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NEW EXTENDED CASCADED PREDICTIVE
CONTROL WITH MULTIPLE REFERENCE MODELS

ECGPC/MRM OF AN INDUCTION MOTOR
DRIVE WITH EFFICIENCY OPTIMIZATION

Kamel Barra
∗
— Khier Benmahammed

∗∗

In this paper, a new extended cascaded predictive control with multiple reference models method ECGPC/MRM is
synthesized under energy saving control of an induction motor drive to improve high efficiency of the drive system. The
method gives the possibility to control at the same time different variables more than in conventional CGPC. For this
method, the plant is assumed to be divided into three parts and three G.P.C algorithms must be computed. The control
law is then derived under polynomial structure in order to analyze the stability of the different controlled open loops in the
frequency domain. Simulation results demonstrate the performance of the proposed method.
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1 INTRODUCTION

Induction motors are receiving wide attention in indus-
trial applications due to their large speed capability, me-
chanical robustness, cheapness and ease of maintenance
[1–9]. It has been shown in previous studies [1, 2] that
electrical machines consume about 60 % of the total con-
sumed electrical energy, thereof integral horse power in-
duction motors account for 96 % of the energy consump-
tion. This means that around 56 % of the total electrical
energy is consumed by induction motors. Also about 70 %
of the energy loss is dissipated in motors with a rating be-
low 52 kW, consequently, the tendency is to concentrate
the energy saving studies on induction motor drives below
52 kW rated power.

The key to solving the energy saving problem in in-
duction motors is to obtain the better balance between
different types of motor losses. Recently, many studies on
efficiency maximization techniques have been presented
and they may be divided into two categories [3, 6]: Loss
model controller (LMC) and Search controller (SC). Both
methods minimized the motor losses but in different ways.
The LMC method calculates the optimum of the objective
function (which is an analytical expression representing
the total losses of the machine). The fast determination
of the optimum variables is the merit of this method, but
it is sensitive to parameter variations. Hence, if the LMC
approach is not based on an on-line estimation of the pa-
rameters, then it is likely that the method may offer only
sub-optimal solution if the parameters of the machine
change (due to saturation, temperature variations, skin
effect, etc). The SC technique depends on the exact mea-
surement of the input power and converges slowly to the
true optimum variables. The advantage of this approach
is independence of parameter variations. However, some

disadvantages appear in practice, such as continuous dis-
turbance in the torque caused by stepwise changes of the
control variable, slow convergence, because it has no idea
about the optimal magnitude of variables at the begin-
ning of search process, difficulties in tuning the algorithm
for a given application and inaccuracy in efficiency opti-
mization. For these reasons, this is not a good method in
industrial drives.

An exhaustive analysis of the LMC controller can be
found in the literature [1–11]. In [3], the authors calcu-
lated the total power loss of the induction motor only
(the inverter loss is not taken into account) and derived
an optimal flux level that maximizes the motor efficiency.
In [8], a simple model neglecting the leakage inductance
has been presented and the motor model consists only
of resistors reflecting core loss, rotor and stator copper
losses as a function of stator current components, then,
a d-axis current level is derived that minimizes the total
loss. Consequently, exact loss minimization can not be
achieved, especially for high speed operation (especially
in the area of electrical vehicles). The authors in [9] used
copper and core loss only to formulate the cost function
of motor loss and adjusted the optimal rotor flux under
state constraints of the inverter. Note that none of the
studies described previously attempts to account for the
inverter loss in the global cost function of total loss.

Over the last decade, generalized predictive control
GPC has received an increasing attention in many control
applications and it has shown to be an effective strategy
for high performance applications compared to some con-
ventional control methods, with good temporal and fre-
quency properties (small overshoot, cancellation of dis-
turbances, good stability and robustness margins) [12–
14]. GPC is a model based method which employs reced-
ing horizon approach in order to predict future outputs.
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An appropriate sequence of the control signals is then
calculated to reduce the tracking error by minimizing a
quadratic cost function. After which only the first element
of control signals is applied on the system. The process is
repeated for every sample of duration, so that new infor-
mation is updated at each sample interval. Cascaded gen-
eralized predictive control CGPC is a method issued from
GPC [15–17], which gives the possibility to control con-
ventionally only two different variables together in elec-
trical machines (position and speed). The main interest
of a predictive structure with multiple reference models
is to ensure an input-output asymptotic behaviour which
corresponds to a stable tracking model chosen by the user
[17].

