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FREQUENCY WEIGHTED CONTROLLER
ORDER REDUCTION (PART I)

Roozbeh Sadeghian — Paknosh Karimaghaee — Alireza Khayatian
∗

In this paper, a new method for controller reduction of linear time invariant systems is presented. The method is based
on newly defined controllability and observability grammians which are calculated from input to state and state to output
characteristics of the controller in a certain frequency domain. These grammians are defined for the closed loop system to
keep the performance of original controller. The main idea of this method is based on Moores model reduction. The relation
of this method with weighted frequency model reduction of Enns will be described by a commutative diagram. The stability
property of the new method is investigated. It is shown that the stability for two sided weights can be preserved under
certain conditions. The simulation results show the effectiveness of this novel technique.
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1 INTRODUCTION

There are many controller design methods such as
LQR , H2 , H∞, . . . for high order models which often
lead to high order controllers. As the reduced order con-
trollers are easier to understand and have less complica-
tion, it is desired to reduce the order of such high order
controllers. Many controller reduction methods for lin-
ear systems have recently been proposed [1–7]. The main
idea of many of these methods is that the reduced or-
der controller has the same performance as the full order
controller when the closed loop system is considered in a
certain bandwidth. Based on [8], there are two main con-
troller reduction methods, which are known as direct and
indirect method. In direct method, a low-order controller
is designed by minimizing a quadratic performance index
subject to a certain order constraint. In indirect method,
first a high-order controller is found then it is simplified.
Most controller reduction methods and also the new tech-
nique in this paper are based on indirect approach.

One of the main model and controller reduction tech-
niques is frequency weighted method which was first in-
troduced by Enns [8] and further developed by others
[1–5]. Enns showed that by selecting certain weights, the
accuracy of model reduction could be improved. Enns
weights should be one sided for stability property and
he could not show that two sided weights can make the
system stable. One important contribution of this paper
is the stability result for two sided weights which fur-
ther completes the Enns work. Others eg [3, 5] have also
tried to develop new methods for two sided weights which
can keep the stability of the reduced model. Yousefi and
Lohmann [10] have considered the instability in frequency
weighted controller reduction methods based on similarity

transformations. Houlis and Sreeram [7] have tried to ap-
proximate a low order controller for problems in a double-
sided frequency weighted form. Ghafoor and Sreeram [11]
have proposed a complete survey of frequency weighted
balanced model and controller reduction techniques.

The main idea of this paper is based on Moores model
reduction approach [12] but in frequency domain. More-
over, unlike to the Moore method which is for an open
loop plant here the closed loop system is considered. From
a physical interpretation view, the input to state and the
state to output energies of the transfer function to be
reduced is considered and new controllability and observ-
ability grammians for the system in the closed loop frame-
work are defined. Because these grammians are based on a
physical interpretation, the results of controller reduction
with these grammians are better than other controller
reduction techniques. One interesting result is that by
defining new weights, these grammians can be related to
Enns frequency weighted grammians.

It is obvious that most of the systems are designed to
work in a certain frequency domain. This method enables
the designer to select the frequency range of interest for
the best performance.

The structure of the paper is as follows; model re-
duction based on balanced realization and frequency
weighted model reduction together with the recent re-
duction techniques is briefly reviewed in section 2. In
section 3, the new controllability and observability gram-
mians for the controller with closed loop consideration is
introduced. The relation of new grammians to the gram-
mians of the overall closed loop system, the properties
of the new method and its relation to Enns frequency
weighted method, in addition to new stability results are
discussed in section 4. Finally, simulation results are rep-
resented in section 5 and conclusion is given in section 6.
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Fig. 1. A plant with two sided weights

2 MODEL REDUCTION TECHNIQUES

Consider an nth-order linear time-invariant asymptot-
ically stable continuous system with minimal realization
(A, B, C) with system equations as

ẋ(t) =Ax(t) + Bu(t) ,

y(t) =Cx(t)
(2.1)

where u ∈ Rp , y ∈ Rq , x ∈ Rn are the input, output,
and state, respectively. Also, A ∈ Rn×n , B ∈ Rn×p ,C ∈
Rq×n are real valued matrices.

The controllability and observability grammians of
system (2.1) can be defined respectively as

P =

∫ ∞

0

eAtBB⊤eA⊤tdt ,

Q =

∫ ∞

0

eA⊤tC⊤CeAtdt .

