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Average temperature of oil-filled transformer
windings with partial cooling ducts

Peter Bokes

An effective one-dimensional model is presented that describes the temperature profile of a winding of an oil-filled
distribution transformer with an arbitrary number of partial cooling ducts. An analytical solution of the model is applied
to a specific example — a low voltage winding of a 400 kVA distribution transformer with one or two partial cooling ducts.
Starting from the exact solution, a simple and practical formula for the temperature rise of similar windings has been derived
that is suitable for transformer designers.
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1 Introduction

Practising designers of power and distribution trans-
formers like to say that transformer design is one of the
most conservative areas of engineering. Indeed, the three
basic components — magnetic core, windings and the cas-
ing, at first glance, have changed little over the last 80
years. Nevertheless, the demand for more reliable trans-
formers, economical both in service and in production,
together with an increase of the prices of input com-
modities, has resulted in many ingenious innovations [1].
Among them are also innovations in the design of cooling
ducts or channels in the windings of oil-filled transform-
ers. Cooling ducts direct mineral oil through the windings
and thereby transfer Joule losses away. For a producer it
is necessary to guarantee that the temperature rise of the
winding fulfils the limits set by international standards
[2]. However, making cooling ducts too generous increases
the size of the winding and magnetic core which both lead
to unnecessary increase of the needed material and hence
the price. Traditionally (ie before 1990 [3]) cooling ducts
extended along the whole circumference of the winding.
In this case its average temperature is given by the well-
known expression [4]

ϑav = ϑoil +
q̇h

2α
+

q̇h2

12λ⊥
, (1)

where ϑoil is the average temperature of the oil, q̇ is the
volume density of Joule losses, h is the radial width of
the winding, α is the heat transfer coefficient between the
winding’s surface and oil in the duct and λ⊥ is the ther-
mal conductivity of the winding in its radial direction.
The second contribution in (1) is the increase of the tem-
perature within the oil’s boundary layer. It is well-known
[4] that this part of the heat transfer is nonlinear so one

should view this contribution as a linear approximation
close to typical temperatures of the winding. This turns
out to be satisfactory for our discussion as well as the
practical formulae given in the next sections. Finally, the
third contribution gives the temperature rise in the solid
part.
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Fig. 1. A sketch of the upper part of one leg of a three-phase
transformer

The innovation of the cooling ducts design for distri-
bution transformers that addressed the contradicting de-
mands of their heat transfer capacity and their size was to
use partial cooling ducts, Fig. 1. Here, the cooling ducts
extend only along a fraction of the overall circumference
of the winding. In figure, (a) – is the oval-shaped mag-
netic core, and (b) – is the low voltage winding wound
around. Mineral oil flows along its surface (c),(e) as well
as through the partial cooling ducts (d1) and (d2) that
do not extend around the whole circumference.

The partial cooling ducts are placed into that part of
the winding that extrudes outside from the yoke of the
magnetic circuit. In principle, the designer may choose to
employ only one partial cooling duct (eg d1 in Fig. 1) if
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it is enough to keep the temperature rise below the lim-
iting value. The merit of using the partial cooling ducts
is the decrease of the amount of electrical steel needed
for the upper and lower yoke of the iron core as well as
the amount of the wire. Interestingly, the concept of par-
tial cooling ducts has recently been given a new twist
for transformers with circular cross-section of magnetic
cores [5].

On the other hand, the complication that partial ducts
introduced for the designer was the loss of the approxi-
mate cylindrical symmetry of the problem which raises
questions about the use of the traditional expression for
the calculation of the average temperature (1). The tem-
perature now depends on the selected position along the
winding in its tangent direction and its average tempera-
ture must be obtained by some specific average procedure.
In this paper both questions are answered for a general
case of winding with arbitrary number of partial cool-
ing ducts. A simple but perhaps most frequent case of a
single cooling duct on one or both sides of the winding
is analysed in greater detail and a simplified formula for
the temperature rise is obtained.

