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UNCERTAINTY ASSESSMENT IN THE
PLANE SOURCE –– SENSOR CALIBRATION

Svetozár Malinarič
∗

The Extended Dynamic Plane Source (EDPS) method is one of transient methods for measuring thermal conductivity
and diffusivity in solids. This technique uses a plane source-sensor (PS) which serves as a heat source and thermometer. Its
calibration consists in measuring the temperature dependence of PS resistance and computing the temperature coefficient
of resistance (TCR) using the least squares (LS) estimation. The apparatus is designed as a modification of the EDPS
experimental equipment. The uncertainty analysis showed that the sources of uncertainty should be evaluated in two
stages. First, the standard deviation of residuals and uncertainties of PS temperature and resistance measurement should
be combined together. Then the result is used for calculation of the LS component to the uncertainty of TCR estimate. The

LS estimate of TCR in nickel plane source-sensor becomes 4.81 × 10−3K−1 at 20 ◦C and 4.59 × 10−3K−1 at 40 ◦C with a

combined standard uncertainty of 33 × 10−6K−1 , that is 0.7%.

K e y w o r d s: transient method, thermophysical parameters, plane source-sensor, temperature coefficient of resistance,
uncertainty

1 INTRODUCTION

Transient methods [1] of thermophysical parameters
(thermal conductivity λ and diffusivity a) measurements
are based on generation of a dynamic temperature field
inside the specimen. The theoretical model of the exper-
iment is described by the heat equation. The tempera-
ture function is a solution of this equation with bound-
ary and initial conditions corresponding to the experi-
mental arrangement. The principle of the evaluation con-
sists in fitting the temperature function over the exper-
imental points (temperature response). Transient meth-
ods can be divided into two-probe system (heat source
and thermometer are separated) and one-probe system
(heat source simultaneously serves as the thermometer).

The following transient methods use a plane heat
source which works as a thermometer: TPS (transient
plane source) [2], DPS (dynamic plane source) [3] and
EDPS (extended DPS) [4–6]. In these methods the tem-
perature response is determined by plane source — sensor
(PS) resistance measurement. Hence, the PS calibration is
necessary for obtaining reliable values of thermal conduc-
tivity measurement because the temperature coefficient
of resistance (TCR) is directly used in calculations.

Measurement of TCR in the PS, made from a nickel
foil in the form of a bifilar spiral, was described in [2].
The temperature dependence of the PS resistance was
measured using a Pt thermometer in the range from 35
to 300 K. The experimental data were fitted to the fourth-
order polynomial to get an analytical form, so the TCR
could be obtained from

α(T ) =
1

R(T )

dR(T )

dT
. (1)

But experimental details, error analysis and uncertainty
of the results are missing in this work.

To get reliable results of the thermal conductivity mea-
surement the particular PS calibrated or at least one
of the series should be made from the same material.
The aim of this work is to describe the simple appara-
tus, method of evaluation and uncertainty assessment for
TCR measurement of PS. The uncertainty assessment
will be performed according to GUM [7]. The A type
evaluation of uncertainty will be omitted if the quantity
variance is much smaller than the B type estimates. In
B type evaluation the manufacturer’s declared errors will
be considered as the half-width a of the symmetrical rect-
angular distribution and the standard uncertainty of the
input quantity will be calculated as

u(x) = a/
√

3 . (2)

2 EXPERIMENT

The apparatus for TCR measurement is designed as a
modification of the experimental set-up for EDPS method
illustrated in Fig. 1. This method is arranged for one-
dimensional heat flow into a finite solid with low thermal
conductivity. The PS in the form of a meander was made
from a 20 µm thick nickel foil covered on both sides with
a 25 µm kapton layer. The diameter of the PS is 30 mm
and electrical resistance about 1.5 Ω. The PS is placed
between two identical specimens with the same cross sec-
tion as PS. Heat sink, made of very good heat conduc-
tion material (aluminium), provides isothermal boundary
conditions of the experiment. Heat is produced by the
passage of the electrical current in the form of a step-
wise function through the PS. The temperature response
is determined by measuring the time dependence of PS
resistance.
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Fig. 1. The arrangement of the experiment Fig. 2. The platinum thermometer resistance measurement

The apparatus allows to increase the temperature of
the experiment. It consists of a platinum thermometer
(Pt100), 2 heating elements (WH50 15R resistors), mul-
tichannel PC plug-in card (PCL-816) and power DA con-
verter. A proportional integral (PI) controller realized by
PC software is used for temperature control. It is based
on periodic measurement of the temperature and com-
puting the manipulated variable (heating power) using
the following formula [8]

MV = KP e + KI

∑

e , (3)

where control error e = set point – measured tempera-
ture and constants KP and KI are set experimentally.
PI control allows good temperature homogeneity in the
heat sink, Pt 100 and PS and stability, criterion of which
was set to |e| < 5 mK. In this state, we assume that the
difference between temperatures of Pt100 and PS is neg-
ligible in comparison with the temperature measurement
error.