(2.2)

For an asymptotically stable system, the following
Lyapunov equations are satisfied by the grammian ma-
trices of (2.2).

AP + PA⊤ = −BB⊤ ,

A⊤Q + QA = −C⊤C .
(2.3)

It has been shown [12] that similarity transformation can
be found such that the system is internally balanced, that
is, the matrices P , Q are equal and diagonal

P = Q = Σ = diag{σ1, σ2, . . . , σn} (2.4)

where σi > σi+1 , i = 1, 2, . . . , n − 1 are the grammians
singular values and are invariant under similarity trans-
formation. Based on the order of magnitude of singular
values, this balanced system and its corresponding gram-
mians can be partitioned as below

A =

[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
,

C = [C1 C2 ] , Σ =

[
Σ1 0
0 Σ2

]
.

(2.5)

It has been showed that if σi ≫ σi+1 , the subsystem
(A11, B1, C1) is a good reduced order approximation of
the main full order system (A, B, C). This technique is
called Balance Truncation (BT).

In Enns model reduction approach, instead of using
equation (2.2) to define the controllability and observabil-
ity grammians, input weight Wi and output weight W0

are added to the system and frequency weighted grammi-
ans are introduced. Figure 1 shows the structure of input
and output weights on system. The goal is to minimize
‖W0(G − Gr)Wi‖ instead of ‖G − Gr‖ for a specified
norm ‖ · ‖ , where G and Gr are the transfer functions of
full and reduced order systems. This technique provides
flexibility in selecting important frequency range.

Consider the input and output weights realization as
Wi = (Ai, Bi, Ci, Di), W0 = (A0, B0, C0, D0); then, the
realizations of GWi , W0G is

GWi =

[
Ai Bi

Ci Di

]
, W0G =

[
A0 B0

C0 D0

]
. (2.6)

The Lyapunov equation for the realizations of (2.6) will
be

AiP̃ + P̃Ai = −BiB
⊤

i , A
⊤

0 Q̃+ Q̃A0 = −C
⊤

0 C0 . (2.7)

The solutions of eqs. (2.7) are the frequency weighted
controllability and observability grammians, and can be
written as

P̃ =

[
PE P12

P⊤
12 P22

]
, P̃ =

[
QE Q12

Q⊤
12 Q22

]
. (2.8)

For frequency weighted model reduction, PE and QE

as alternative controllability and observability grammi-
ans are equalized and diagonolized in a similar procedure
as above to obtain a reduced order model. This method
of balanced truncation is called frequency weighted bal-
ance truncation (FWBT). The method has been shown
to preserve reduced order model stability for one sided
weights (Wi = I , W0 6= I or Wi 6= I , W0 = I ) [9]
but no results are claimed for two sided weights. Enns
has also shown that for controller reduction the weights
W0 = (I + GK)−1G , Wi = I or Wi = G(I + GK)−1 ,
W0 = I are good choices for controller reduction where
K is the controller transfer function. These weights were
obtained by using small gain theorem.

Lin and Chiu [1] showed that for FWBT, new gram-
mians can be defined with two sided weights which can
preserve stability. The grammians can be chosen as

PL = PE − P12P
−1

22 P⊤

12 , (2.9)

QL = QE − Q⊤

12Q
−1

22 Q12 (2.10)

Where PE , P12, P22, QE, Q12 and Q22 are defined in
(2.8).

This method guarantees the stability of reduced or-
der model and can be used for two sided weights. The
disadvantage of Lin method is that in forming GWi and
W0G no pole-zero cancellation should occur and unfor-
tunately with Enns weights for controller reduction this
always happens.

In [3], a new method was introduced to solve the
problem of pole-zero cancellation in Lin’s method. In
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Fig. 2. The closed loop system

this method, one can define new symmetric matrices as
X = −APE − PEA⊤ and Y = −A⊤QE − QEA . By de-
composing these two matrices as

X = USU⊤, Y = V HV ⊤ (2.11)

where S and H are real diagonal matrices. One can
define

B = U |S|1/2 , C = |H |1/2V ⊤. (2.12)

Now, by writing Lyapunov equations with the newly de-

fined vectors B and C as in (2.13), the solutions of these
equations are the new controllability and observability
grammians.