The main contribution of this paper is to present a new
ECGPC/MRM to control many different variables simul-
taneously based on an energy saving control needed for
high performance induction motor drive capability. The
external loop uses a simple GPC controller and the inner
loops uses a GPC/MRM with multiple reference models
in order to follow specified trajectories. The remainder of
the paper can be outlined as follows: in section 2, a loss
minimization algorithm of an induction motor drive in-
cluding copper loss, core loss, stray load loss and inverter
loss is developed to maximize the efficiency of the drive
system. Based on that, a relationship which permits to
determine the global control signal of the extended cas-
caded chain is derived. Section 3 describes the extended
ECGPC/MRM cascade. Section 4 proposes a method for
stability analysis. The simulation results of the system
are presented in section 5 which carries out the perfor-
mance of the drive system. Finally, some conclusions are
derived and given in section 6.

2 ENERGY SAVING CONTROL

2.1 Motor loss model

Core loss

The stator core loss due to fundamental frequency
mutual flux φ (air-gap flux) consists of eddy-current loss
and hysteresis loss, and they are given by Steinmetz’s
formula as

Pcs = Kef
2
s φ2 + Khfsφ

2 . (1)

The corresponding rotor core loss is given as [1, 2]

Pcr =
mr

ms

[
Ke(sfs)

2φ2 + Kh(sfs)φ
2
]
, (2)

where s denotes the slip, ms and mr denote the mass
of stator and rotor core, respectively, Ke and Kh are
properties of the material. Note that the rotor core loss
is quite small compared with the stator core loss, since
gfs ≪ fs , then the total core loss of the machine is

Pcl = Pcs + Pcr ≈ Pcs . (3)

The stator equivalent core loss resistance Rfs is deter-
mined from the classical experimental no-load test data
as [5]

Rfs = a1fs + a2f
2
s , (4)

where a1 and a2 are the coefficients of hysteresis and
eddy-current loss, respectively (a1 = 0.0599, a2 =
0.0032).

Copper loss

Stator copper loss:

Pjs = Rs

(
i2ds + i2qs

)
(5)

Rotor copper loss:

At the steady state we have

Pjr = Rr

(
i2dr + i2qr

)
=

Rr

(1 + σr)2
i2qs . (6)

Stray load loss

Since the rotor current in a squirrel cage induction mo-
tor is not measurable, it is a common practice to express
the stray loss as a function of the stator current by in-
clusion of an equivalent stray loss resistance Rst in series
with the stator phase resistance:

Pst =
(
a3fs + a4f

2
s

)
i2s = Rsti

2
s . (7)

Here a3 and a4 are the stray load loss constants deter-
mined from load tests (a3 = 0.0042, a4 = 0.0027) as it
is explained by the IEEE standard 112 B method [10].

2.2 Induction motor model

A squirrel cage induction motor model used under field
oriented control FOC which tackles more accurately the
behaviour of the machine such as stray load resistance
and core loss resistance can be expressed in the syn-
chronously rotating d-q reference frame as follows [5]:

Vds =
(

Rs + Rst+
σrRfs

1 + σr

)

ids + σLs
dids

dt

−σLsωsiqs+
(1 − σ)Ls

Lm

dφdr

dt
+

Rfs

Lm(1 + σr)
φdr,

Vqs =
(

Rs + Rst +
σrRfs

1 + σr

)

iqs + σLs
diqs

dt

+ σLsωsids +
(1 − σ)Lsωs

Lm
φdr ,

T =
pLm

Lr
φdriqs , k1 =

pLm

Lr

(8)

where σs = ls
Lm

, σr = lr
Lm

, σ = 1 −
L2

m

LsLr

,

Xds , Xqs : d- and q - axes stator voltages, currents or
flux, ωs , ωr : synchronous and rotor speed.
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Fig. 1. Total power loss versus rotor flux.