In this study two changes of the apparatus in Fig. 1
were made in order to use it for TCR measurement.
Firstly, the specimens were exchanged for aluminium ones
and coated with silicon oil to improve the thermal con-
tact between PS and heat sink. Secondly, the PS was
supplied by a constant current of low value to prevent its
self-heating.

3 THE MEASUREMENT OF

THE PS TEMPERATURE

The platinum thermometer (Pt 100) resistance is mea-
sured by means of the electrical circuit shown in Fig. 2
and calculated according to the formula

RT = R1

UT

U1

. (4)

Two values of the current are used to correct self-heating
of the platinum thermometer [9]. RT and R′

T are the
measured values of resistance with currents I1 = 1.2 mA
and I ′

1
= 2I1 , respectively. Then the zero-current resis-

tance can be calculated as

R0 =
4R′

T − RT

3
. (5)

The difference between RT and R0 corresponds to the
self-heating of 10 mK which can be ignored.

The value of the constant resistor R1 = 136.39 Ω is
measured using the multimeter M1T 380 with standard

uncertainty u(R1) = 35 mΩ/
√

3 = 20 mΩ. The TCR of
the resistor is given as ±25 ppm/K and the temperature
of the laboratory is supposed to be in the interval from 17
to 33 ◦C. Using the worst case method [10] the standard
uncertainty associated with the resistor stability becomes

u′(R1) = 25 × 10−6 × 136 × 8/
√

3 = 16 mΩ.

Both voltages U1 and UT are measured by the 16-
bit resolution plug-in card PCL-816. The gain error is
given as 0.04 % of the reading and maximum drift of
UD = 40 µV is observed. Both voltages in Fig. 2 are
measured 4000 times per channel over the period of 1
s and averaged. This causes quantization and electri-
cal noise suppression. Connection in Fig. 2 suppresses
also the gain error influence as the voltages are strongly
correlated. Hence, the standard uncertainty of voltage
measurement can be reasonably estimated as u(U1) =

u(UT ) = 40 µV/
√

3 = 23 µV with correlation coefficient
r(U1, UT ) = 1.

The resistance and temperature of the Pt100 are
bound by the following formula [11]

RT = R
(

1 + αT T + βT T 2
)

, (6)

where R = 100.00 Ω, αT = 3.9092× 10−3K−1 and βT =
−5.917×10−7K−2 . The thermometer has been calibrated
by the producer with standard uncertainty of u′(T ) =
0.1 K.

4 THE MEASUREMENT

OF THE PS RESISTANCE

The plane source — sensor resistance is measured by
means of the electrical circuit shown in Fig. 3 and calcu-
lated according to the formula

RS = R2

US

U2

. (7)
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Fig. 3. The PS element resistance measurement Fig. 4. The 95% band of TCR measurement results. LS component
only (- - -), all components (—)

Fig. 5. Plot of residuals defined as the measured value minus the
predicted value

Table 1. Results of LS estimation, k is the polynomial degree, α

is the TCR of PS, RLS is the residual sum of squares and s is the
estimate of the residual standard deviation

K 2 3 4
α(20◦) × 103K 4.820 4.806 4.812

α(40◦) × 103K 4.595 4.593 4.594

RLS × (mΩ)−2 0.152 0.143 0.143
s × (mΩ)−2 0.087 0.087 0.089

Two values of the current (I2 = 10 mA and I ′2 = 2I2 ) are

used to reveal the PS self-heating, thermoelectrical volt-

age or signal connection error. The measurements are con-

sidered right when the difference corresponds to the un-

certainty deduced from producer’s declared voltage mea-

surement error.

