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ANALYTICAL ANALYSIS OF ROTOR SLOT
HARMONICS IN THE LINE CURRENT OF
SQUIRREL CAGE INDUCTION MOTORS

Mohamed Yazid Kaikaa — Fatima Babaa
Abdelmalek Khezzar — Mohamed Boucherma *

This paper describes a new approach for analysing the effect of the space distribution of rotor bars in squirrel cage

induction machines on the generation of rotor slot harmonics (RSH). An analytical expression of the stator current has
been developed. The proposed expression is based on the linkage inductance expression derived using the winding function
approach (WFA) and its decomposition into Fourier series. This approach describes the necessary relationship required for
the presence of rotor slot harmonics and explains how the stator current is influenced by voltage unbalance. Simulations
results have shown excellent match with theoretically predicted harmonic components.
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1 INTRODUCTION

The squirrel cage induction motor has been used in all
kinds of electric drives more often than other electric mo-
tors because of its reliability, robustness and simplicity of
its construction. The classical theory of this electrome-
chanical component is based on the assumption that the
rotating mmf produced by stator winding excitation is
sinusoidally distributed in space and that the rotor mmf
due to the slip frequency induced currents is similarly dis-
tributed. This condition would only exist, however, if the
surfaces of the stator and rotor were both smooth, and
the windings were sinusoidally distributed on them. In the
real machine the windings are placed in slots and there-
fore the resulting mmf and flux density distributions are
not sinusoidal but contain, apart from the fundamental
wave, a series of space harmonics.

The space harmonics effects must be considered pre-
cisely during the design process of the induction machine
to achieve good motor performance. These effects are
of many kinds: asynchronous crawling, locking and syn-
chronous crawling, magnetic noise, vibration and speed
ripples. On the other hand the space harmonics have also
a great influence on the harmonic content of stator cur-
rents. Several authors [1-3] have shown that, as a result
of the nature of the rotor cage winding, all space har-
monics from the stator side will be reflected by the rotor
and occur only at high frequencies in the stator current
spectrum. These harmonics known as rotor slot harmon-
ics (RSH) have found application in modern speed esti-
mation techniques [4-6]; in addition, recent works have

shown that it is possible to use them to monitor some
mechanical and electrical faults.

Toliyat et al [7] have proposed the detection of air gap
eccentricity in induction machines by measuring the har-
monic content in the stator current spectrum. By means
of the winding function approach all the space harmonics
were taken into account. Vas [3] has presented a formula
for computing the frequency components in the stator
current which is due to air gap eccentricity. The frequency
components are found to be function of the fundamental
stator frequency, number of rotor slots, slip, type of ec-
centricity and stator mmf time harmonics.

Thomson et al [8,9] have investigated inter-turn stator
faults by looking at RSH in the stator current spectrum.
Their results showed that one of the RSH in stator cur-
rent spectrum could be used to detect shorted turns in a
stator coil. However, recent works [10, 11] have led to con-
clude that RSH can not be used as a specific sign on the
occurrence of inter-turn short circuits in stator windings.

The effects arising due to broken rotor bars have been
carefully studied in [12]. The results of this study showed
that the two classical components (1 +2ks)f are not the
only effect due two rotor broken bars. There are other
frequencies induced in the stator current around all RSH
which can give more information about rotor asymmetry.

In this paper, the authors propose a new approach to
investigate the effect of space distribution of rotor bars
in a squirrel cage induction machine on the generation of
RSH. The main task is to present an analytical approach
of stator current frequency components in order to anal-
yse in a more efficient way the information given by the
stator current for the detection of voltage unbalance. At
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the beginning, frequency components of the stator current
for a healthy machine are analytically calculated. In the
second step, the proposed study was extended to calculate
the frequency components of the stator current under an
unbalanced supply. The proposed approach is based on
the Park mesh model and the linkage inductance matrix
derived using the winding function approach (WFA) and
developed into its Fourier series.