2.3 Inverter loss model

None of the efficiency optimization techniques de-
scribed recently attempts to account for the inverter loss
model in the cost function of total loss. The inverter loss
calculation is based on measurement of the diode and
transistor conduction voltages and on measurements of
the following switching energies: Diode turn-off, transis-
tor turn-on and transistor turn-off. The approximate in-
verter loss as a function of stator current is given by [7]

Winv = a6

(
i2ds + i2qs

)
+a7

√

i2ds + i2qs , (9)

where a6 and a7 are coefficients determined by the elec-
trical characteristics of a switching element. (a6 = 0.76,
a7 = 5.8).

2.4 Loss minimization strategy

Power loss Wtot of the drive system can be expressed
as:

Wtot = Wmot + Winv ,

Wmot = Pjs + Pjr + Pfs + Pst .
(10)

Here, mechanical losses are not considered, then, the total
power loss of the drive system as a quadratic function of
stator current components can be expressed as:

Wtot = A(ωs)i
2
ds + B(ωs)i

2
qs + C

√

i2ds + i2qs , (11)

where

A(ωs) =
(
Rs + Rst(ωs) + Rfs(ωs) + a6

)
,

B(ωs) =
(

Rs+Rst(ωs)+a6+
σrRfs(ωs)

1 + σr
+

Rr(fr)

(1 + σr)2

)

,

C = a7 , k = p
L2

m

Lr
.

(12)

Also, the total power loss of the drive system Wtot can
be expressed as a function of torque and rotor flux as

Wtot =
A(ωs)

L2
m

φ2
r + B(ωs)

(Lm

k

)2( T

φr

)2

+ C

√
(φr

k

)2

+
(Lm

k

)2( T

φr

)2

. (13)

Figure 1 shows the plot of the total power loss of
the drive system Wtot including the inverter loss at a
constant speed (fs = 50 Hz) versus rotor flux for different
load torques.

2.5 Optimal solution

The steady state electromagnetic torque is given by

T = p
L2

m

Lr
iqsids = kiqsids . (14)

We consider the following problem: Minimize

Wtot = A(ωs)i
2
ds + B(ωs)i

2
qs + C

√

i2ds + i2qs (15)

subject to the equality constraint:

T ∗ − kiqsids = 0 . (16)

The cost function is defined using the Kuhn-Tucker the-
orem

J(ids, iqs) = Wtot(ids, iqs) + µ(kiqsids − T ∗) , (17)

where µ is a Lagrange multiplier.

The optimal solution is given, when

∂J

∂ids
=

∂J

∂iqs
=

∂J

∂µ
= 0 , (18)

∂J

∂ids
= 2Aids +

Cids
√

i2ds + i2qs

+ µkiqs = 0 ,

∂J

∂iqs
= 2Biqs +

Ciqs
√

i2ds + i2qs

+ µkids = 0 ,
(19)

∂J

∂µ
= kidsiqs − T ∗ = 0

By combination of the above equations and after some
manipulations, we can get

2
√

i2ds + i2qs

(
Ai2ds − Bi2qs

)
= C

(
i2qs − i2ds

)
. (20)

The resolution of (20) is complex, using an alternative
formulation in terms of instantaneous positions of the
stator current and reference space vector with respect to
the d-axis of the reference frame and using the inverter
current constraint

i2ds + i2qs ≤ I2
max ,
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Fig. 2. Appropriate rotor flux versus torque. Fig. 3. Loss map of the drive system.

Fig. 4. Map of the efficiency.

where Imax is the boundary inverter current and in most
cases equal to 1.5-times machine’s current ratings. Then,
stator d-q axis currents can be written as

ids = Imax cos θ , iqs = Imax sin θ . (21)

Substituting (21) into (20) we can obtain the appropriate
currents pair providing the minimum loss of the drive
system:

i∗ds =
Imax

2

√

C + 2BImax

C + (A + B)Imax

= α
√

|T ∗| ,

i∗qs =
Imax

2

√

C + 2AImax

C + (A + B)Imax

= β
√

|T ∗| .