2 Averaging procedure for

an asymmetric winding

Average temperature of winding is measured indirectly
through the measurement of the resistance of windings R .
Since the temperature along the wire is not constant, we
have to calculate it by adding infinitesimal resistances of
the wound wire that depend on their local temperature,

R =

∫ L

0

dR

dl
dl = R0

[

1 + β
( 1

L

∫ L

0

ϑ(l)dl − ϑ0

)

]

, (2)

where L is the length of the wire, R0 the resistance
of the wire at reference temperature ϑ0 and β is the
temperature coefficient of the resistance. Therefore, the
average temperature of the wire ϑav is defined by the
integral along the wire,

ϑav =
1

L

∫ L

0

ϑ(l)dl (3)

3 Mathematical model and its solution

A cross-sectional view of a winding with partial cool-
ing ducts on both sides is shown in Fig. 2. Due to the
symmetry of the problem only one quarter of the wind-
ing has to be considered in the model. Within the first
quadrant the effective one-dimensional model describes
the variation of the temperature around the circumfer-
ence of the winding in three different segments i = 0, 1
and 2, all having the origin of their respective coordinates
xi ∈ (0, li) in the plane O . The widths of the segments
hi are indicated as well.

The straight segment of length l0 and width h0 is split
by the partial cooling duct into two segments of lengths
l1 and l2 and widths h1 and h2 respectively at the po-
sition of the plane O . Within each segment the tempera-
ture changes along both radial and tangential directions.
Since we are primarily interested in the latter, we will cal-
culate temperature profile ϑi(x) that is averaged over the
radial direction and depends on the tangential coordinate
x only. Our model also assumes that the dependence of
the temperature along the axial direction of the winding
(perpendicular to the cross-section in Fig. 2) is unimpor-
tant and the actual calculated quantities give the average
along the axial height of the winding lw .
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Fig. 2. Cross-sectional view of the winding from Fig. 1

It is straightforward to generalize the situation with
one segment split into two for a case of one segment split
into N − 1 segments separated by N − 2 cooling ducts.
We will use an index i for the coordinate x whenever
it is important to distinguish its values between different
segments. For example, within each segment the coordi-
nates run from xi = 0 , set in the plane O , up to the
length of the corresponding segment xi = li . The average
temperature (3) can be calculated from the temperature
profiles within each segment ϑi(x). There are ni turns
of wire of length li in each segment. The total length of
the wire of the winding L is given by the sum of con-

tributions from each segment, L =
∑i=N

i=0
nili , and the

average temperature is given by the expression

ϑav =

∑i=N
i=0

ni

∫ li

0
ϑi(x)dx

∑i=N

i=0
nili

.

This naturally leads to a definition of the average tem-
perature for the segment i

ϑav,i =
1

li

∫ li

0

ϑi(x)dx. (4)

Since the number of turns in each segment ni is propor-
tional to the width of segments hi , the average tempera-
ture is finally expressed as

ϑav =

∑i=N

i=0
hiliϑav,i

∑i=N

i=0
hili

. (5)
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The temperature profile ϑi(x) of each segment fulfils
an effective one-dimensional heat equation, used mostly
for a description of cooling fins [6],

− λ‖
d2ϑi(x)

dx2
− q̇ +

kiαiΓi

Si

(

ϑi(x) − ϑoil

)

= 0,

i = 0, 1, 2, . . .N . (6)

Here, apart from the already introduced symbols, λ‖ is

the thermal conductivity of the winding in the tangential
direction, Γi = 2(hi + lw) is the axial circumference of
the segment and Si = hilw is the vertical cross-sectional
area of the segment. ki is the ratio of the temperature
rise on the surface of the winding ∆ϑsurface to the cross-
sectional average temperature rise in the winding k =
∆ϑsurface/∆ϑ , both at a certain position x and defined as
temperature rises above the average oil temperature. It
is assumed that this ratio is independent of the position
x . One can estimate its value from the result for the
symmetric winding (1) as

k =
(

1 + αh/(6λ⊥)
)−1

. (7)

The N + 1 differential equations (6) need to be sup-
plemented by 2(N + 1) boundary conditions. Due to the
symmetry at xi = li we require

dϑi

dx

∣

∣

∣

li
= 0, i = 0, . . . , N . (8)

The continuity of the temperature at x = 0 demands

ϑ0(0) = ϑ1(0) = · · · = ϑN (0) , (9)

which give further N independent conditions. Finally, the
heat flux conservation in the plane O results in the last
needed boundary condition

N
∑

i=0

Siλ‖
dϑi

dx

∣

∣

∣

O
= 0 . (10)

General solutions of the set of equations (6) and (8)
are

ϑi(x) = ϑoil + γi +Bi cosh((x− li)/δi) , i = 0, . . . , N
(11)

where

γi =
Siq̇

kiαΓi

and

δi =

√

λ‖Si

αkiΓi

. (12)

The coefficients Bi are determined by the remaining con-
ditions (9) and (10). We are interested in the average
temperature of the segment (4) for which, using (11), we
find

ϑav,i = ϑoil + γi +
Biδi
li

sinh(
li
δ
) .