2 DETERMINATION OF THE MUTUAL
INDUCTANCE MATRIX RESOLVED
INTO ITS FOURIER SERIES

According to the winding function theory the mutual
inductance between any two windings (i) and (j) in
any electric machine can be computed by the following
equation [13]:

*7 ni(i0, 0)N (¢, 0)

Lye) = molr [ MESE0a
where: ¢ is the angular position of the rotor with respect
to some stator reference, 6 is a particular angular position
along the stator inner surface, e is the air gap function,
L is the length of stack and r is the average radius of the
air gap. n;(p, 0) is the winding distribution of coil 7; it is
introduced to describe the considered coil, and N;(¢p,6)
is the winding function of coil j; it represents the mmf
of the air- gap produced by a unit current flowing in the
considered coil.

Consider an induction machine having three symmet-
rical stator phases and N, rotor bars. Figure 1 shows the
mutual inductance M, ,1 between the first stator phase
(a) and the first rotor loop. This implies that the mu-
tual inductance matrix presents harmonics with respect
to the electrical angle 6. Consequently, this matrix can
be resolved into its Fourier series [12], [14]:

T] - ZMsrhx

cos(h 9+(ph))
cos(h(6 + on) — 253 ) ...
cos(h(6 + on) + 25”)

cos(h(0 + ¢n + k:a))
cos(h(6 + on + ka) —
cos(h(6 + on + ka) + 3”)

13

where:

a= plzv—t is the electrical angle of a rotor loop,
@y, is the initial phase angle,

h=1 and h = <6V + 1)1,:172)”. s

+1 ifheF,
&n = .

-1 ifheB
F=1{1,7,13,19,...} is the set of forward components,
B ={5,11,17,...} is the set of backward components.

3 CURRENT FREQUENCY COMPONENTS
FOR HEALTHY INDUCTION MACHINE
WITH BALANCED SUPPLY

If a symmetrical three phase stator winding of a squir-
rel cage induction motor is supplied by a symmetrical
voltage system, a forward rotating field is induced in its
air gap.

The rotor currents which flow in the rotor loops as a
result of the forward field can be expressed as:

[ir k] = | Irm cos(swst — ka — ) (3)

where: s is the slip, ~v is the initial phase angle, I,.,, is
the maximum value of the current.

The stator flux equations in vector matrix form can be
written as:

[qus] = [Ls] : [7;33} + [Msr} ’ [Zrk] . (4)

Park’s transform is a well-known three-phase to two-
phase transform in machine analysis. The transformation
equation for the stator windings is of the form

[Xsodq] = [Xso Xsd qu]t = [PS(esﬂt[XBs] (5)

where the odq transformation matrix is defined as

[PB (05)] =

5 1/v2 cos(fs) —sin(6s)
\/; 1/v/2 cos(fs — 21/3) —sin(fs — 27/3) (6)
1/v/2 cos(0s +27/3) —sin(fs + 27/3)
here 6, is the angular displacement between the Park
reference and the first phase of the stator.

Transforming the above set of the stator flux to the
Park reference frame using (5) we obtain

[Vs0da) = [Lsc] - lisoaq] + [Marp] - [in] — (7)
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where
. L, 0 O
[Lsc| =[P3(0s)] [Ls]-[Pss(0s)]=| 0 Lsc 0 |.(8)
0 0 L

Here, Ls,, Ls. are the cyclic stator inductances.

-1 3 —
[MSTP} = [P3(93)] [MST:I = \/g};Msrh
0
< | ... cos(@s—héh(ﬂ—i-@h—i—ka)) )
. —sin(fs — h&p (0 + on + ka)) ...

Substituting (8), (9) and (3) in (7), and eliminating
the zero sequence, we obtain

N AR

§ oo COS(es—hfh(e—F(pthka))
+\/;hz=:1Msrh |: —Sin(es—hfh(9+@h+ka))

X | Tppm cos(swst — ka — ) (10)

After performing simplifications, the stator flux equa-
tion became

%\/gjrm (ccos(6s) + Bsin(d,))  (11)

'l/)sq = Lsc-[sd + %\/g-[rm (/8 COS(QS) + asin(@s)) (12)

{lpsd = Lsc-[sd +

where
% N1 2mp
= Z Srh{cos(swst—i-h(Q—l-goh)—i-k(h 1) N —7)
h=1 k=0 "
2
+ cos(swst — h(0 + on) — k(h + 1) Nﬂ-p - 7)} (13)
co Np—1 27Tp
8= Z Ms,h{31n(swét—|—h(9—|—<ph)+k(h 1) N —*y)
h=1 k=0 "
2
— sin(swst — h(0 + ¢p) — k(h — +1) ;p - ’y)} (14)

T

Expressions (13), (14) show that o and 8 are equal
to zero except when

h=+1,h= (i%_l)le,m..m h= (i%“) A=1,2

where p is the number of pole pairs, A is a positive

integer.