(22)

Here

α =

√

Kopt

k
, β =

1
√

k Kopt

, Kopt =

√

C + 2B(ωs)Imax

C + 2A(ωs)Imax

.

The optimal rotor flux corresponding to the point of max-
imum efficiency at the steady state is then given by

φ∗

r = Lmα(ωs)
√

|T ∗| . (23)

The appropriate rotor flux given in (23) is plotted in
Fig. 2. It is affected by the load torque and motor speed
variations because core loss and stray load loss are taken
into account. The rotor flux decreases so as to reduce
the core loss and stray load loss, which increases with
frequency than other loss at high speeds.

Figure 3 depicts the total loss of the drive system
(including inverter loss) for both conventional method
and efficiency optimization method. One can see that the
total power loss for the proposed method is lower than
that for the conventional method, which keeps the rotor
flux level constant at its rated value. Figure 4 shows an
efficiency map versus torque. It is clear that the proposed
method is superior over a wide range of torques.

3 EXTENDED PREDICTIVE
CONTROL CASCADE ECGPC/MRM

To overcome to the limitations of traditional cascaded
CGPC method [15–17] (which gives the possibility to
control only two different variables simultaneously with-
out saving energy in electrical machines), we propose a
new extended predictive cascade structure to control po-
sition, speed and rotor flux at the same time (with pos-
sible extension to control the direct component of sta-
tor current) under energy saving control of the drive sys-
tem. The scheme of Fig. 5 implies the definition of three
GPC algorithms and consequently the minimization of
three quadratic cost functions. The external loop (posi-
tion loop) uses a simple GPC controller and the inner
loops (velocity and rotor flux loops) use a GPC/MRM
with multiple reference models to follow specified trajec-
tories.

The plants to be controlled assume the Controlled Auto
Regressive Integrated Moving Average model (CARIMA)
form, with dead-time equal to one:

A
(
q−1

)
y(t) = q−1B

(
q−1

)
u(t) +

C(q−1)

∆(q−1)
ξ(t) (24)
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Fig. 5. Extended cascaded predictive structure ECGPC/MRM of an induction motor with efficiency optimization control.

Fig. 6. GPC Equivalent polynomial RST controller.

where u(t), y(t) are input and output of the plant at
the sample instance t , ξ(t) is an uncorrelated random

sequence and the use of the operator ∆
(
q−1

)
= 1 − q−1

ensures an integral control law.

A
(
q−1

)
, B

(
q−1

)
, C

(
q−1

)
, are polynomials in the back-

ward shift operator q−1 and in most cases C
(
q−1

)
= 1.

A
(
q−1

)
= 1 + a1q

−1 + · · · + anaq−na ,

B
(
q−1

)
= b0 + b1q

−1 + · · · + bnbq
−nb .

(25)

The main advantage of GPC/MRM structure is that
the tracking model chosen by the designer ensures asymp-
totic behaviour input-output, so that

Ar

(
q−1

)
yr = q−1Br

(
q−1

)
w(t) (26)

where Br

(
q−1

)
= B

(
q−1

)
P

(
q−1

)
, P

(
q−1

)
is assigned in

order to ensure the static behaviour yr(∞) = w(∞),

and Ar

(
q−1

)
is specified to obtain good dynamic per-

formance. The reference control signal ur(t) introduced
by E. Irving [14, 17] is defined by

A
(
q−1

)
yr(t) = q−1B

(
q−1

)
ur(t) . (27)

Relation (27) can be rewritten as

Ar

(
q−1

)
ur(t) = A

(
q−1

)
P

(
q−1

)
w(t) . (28)

The objective is to minimize multi-stage cost functions
involving pseudo-tracking errors and control weighting
terms.