Hence, instead of the coefficients Bi it is convenient to
introduce new coefficients Ci =

(

Biδi/li
)

sinh(li/δi), for

which the conditions (9) and (10) give

Ci =
δi
li
tanh

( li
δi

)

(

γ0 − γi−

∑j=N

j=0

hj

δj

(

γ0 − γj
)

tanh
( lj
δj

)

∑j=N
j=0

hj

δj
tanh

( lj
δj

)

)

. (13)

In terms of these coefficients the average temperature of
segment i is simply

ϑav,i = ϑoil + γi + Ci. (14)

Equations (5), (13) and (14) are the main general result
of this paper. They give a prescription for the calculation

of the average temperature in a winding split by N − 2

partial cooling ducts on both of its sides. However, the

same results can be used also for N − 2 partial cooling

ducts on one side of the winding only, as can be easily

seen from Fig. 3. The only difference is in the value one
uses for the parameter l0 .
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Fig. 3. Cross-sectional view of a winding with partial cooling duct
on its right side only

The symmetry of this problem is weaker compared to

the case in Fig. 2 but the mathematical model is the same.

However, the ratio ν = l1/l0 attains smaller value in this

case.

Each contribution in (14) has a simple physical mean-

ing — it corresponds to an additive term to the average

temperature of the segment i . The second contribution

γi gives the temperature rise in a single segment if it were

not connected to the other segments. In such a case the
temperature within the segment along the tangential di-

rection would be constant and the coefficients would be

Ci = 0. As one would expect, this contribution, in the

regime lw ≫ hi , is equal to the temperature rise in (1)

for the corresponding value of hi . The third contribution

Ci given by (13) is the correction resulting from the heat
flow between different segments of the winding.
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4 Simple but realistic example

Let us now consider two simple but realistic examples
of one cooling duct inserted into a winding on its single
and both sides ie (N = 2). The latter corresponds to
the situation in Fig. 2, the former to Fig. 3. We further
simplify the situation by assuming that l1 = l2 ≡ ld is
the length and h1 = h2 ≡ hd is the width of the segments
with the duct. The width of the segment without the duct
will be fixed to h0 = 2hd which is a realistic choice. The
length of this segment will be expressed through a ratio
ν = ld/l0 . According to (7) the factors ki are close to
one so, for simplicity, we set them equal to one exactly.
As a consequence of these assumptions one finds that the
following also holds: γ1 = γ2 = γ0/2 ≡ γ/2, δ1 = δ2 ≡ δ

and δ0 =
√
2δ . Using these simplifications, one finds from

(5), (13) and (14)

ϑav = ϑoil +
γ + C0 + ν(

γ

2
+ C1)

1 + ν
(15)

where

C0 = −
γ tanh ζ

2Qζ
, (16)

C1 =
γ tanh ξ

2ξ

(

1−
1

Q

)

(17)

and

ξ =
ld
δ
, ζ =

ld

δν
√
2
, Q = 1 +

tanh ζ
√
2 tanh ξ

.

It is useful to cast these results into a nondimensional
form. First, the length of the segment with the cooling
duct ld appears in (16-17) in the nondimensional ratio
ξ = ld/δ only. Second, instead of the average tempera-
ture we introduce the relative temperature rise above the
temperature of the oil,

∆ϑav,r =
ϑav − ϑoil

γ

since all terms in (15-17) but ϑoil are proportional to
γ . Hence, we calculate the temperature rise relative to
the average temperature of the oil and in units of the
temperature rise of a winding without the partial cooling
duct γ .

The results (15-17) contain two dimensionless param-
eters: ν = ld/l0 and ξ = ld/δ . For an oil-filled distri-
bution transformer with nominal power 400 kVA and a
typical foil-type low voltage winding one typically finds
ld ≈ 130 mm.