Since h can be only a positive integer and related to
the order of harmonics present in the mutual inductance
linkage matrix as described by (2), it follows that « and
0§ are different from zero only when h belongs to the
following set:

G = {h:1u (h: (Ag ),\:1,2,3,...m

h = (6v+ 1),;1,2,3,...)} (15)

Considering the stator reference frame (65 = 0) and
substituting 6 by ((1 — s)wst) in (11) and (12) leads to

w.sd - LscLsd"’Z \/7N Ms’rhl’rm COb(ZWfshtj:hQDh FY)

heG

(16)

Vg = Loglog— Z \f Ny Moy Lo sin (27 font£hpn—7).
heG

(17)

Expression (16) and (17) show clearly that in addition
to the fundamental component, there exist also the so
called rotor slot harmonics of orders h and frequencies

fsn(p, Ny, A) with

AN,
p

(18)

Fonp, Nps 2) = £ [ S0 (1= 9) 1]

These harmonic components are the direct conse-
quence of the space distribution of rotor bars.

It should be mentioned that
Font (0, N, A) = fi [225(

related to the orders h = (/\Nr +1

)\
fsh2(pv Nra)\) = fs |: }
related to the orders h = ( 0"

(1—-3s)+ 1} are the frequencies

=1,2,3,...°

are the frequencies

- 1)A:1,2,3,...'

By means of equation (5), the stator voltage in Park
reference frame and the line current equations can be
written as

WVaaa) = [Re] - [Toaa] + 5 [0a0]

2
Tea =/ 1.
\/; ‘

Equation (20) shows that to calculate the stator cur-
rent we need only the direct Park stator current compo-
nent (Isq).

From (19) and (16) the differential equation giving the
direct component of Park stator current is

dI,
Ryl,q+ Ly + dd_\/7V cos(wgt —1—2 \/7N

heG
X MgrpIrm 27 fon Sin(27rfsh(p7 N, )‘)t + hep, — 7) :

(19)

(20)

(21)
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Fig. 2. Electromagnetic and mechanical phenomena in the stator and the rotor

The resolution of equation (21) leads to the analytical
expression of the stator current
Vin

e?
sa 3 Rg + (sts)2

Z l\/EJV MsrhIrm27Tfsh(p7Nr7)\)
heG \/R2 (Ls fsn(p, Nr,)\)27r)
x sin (27 fsn (p, Ny, A)t — 61 & heop, — )

cos(wst — 6)+

(22)

with tand = Lg% and tand, = LefannNeAr

4 CURRENT FREQUENCY COMPONENTS
FOR A HEALTHY MACHINE WITH
UNBALANCED VOLTAGE SUPPLY

As explained in [15], unbalance in a three phase voltage
supply causes negative sequence currents (ie backward
field) in the stator windings. The interaction of this neg-
ative sequence current with the fundamental frequency
rotor currents produces a pulsating torque at double main
frequency. This pulsating torque produces a speed ripple.

The rotor speed variation gives rise to other frequen-
cies in the stator windings: 3fs,5fs,...,(2n + 1)fs (ie
positive sequence currents) and —3fs, —5fs,...,—(2n +
1 fs..., (ie negative sequence currents) with n =
1,2.3..... Consequently new harmonic components oc-
cur in the rotor side at: (2+5)fs, (s —4)fs, (4+5)fs, (s —
6)fs,... and (2n+3)fs, (s —2(n+1)fs.

The electromagnetic and mechanical phenomena in
the stator and the rotor can be summarized as shown
in Fig. 2.