JGPC =

N21∑

N11

ε2
y1 + λ1

Nu1∑

N11

[∆u1(t + j − 1)]2,

JGPC1/MRM =

N22∑

N12

[εy2(t + j)]2+λ2

Nu2∑

N12

ε2
u2(t + j − 1),

JGPC2/MRM =

N23∑

N13

[εy3(t + j)]2 + λ3

Nu3∑

N13

ε2
u3(t + j − 1),

(29)

where

εy1(t + j) = ŷ1(t + j) − y∗

1(t + j),

εy2(t + j) = ŷ2(t + j) − ŷ2r(t + j),

εy3(t + j) = ŷ3(t + j) − ŷ3r(t + j),

εu2(t + j) = ∆û2(t + j) − ∆û2r(t + j),

εu3(t + j) = ∆û3(t + j) − ∆û3r(t + j).

Subject to:

∆u1(t + j) ≡ 0 for j ≥ Nu1,

εu2(t + j) ≡ 0 for j ≥ Nu2,

εu3(t + j) ≡ 0 for j ≥ Nu3.

(30)

The resolution must be down as follows:

– First, the minimization of JGPC will provide the speed
setpoint that must be followed by the rotor speed.

– Then, the minimization of JGPC1/MRM gives the ref-
erence torque which will provide via the efficiency op-
timisation control law the rotor flux setpoint.

– Finally, the cost function JGPC2/MRM will be min-

imized, providing the global command of the chain
which is the direct component of stator current.

The minimization of JGPC and JGPC1/MRM has

been presented for CGPC structure in previous studies
[17], here we have to present only the minimization of
JGPC2/MRM .

The transfer function between the estimated rotor flux
and the flux current component ids in continuous plane
can be given as

φr(s)

i∗ds(s)
=

Lm

Trs + 1
. (31)

The Z -transform of the process transfer function (31)
can be derived as

φr

(
q−1

)

i∗ds

(
q−1

) =
q−1B

(
q−1

)

A
(
q−1

) . (32)

Then, identification of the process is performed using a
recursive least square RLS estimator providing the un-
known parameters (a1, . . . , ana, b1, . . . , bnb).

The previous CARIMA model is now used to elaborate
the predicted outputs under the form

ε̂y3(t + j) = Gj

(
q−1

)
εu3(t + j − 1)

︸ ︷︷ ︸

Forced response

+

Fj

(
q−1

)
εy3(t) + Hj

(
q−1

)
εu3(t − 1)

︸ ︷︷ ︸

Free response

, (33)
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Fig. 7. Position setpoint and load torque trajectories. Fig. 8. Nichols diagram of the position loop.

Fig. 9. Nichols diagram of the velocity loop. Fig. 10. Nichols diagram of the rotor flux loop.

where Fj , Gj , Hj are polynomials obtained by solving
Diophantine equations, so that

ε̂y3 = Gεu3 + F , (34)

where

G =







gN13

N13
gN13

N13
. . . . . . . . . . . . . . . . . .

gN13+1
N13+1 gN23

N23−1 . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
gN23

N23
gN23

N23−1 . . . gN23

N23−Nu3+1







(35)

Minimization of JGPC2/MRM gives the optimal control
values ε̃u3 ,

∂JGPC2/MRM

∂ε̂u3

= 0 (36)

εu3 opt = −M[Fεy3(t) + Hεu3(t − 1)] (37)

where M = [ G⊤ G + λ3INu3
]
−1

,

G⊤ = [ M1 M2 . . . MNu3
]
⊤

have to be computed off
line, only the first control value of the sequence is applied
on the system, so that

u3opt(t) = u3opt(t − 1) + ∆u3r(t)−

M1

[
Fεy3(t) + Hεu3(t − 1)

]
. (38)

The procedure is repeated for the next sample intervals
likewise.

4 STABILITY ANALYSIS

The advantage of RST polynomial structure is that
these modules can be computed off-line, providing a very
short real-time loop and on the other hand offers the pos-
sibility to analyze the stability of the controlled open loop
in the frequency domain. In fact, this off-line operation
is a very helpful strategy to determine the stable set of
tuning parameters just before applying the control law
on the real system. The RST polynomial form can be
synthesized as shown by Fig. 6.