For the design with cooling ducts at both sides on
finds l0 ∼ 30 mm and for the design with one cooling
duct l0 ≈ 200 mm. All three lengths increase (decrease)
with the increase (decrease) of the nominal power of the
transformer, but their ratio remains roughly constant.
Hence, we find two values of the ratio: ν = 4.33 for two
and ν = 0.65 for a single partial cooling duct.

Roughly speaking, δ is the length on which the vari-

ation of the temperature along the circumference within

a single segment relaxes to a constant value, as can be

inferred from (11). The relaxation length δ can be es-

timated from (12) using the typical values used for the

design of these transformers: λ‖ = 140 W/m.K (effec-
tive thermal conductivity along the tangential direction

of the winding accounting for Al wire and the needed

oil-soaked paper isolation), S1/Γ1 = hdlw/[2(hd + lw)] ≈
hd/2 = 5 mm (for the oil-filled transformer mentioned

above), α = 80 W/m2 . K (for a typical mineral oil at

the temperature 80 [̧4,7]) and k1 = 1. Using these values,

we obtain δ = 100 mm. From these considerations we

obtain that for the 400 kVA transformer λ = ld/δ ≈ 1.3

and hence a meaningful range for the value of the pa-

rameter for a variable nominal power might be from 0 to

no more than 5. The resulting dependence of the relative

temperature rise as a function λ = ld/δ in this range, for

the two above motivated values of the ratio ν is given in

Fig. 4.

It is interesting to note that introducing a single partial

cooling duct decreases the original temperature rise by

almost 35%. The additional duct on the other side of

the winding adds to this decrease just another 15%.

One can see that the described example is not very far

from the zero limit of the functional form of the relative

temperature rise indicated by the dashed lines in Fig. 4.

The zero limit corresponds to a limit of very large thermal

conductivity λ‖ . However, to quantify “how large”, we

need to check if ξ = ld/δ ≪ 1 is fulfilled. In this regime,

starting from (14-16), one obtains a simple formula for

the relative temperature rise

∆ϑ0

av,r =
1 + ν

1 + 2 ν
. (18)

Duav ,r

0 1 2 53 ld / d

0.5

0.6
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0.8

n = 0.65

n = 4.33

Fig. 4. Dependence of the relative temperature rise of a winding
on the relative length of a partial cooling duct for one (red line,
ν = 0.65) and two (green line, ν = 4.33) ducts in the design. The
dotted and the dashed lines indicate the corresponding asymptotic
values for zero and a very large value of the relaxation length δ for

a given length of the cooling duct.
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For practical purposes this is a reasonable estimate of
the magnitude of the decrease of temperature rise of a
given winding modified by a partial cooling duct in one
or both its sides. These two cases differ only by the value
of the ratio ν = ld/l0 . The result (18) has a simple inter-
pretation — one can obtain the same expression assuming
the temperature of all the segments are the same such,
that via the Newton’s law of heat transfer, all the dis-
sipated Joule heat is passed into the oil through three
parallel thermal resistances — one for the wider and two
for the narrower segments. From this point of view, the
presented derivations and example validate such a lump
parameters model. This opens the possibility to account
for partial cooling ducts using the popular approach based
on an equivalent thermal circuit [8].

It is also interesting to analyse the limit of large ld/δ ,
indicated in Fig. 4 with dotted lines. In this case the
resulting limit gives

∆ϑ∞
av,r =

1 + ν/2

1 + ν
.

In contrast to (18), this result corresponds to “very small”
values of the thermal conductivity λ‖ , ie ld/δ ≫ 1. Its
lump parameter model would assume that each segment
of the winding has its own temperature rise obtained from
(1) and these are then averaged according to (5). This
perhaps intuitively appealing approach is according to the
here presented estimates worse than (18) but still can be
used as the upper bound of the relative temperature rise.

5 Conclusions

A model has been presented that describes tempera-
ture variations in a winding with an arbitrary number
of partial cooling ducts inserted into one or both of its
sides. The average temperature has been defined in such
a way as to correspond to the indirect measurement via
the resistance of the winding. An analytical solution of
the model has been presented. This general solution was
then applied to a simple but realistic example of a low
voltage winding of a 400 kVA distribution transformer
with one or two cooling ducts inserted. Starting from the
exact solution a simple and practical formula for the tem-
perature rise of such a winding has been derived that is
suitable for a fast design of the windings. The validity of
this formula has been discussed in terms of a dimension-
less criterion.
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