In this case, the rotor currents which flow in the rotor
loops due to the negative and positive sequences currents
are of the form

[Irk} = [Irkpjl =+ [Irkn} (23)

where [Irkp] =

= | Lrmp cos((277 + s)wst — ka — Vp)
) (24)
k=0,1,2,...,.Ny—1

and [ rkm] =

Limn cos((2(n+ 1) — s)wst + ka — vy,)
. (25)
k=0,1,2,...,

In the same manner as described above, the stator flux
equation can be written as

1 /3 .
Vsq = Lsclsq + 5\/;le1, (ozp cos(6s) + 5, sm(@s))

1
+ Lselsqa + 5\/;17‘77”1 (an COS(@S) + ﬁn Sin(es)) (26)

where
oo Np—1
= Z Z Ms,.h{cos<((277 + 8)wst + h(0 + wh))
h=1 k=0
+Ek(h—1) 2£p - 'yp> + cos(((?n + s)wst — h(0 + ¢4))
~kr DT o)) (@)
oo N,—1
— Z Z Msrh{sin<((2n + s)wst + h(0 + ¢n))
h=1 k=0
+ k(h - 1)2Nﬂ — 'yp) — sin(((277 + s)wst — h(0 + ¢n))
k)T )} (29)
oo Np—1
Qp = Z Z Msrh{COS(«Q(’I} + 1) — s)wst =+ h(G + (ph))
h=1 k=0
SR ) cos((20n+1) — s)wut ~ (O +01))
k=) )} (29)
oo Np—1
= Z Z Msrh{sin((@(n +1) — s)wst + k(0 + ¢1))
h=1 k=0
+Ek(h+1) 2N7Tp —'yn) —sin(((2(77+ 1) = s)wst —h(0+¢n))

21p
Ny

—k(h— 1P %)} (30)

N,—1
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here also oy, B,, and 3, are different from zero only
when h belongs to the following set:

o= {n=10(n=(21),_,,,. 0

h=(6v+ 1)1/:1,2,3,..,) } (31)

Considering the stator reference frame (6; = 0) and
substituting 6 by ((1 — s)wst) in (26) leads to

wsd = LscIsd+

\/7N MsrhIrmp COS(27Tfshp(pv Nra)‘ n)tihwh ’Yp)
hEG

+LscIsd+ Z \/7N MsrhIrmn COS(QTrfshn<pa N’ra A 77)
heG

£ hen =) (32)

Expression (32) shows that in addition to the fundamen-
tal component, there exist also a series of high harmonics
of frequencies fspp(p, Nr, A, n) and fopn(p, Nr, A, 7).
Where

e the frequencies of the rotor slot harmonics which are
caused by the positive sequence currents are

AN,
fshp1 (P, Ny M) = [ [7(1 —s)+1+ 277}

AN,
p

related to the orders h = ( + 1)/\ Las (33)

AN,
fshpQ(p7NT7Aa77):f|: p

(1—5)—1—277}

AN, )
P A=1,23,...]

e the frequencies of the rotor slot harmonics which are
caused by the negative sequence currents are

related to the orders h = ( (34)

AN,
fshnl(p7Nr7)\,77) = fs|: D (1 — S) + 1 +2771|

related to the orders h = (ANT ) ,  (35)
D A=1,2,3,...
AN,
Forna(ps Ne, M) = £ | =5 (1 = 5) =1 = 20
AN,
related to the orders h = ( + 1) . (36)
D A=1,2,3,...

It is significant to note that the case of n = 0 cor-
responds to the case of neglected speed ripples. Finally,
in the same manner as above, the stator current can be
written as

= cO8 (wst — 0)

sa = 2\/7
V R2 5wa

Z \/7N MsrhIrmp27Tfshp(pa NT;)‘ 77)
+
heq \/R2 L fsh b, NTaA 77)27T)

X S (27 fanp (P, Noy A, )t — O & hippp — )
%\/gNrMsrhIrmp27rfshn

heG \/Rg + (Lsfsh(p7 Ny, A, 77)27T)2

X Sin(27rfshn (P, Nr7 >\7 n)t - 6h =+ h(phn - ’7) (37)

LSfShp(p'NT‘7 Aa 77)27T
R, ’

+

L.w
ith tand = —=, ¢t
W1 n R

an 5hp =

Lsfshn(p-Nr7 A, 77)27T
R ’

tan oy, =

5 SIMULATIONS AND DISCUSSIONS
5.1 For balanced voltage

The simulated machine has 36 stator slots 28 bars, 2
poles and a rated power of 1.1 kW. The stator windings
are connected in star. Simulation results were obtained
using three phases, 380 V, 50 Hz ac source and were car-
ried out at a slip around 0.038. The spectral estimates
of stator currents have been normalized with respect to
their respective fundamental components.