The polynomials RST can be identified by

R
(
q−1

)
= M1F ,

S
(
q−1

)
= 1 + q−1M1H ,

T
(
q−1

)
= M1

[
q13 . . . q23

]
.

(39)

The GPC controller under polynomial form requires
tuning of the set parameters N1 , N2 , Nu and λ to
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Fig. 11. Position output. Fig. 12. Rotor speed.

Fig. 13. Torque. Fig. 14. Rotor flux norm.

ensure good stability. Some guidelines may be found in
the literature [17].

N1 =
dead-time of the system

sampling period
= 1 ,

N2 ≤
response time of the system

sampling period
,

very often Nu is chosen so that Nu << N2 and
the case Nu = 1 is very interesting,

λopt = tr
(
G⊤G

)
.

(40)

5 SIMULATION RESULTS AND DISCUSSION

The system performance is examined by extensive sim-
ulation computer under different conditions such as motor
speed and load torque variations. The drive system name-
plate data and parameters are shown in the Appendix.
The chosen example of motor position reference and load
torque trajectories is given by Fig. 7. The position set-
point is a trapezium producing variations of the speed
about 150 rd/s. The motor initially operates under no-
load conditions, at t = 0.1 s, the load torque is stepped

to 4 Nm in order to examine the impact of the load con-
dition on efficiency optimization control and robustness
regulation performance.

The set of parameters [N1, N2, Nu, λ] providing good
stability that has been chosen for the three open con-
trolled loops and all the results about phase and gain
margins GP , GM and bandwidth Wc are summarized
in Table 1.

Table 1. Chosen parameters with frequency characteristics of the
open controlled loops.

N1 N2 λ Nu GM(dB) GP (◦) Wc(rd/s)

Position loop 1 13 0.0029 1 12.85 56.74 226

Velocity loop 1 10 4358.2 1 11.36 60.9 278.6

Flux loop 1 8 0.0065 1 11.31 58.8 286.4

The following diagrams show the frequency responses
of the open controlled loop in the Nichols plane, Fig. 8
for position loop, Fig. 9 for velocity loop, and Fig. 10 for
rotor flux loop.

In Figs. 11 and 12, the specifications are no overshoot
for the position, and the tracking model for the velocity
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Fig. 15. Global control signal.

is: ζ = 0.707, ω0 = 120 rd/s. It is clear that the posi-
tion and speed outputs tracks their reference values with
good dynamic performance (time response, cancellation
of disturbances, . . . ).

Figure 13 shows the electromagnetic torque reference
signal. It is easier to see that the torque follows the
load torque variations in the steady state. Figures 14
and 15 illustrate both the rotor flux response and the
global control signal (direct component of stator cur-
rent). The tracking model for the rotor flux is: ζ = 1,
ω0 = 60 rd/s and it is easy to see that the rotor flux fol-
lows the load torque and speed variations as it is given
by relation (23). These results demonstrate that the pro-
posed method saves more energy without degradation in
torque response than conventional methods.

6 CONCLUSIONS

In this paper, a new ECGPC/MRM of an induction
motor drive under efficiency optimization control is pre-
sented to overcome the limitations of traditional CGPC.
The ECGPC makes possible to control simultaneously
more variables than conventional CGPC method and
saves more energy of the induction motor drive. The
control signal has been synthesized under the RST form
which offers the possibility to analyze the stability of the
controlled open loops in the frequency domain. The ob-
tained performances have provided the effectiveness of
the design and the stability of the system is ensured by a
proper choice of the tuning parameters. Based on exten-
sive simulations, the ECGPC/MRM with efficiency op-
timization control appears to be a useful method, well
adapted for large application of drive systems.

Appendix

1.1 kW, 1500 rpm, 3.5 A, 220/380 V, 1.14 Wb, 7 Nm,
Rs = 8.1, Rr = 3.2, Ls = Lr = 0.48 H, Lm = 0.46 H,
inertia 0.006 (S.I).
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