The value of the constant resistor R2 = 466.8 Ω is

measured using multimeter M1T380 with the standard

uncertainty u(R2) = 170 mΩ/
√

3 = 0.1 Ω. The TCR of

the resistor is given as ±25 ppm/K and the temperature

of the laboratory is supposed to be in the interval from

17 to 33 ◦C. Using the worst case method the standard

uncertainty associated with the resistor stability becomes

u′(R2) = 25 × 10−6 × 467 × 8/
√

3 = 54 mΩ.

Both voltages U2 and US are measured by multimeter
M1T380 with standard uncertainties u(U1) = 0.75 mV
and u(US) = 3.5 µV. As the voltages are measured on
different ranges, it is safer to take the worse case, ie, no
correlation.

5 LEAST SQUARES ESTIMATION

The measured data (the temperature dependence of
PS resistance) were fitted to the following polynomial

Rs = a0 + a1T + · · · + akT k. (8)

The standard linear least squares (LS) estimation [12] in
matrix notation is given by the form

y = Xa + ε (9)

where y is the observation vector of PS resistance mea-
sured at 23 points Ti in the range (20–45 ◦C). a is a
vector of unknown parameters, ε is a vector of errors
and X is a sensitivity matrix defined by

{X}ij = T j
i . (10)

The LS estimate of the parameter vector is given

aLS =
(

X
⊤
X

)−1
X

⊤
y . (11)

Once we have the parameter estimates, the TCR of PS
element can be computed using relations (8) and (1). The
results of fitting for three values of polynomial order k are
presented in Tab. 1. As seen in Fig. 4, the temperature
dependence of TCR in PS shows linear dependence with
correlation coefficient −0.9999. So, the values of TCR
can be computed from the following equation.

α(T ) = 5.040× 10−3K−1 − 0.0111× 10−3K−2T . (12)
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Table 2. Uncertainty budget for TCR in PS measurement at the temperature of 20 ◦C

Source of uncertaitny Type Standard Value of standard Standard uncertainty
uncertainty uncertainty u(α) 103K

R1 measurement B u(R1) 20 mΩ 0.001
R2 measurement B u(R2) 100 mΩ 0.001
Pt100 calibration B u′(T ) 100 mK 0.019

R1 stability B u′(R1) 16 mΩ
U1 measurement B u(R1) 23 µV
UT measurement B u(UT ) 23 µV

PS temperature measurement u(TS) 34 mK
PS resistance measurement A uA(RS) 87 µΩ

R2 stability B u′(R2) 54 mΩ
U2 measurement B u(U2) 750 µV
US measurement B u(US) 3.5 µV

PS resistance measurement u(RS) 270 µΩ
LS component uc(RS) 370 µΩ 0.027

Combined uncertainty 0.033

6 UNCERTAINTY ASSESSMENT

In general, two potential sources of error should be
considered. The model error consists in the deviation be-
tween experiment and mathematical model (8). As seen
in Tab. 1 and Fig.5, the polynomials describe the reality
acceptably, therefore the second-order polynomial will be
used in uncertainty evaluation. The errors caused by in-
put quantities measurement and least squares estimation
are analysed in this section.

The uncertainties of the input estimates should be
divided into two groups. The first consists of the effects
which do not influence the measured points scattering,
u
(

R1,2

)

and u′(T ). On the other hand, the components

u′
(

R1,2

)

and u
(

U1,2,TS

)

can cause the measured points
variance.

The uncertainty of the constant resistor measurement
causes the uncertainty of Pt 100 resistance estimate

u
(

RT

)

= RT

u(R1)

R1

, (13)

which causes the uncertainty of Pt100 temperature esti-
mate

u(T ) =
∂T

∂RT

u(RT ) ≈ u(RT )

RαT

. (14)

Contribution to the TCR of PS uncertainty is deter-
mined using a numerical method, where the uncertainty
of the output quantity is evaluated as the change due
to a change in the input quantity of its uncertainty. The
contribution from another constant resistor measurement
uncertainty u(R2) is determined similarly. The results are
presented in Tab. 2.

The uncertainty of Pt100 calibration can cause the
uncertainty of TCR of PS estimate as

u(α)

α
≈ u(αT )

αT

≈ u′(T )

TT

(15)

where TT = 25 K is the temperature range in the exper-
iment.