Figure (3) shows the spectral content of the stator
current of the machine under healthy condition (balanced
supply). In addition to the fundamental harmonic appear
rotor slot harmonics.

FFT (dB
0 (dB)
r=1 h=2 r=3
2643.6 H
1396.8 Hz z 4090.4 Hz
-50 1
3990.4 Hz
-100 ‘ ‘ ‘ ;
0 20 40 60 80

Harmonic order

Fig. 3. Simulated, normalized FFT spectrum of machine stator
current of induction machine having 28 rotor bars

Table 1. Stator current frequency components predicted by equa-
tions (15) and (18)

N, A=0 A=1 A=2 A=3
fsn1(1,28,3)
28 fs  fsn1(1,28,1) fen2(1,28,2) &
fsn2(1,28,3)
29 fs X fsr1(1,29,2) X
Fsr1(1,30,1) fsn1(1,30,2) fsn1(1,30,3)
30 fs & & &

fsn2(1,30,1) fsn2(1,30,2) fena(1,30,3)
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Fig. 4. Simulated, normalized FFT spectrum of machine stator
current of induction machines top 29 bars, bottom 30 bars

Table 2. Stator current frequency components for machines with
voltage unbalance and neglecting speed ripple effects

N A=0 A=1 A=2 A=3
fshp1(17287 1, 0) fshp1(17287270) fshp1(1728,3,0)
28 fs & & &
fsnn2(1,28,1,0) fsnn2(1,28,2,0) fsnn2(1,28,3,0)
Fsnp1(1,29,2,0)
29 fs X & X
fshn2(1,29,2,0)
Fsnp1(1,30,1,0) fonp1(1,30,2,0) fenp1(1,30,3,0)
30 fs & & &
fshn2(1,30,1,0) fenn2(1,30,2,0) fenn2(1,30,3,0)

In the case of (A = 1) (je the first two RSH),
as predicted by (15) and (18) only one rotor slot har-
monic can be seen on the stator current spectrum at
fsn1(1,28,1) = 1396.8 Hz and h = % +1=29. The sec-
ond rotor slot harmonic (at fsn2(1,28,1) = 1296.8 Hz)
did not show up because its order h = % — 1 =27 does
not belong to G, where G as described by equation (15)
is {1,29,55,83,85,...}

In order to study the effects of rotor bar number on
the generation of RSH, the 28 bar machine was replaced
by two machines having 29,30 rotor bars respectively. The
results are shown in Fig. 4 and are tabulated in Tab. 1.

Firstly, it can be observed that not all machines are
capable of generating all RSH in the stator current. The
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simulated stator current spectrum of motors having 29
bars demonstrated this fact (Fig. 4).

On the other hand the simulated stator current spec-
trum of a motor having 30 bars shows that all RSH can
be seen (Fig. 4).

5.2 For unbalanced voltage

In order to analyse with precision the effects arising
due to voltage unbalance, the three machines were first
simulated with 5% of unbalanced supply and without
speed ripple effects (n = 0), (ie with an infinite iner-
tia value) [15]. The results are shown in Fig. 5 and are
tabulated in Table 2.

