the equation u(™ (t) = aq(t),
@(0) = Z(0) on the interval [0,1].

Let u; € C[0,1] be defined by uy(t) = u(t) —e1 Vt €
[0,1]. Then w;(-) satisfies on the interval [0, 1] the equa-
tion

ugn)(t) =aq(t), w(0)=1-—¢y,

) = (21)
ugz)(o)zz(z)(o)7 fori=1,...,n—1.

Moreover, the following estimation

12(t) —ar ()| < [|2(t) — @@ + [[at) — @ (D)
<er+e1 <2

holds. Since min z(t) > 0 we have
te[0,1]

—2e1 <uy(t) < z(t), Vte[0,1].

Since ugn)(t) = Q¢min > 0 in [0, 1] there exist at most

n — 1 zeros (counting their multiplicities) of w} in [0,1].
Hence w1 (t) has at most n—1 extremal points in [0, 1]. It
follows that there exists a finite number, say [, of intervals
such that
ul(t)gl—al, Vte[ti,tiﬂ], 1=1,...

J1—1. (28)

Note, that due to (27) at least one such interval exists.

!
Put M = {t; t € It ti+1]}, where the intervals
i=1
[ti,ti+1] are defined by (28). We thus get
7251 Sul(t) Sl*é‘l :Ul(O), VtGM (29)
Due to (29) wy(-) satisfies on M the assumptions of
Theorem 1. Therefore for all p € (0,1) there exists e =

o p"
T—c; dmin rgnir D such that

p(uy =21, ur(0)ex] N M)< p.

By (26) we have —2e1 < g9 < 1—¢7. From this we obtain

u(ufl[—%l , ur(0)eg])= u(uf1[7251 , u1(0)ez] N M)
+ p(uy =261, ui(0)e2) N ([0,1] = M),

and since p(ui'[—2¢1, ui(0)ea] N ([0,1] — M))= 0 we
have

p(uy (=261, ur(0)ea]) = p(uy '[—2e1, ua(0)ea] NM) < p.

If we put € := (1—¢1)ez then using the previous result
we obtain

p(=70,e])= p (270, (1 — e1)e2])
= u(z [0, ua(0)e2]) < pr(uy ' [=2e1, w1 (0)ea]) <

which proves the claim.
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