If the input quantities can change during the mea-
surement, they should be treated differently. The Pt100
resistance uncertainty can be combined as

(u′(RT )

RT

)2

=
(u′(R1)

R1

)2

+
(u(U1)

U1

− u(UT )

UT

)2

, (16)

which causes the uncertainty of PS temperature estimate
u(TS) = 34 mK. Similarly, the PS resistance uncertainty
can be combined

(u(RS)

RS

)2

=
(u′(R2)

R2

)2

+
(u(U2)

U2

)2

−
(u(US)

US

)2

, (17)

which causes the uncertainty of PS resistance estimate
u(RS) = 0.27 mΩ.

Considering the correlation between least-square esti-
mates of parameters aLS , the standard uncertainty of α
estimate, designated as LS component, can be computed
by [13]

u2(α)=c
⊤
Mcu2

C(RS)=c
⊤
Mc

(

u2

A(RS)+ u2

B(RS)
)

(18)

where c is a vector of sensitivity coefficients defined by

cj =
∂α

∂αj

, (19)

α is given by eq. (1) and (8) and matrix M is

M =
(

X
⊤
X

)−1
. (20)

uC

(

RS

)

is the combined uncertainty of PS resistance

estimate. uA

(

RS

)

= s = 0.087 mΩ is a Type A standard

uncertainty determined from the standard deviation of
residuals. Type B standard uncertainty uB

(

RS

)

consists
of two components in the following way

u2

B(RS) = u2(RS) +
(∂RS

∂TS

u(TS)
)2

= u2(RS) +
(

RSαu(TS)
)2

. (21)
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Table 2 presents the results of uncertainty analysis of
TCR in PS measurement. The components are combined
by root sum square addition. The evaluation is performed
with second-order polynomial for temperature of 20 ◦C.

Figure 4 shows α (the LS estimate of TCR in PS)
versus temperature and a band about the measurement
results that encompasses 95 % of the probability distri-
bution defined by [7]

α ± U(α) = α ± 2u(α) (22)

where U(α) is the expanded uncertainty of TCR estima-
tion. The band given by (18) represents the LS compo-
nent and is plotted in dot line. The band given by all
components in Tab. 2 is the solid line.

Figure 4 illustrates that the bands are the narrowest
in the middle of the temperature interval. Thus, at the
borders, eg, at 20 ◦C, the results are the least reliable.
To suppress this effect more points were measured in
the interval from 20 to 25 ◦C, as seen in Fig. 5. But
surprisingly, the residuals in this interval are considerably
higher, maybe because these measurements were repeated
over several days.

7 SUMMARY

The goal of this work is to show a practical instrument
for PS calibration, which employs the complete EDPS
apparatus plus a 6 1/2 -Digit Multimeter. The standard
oil bath is replaced by the electronic temperature control
in a solid state thermostat. So the user of EDPS method
can easily verify the plane source-sensor to be sure that
his results are reliable.

This can only be achieved if the results of measure-
ments are accompanied by a quantitative assessment of
its uncertainty. Though the experiment is relatively sim-
ple, the uncertainty analysis faces some problems, which
can cause the assessment to be ambiguous.

In parameter estimation by LS method usually the
only source of uncertainty is taken from residuals variance
and the uncertainties of input estimates are expelled from
the LS evaluation [14]. This is against the GUM rules, and
leads to an unreliable small value of the final uncertainty.
As all uncertainties are equivalent to the standard devia-
tion of the results from many repeated tests, the B-type
uncertainties of input estimates should be included in LS
evaluation by eq. (18).

In this work we divided the sources of uncertainty into
two groups. The sources of uncertainty which do not have
any influence on the measured points variance, namely re-
sistors R1 and R2 measurement and Pt100 calibration,
were not included in LS evaluation. The associated un-
certainties were multiplied by the appropriate sensitivity
coefficients to make the contributions to the total uncer-
tainty of the TCR estimate. All other sources were evalu-
ated in two stages. First, we combined three components
by root sum square addition, namely standard deviation
of residuals, PS temperature measurement uncertainty

and PS resistance measurement uncertainty. Then the re-
sult, the combined standard uncertainty of PS resistance
measurement uC(RS), was used for calculation of the LS
component to the uncertainty of the TCR estimate by
eq. (18).

The LS estimate of TCR in nickel plane source-sensor
at 20 ◦C is 4.81×10−3K−1 . The temperature dependence
is given by eq. (12) and Fig. 4. The standard uncertainty
of TCR estimation at temperatures in the interval from
20 ◦C to 45 ◦C does not exceed 33 × 10−6K−1 that is
0.7 %. This value is sufficient for thermal conductivity
measurement of materials.
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