FFT (dB)

A= A=2 A

1396.8 Hz
1296.8 Hz

-100 i i I i
0

FFT (dB)

b 2739.8 Hz

250 ff ~a

-100 | - | | /‘
0 20 40 60 80
FFT (dB)
0 :
A= r=2 r=3
2936 1 4390 Hz
Z
1493 Hz g,
" 1393Hz v / e
2836 Hz —, 4290 Hz
-100 ‘ :

0 20 40 60 80
Harmonic order

Fig. 5. Simulated, normalized FFT spectrum of machine stator
current with 5% supply unbalance and neglecting speed ripple
effects from top 28, 29 and 30 bars

In the case of V. = 28 bars and A = 1, as predicted by
(35) and (36) the order related to the fspn1(1,28,1,0) =

1396.8 Hz component is h = 2—18—1 = 27, the order related

to fonn2(1,28,1,0) = 12968 Hz is h = 28 +1 = 29.
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FFT (dB)
0

Jshn2®: Ne 2o ) o1 (0, Ney A, )

VU7
. A/ | I
INNAUAY,

0 20 40 60 80
Harmonic order

100

Fig. 6. Simulated, normalized FFT spectrum of machine stator
current with speed ripple effects and 5% supply unbalance (28
rotor bars)

FFT(dB)

1296.8 Hz 1396.8 Hz

1196.8 Hz W 1496.8 Hz

|
\

VAW

1596.8 Hz

1696.8 Hz

20 25 30 35
Harmonic order

1096.8 Hz ﬂ

2200] >

Fig. 7. Zoomed spectrum of machine stator current with speed

ripple effects and 5% supply unbalance (28 rotor bars)

Since only 29 belongs to G, only the fspn2(1,28,1,0) =
1296.8 Hz component can be induced by the negative
sequence current (ie backward rotating field). Similarly,
by means of equations (31), (33) and (34), we can prove
that the creation of the fepp1(1,28,1,0) = 1396.8 Hz
component in the stator current spectrum, as noted in
Fig. 5, is due to the positive sequence current (ie forward
rotating field).

By similar arguments, we can explain the creation
of finn2(1,28,2,0) = 2739.8 Hz and fopp1(1,28,2,0) =
2839.8 Hz components in the case of N, = 29 bars and
all RSH in the case of N, = 30 bars respectively.

In addition, it is clear that the classical component
at 3fs is missing for all the above cases. So, it can be
concluded that this component is related to speed ripple
effects.

The machine having 28 bars was simulated next with
speed ripple effects. The results are shown in Fig. 6. It is
obvious that new frequency components are now present
in the stator current spectrum at fopp(A,p, Ny, 1) and

fshn(>‘>p7 Nrﬂ?)-

Figure 7 and Tables 3 and 4 summarize all the fre-
quency components due to voltage unbalance for the cases
of (A=0)and (A=1).

It is important to note that in the case of A\ = 1, the
harmonic components of frequencies

fshpQ(pa Nm)\,ﬂ) = fs []\If; (1 - S) -1- 277} and

fshnl(pa NTa)\777) = fs {%(1 — S) + 1 + 27’]]
do not appear because their orders do not belong to
G (Table 4).

6 CONCLUSIONS

In this paper the generation mechanism of rotor slot
harmonics in stator current of a three phase squirrel in-
duction machine was analysed. It has been shown that
not all three phase induction motors are capable of gen-
erating all rotor slot harmonics. The presence of these
harmonic components in the stator current spectra de-
pends on the number of rotor bars, number of poles of
the induction machine, and slip.

In addition, it has been demonstrated that the voltage
unbalance is a potential source of generation of rotor slot
harmonics in the stator currant. A new formulation was
proposed in order to generalize and shed light on the
necessary relationships required for the presence of these
harmonic components.

Table 3. Stator current frequency components for healthy machine
with voltage unbalance for (A =0)

N fsnp(®: Nes Asm)  fsnn (P, Nry A1)
0 f,=50Hz —Ffs
1 3f,=150Hz —3fs
2 5f, =250Hz —5f,
3 7fs=350Hz —7f,

Table 4. Stator current frequency components for healthy machine
with voltage unbalance for (A =1)

n fsnp1 (P Niy Ay ) fsnn2(p; Niy A, m)

0 fsnp1(1,28,1,0) = 1396.8 Hz fsnna(1,28,1,0) = 1296.8 Hz
1 fonp1(1,28,1,1) = 1496.8 Hz fonn2(1,28,1,1) = 1196.8 Hz
2 fsnp1(1,28,1,2) = 1596.8 Hz fsnna(1,28,1,2) = 1096.8 Hz
3 fonp1(1,28,1,3) = 1696.8 Hz  fsnn2(1,28,1,3) = 996.8 Hz
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