AP̂ + P̂A⊤ = −BB
⊤

,

A⊤Q̂ + Q̂A = −C
⊤

C .
(2.13)

P̂ and Q̂ can be considered for model reduction. This
method again guarantees the stability and preserves the
performance for two sided weights, but no physical insight
support the method.

In [5] another new method is introduced in order to
enhance the model reduction performance. Their method
is obtained by combining Enns and Lin methods to incor-
porate the advantage of both techniques. The grammians
of their method are defined as

PL = PE − α2
cP12P

−1

22 P⊤

12,

QL = QE − α2
oQ

⊤

12Q
−1

22 Q12 .
(2.14)

These grammians are used for model reduction. If
αc = αo = 0, these grammians will be similar to Enns
method and if αc = αo = 1 the grammians will be like
what Lin introduced.

In [5, 8] were suggested weights Wi = G(I + GK)−1

and Wo = (I + GK)−1 as performance preserving
weights; these weights are calculated by forming the
‖K−Kr‖ and neglecting terms of second order of K−Kr .

An alternative approach to model reduction method is
Singular Perturbation Approximation (SPA) method; see
[5]. In SPA, after transforming the system into the form
of (2–5), the reduced order model can be calculated as

Ar = A11 − A12A
−1

22
A21 ,Br = B1 − A12A

−1

22
B2 ,

Cr = C1 − C2A
−1

22 A21 , Dr = D − C2A
−1

22 B2 .
(2.15)

In SPA method, the DC gain of stable system is pre-
served. The conjunction of SPA and WBT leads to a new
method which is named WBTSPA. This technique makes
the approximation better in low frequency range and also
preserves the stability.

All of the above mentioned methods are based on
time-domain approaches, while in the new method which
will be presented; the model reduction is performed in
frequency-domain. The method is in the same line of [4].
In our method instead of performing the model reduction
in the whole frequency range, only certain range of fre-
quency which is of more importance will be considered.
This frequency range can be selected to improve the re-
duction result. One advantage of the frequency domain
approach for model reduction is that the weights can be
two sided and even unstable and also for an unstable con-
troller, the model reduction can be performed directly on
the whole controller without decomposing it to stable and
unstable parts at the expenses of lower accuracy.

3 CLOSED LOOP CONTROLLABILITY

AND OBSERVABILITY

GRAMMIANS OF CONTROLLER

In this section, new frequency domain characteristics
based on energy distribution from the input to state and
state to output view point are defined. These energy
based characteristics which are called closed loop gram-
mians of the controller will be used in this section for
controller reduction.

Consider the closed loop system of Fig. 2. In this figure,
the transfer function of the plant, G(s) has a state space
realization as equation (2.1). K(s) is a high order stable
controllable and observable controller with state space
realization as

ẋk = Akxk + Bkuk ,

yk = Ckxk
(3.1)

where xk ∈ Rnc is a state vector, uk ∈ Rq represents the
input vector of the controller, and yk ∈ Rq is the output
of the controller with matrices Ak , Bk , and Ck in the
appropriate dimensions and r ∈ Rq is the reference input
of the closed loop system. The order of the plant is n and
the order of controller is nc .

The distribution of energy for the closed loop system
between any two points on Fig. 2 in frequency domain can
be obtained by defining proper transfer functions between
these two points. To define energy distribution between
reference input r and controller state xk , consider the
following equations

xk = (sI − Ak)−1Bkuk , (3.2)

uk = r − y = r − GCkxk . (3.3)

The substitution of these equations results

xk = (sI − Ak + BkGCk)−1Bkr =

(sI − Ak)−1Bk(I + GK)−1r . (3.4)
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Now, the energy distribution of the controller state from
reference input can be calculated by performing the time
integral. Its corresponding frequency integral (using Pars-
seval theorem) is given by

Ei =

∫
∞

0

xk(t)x∗

k(t)dt =
1

2π

∫
∞

−∞

xk(ω)x∗

k(ω)dω

where

xk(ω) = (jωI − Ak)−1Bk(I + GK)−1r .
(3.5)

which corresponds to the state covariance matrix of con-
troller K(s).

Assuming that the reference input is white noise, the
new closed loop controllability grammian of the controller
Pkc is defined as

Pkc =
1

2π

∫ ∞

−∞

xk(ω)x∗

k(ω)

r(ω)r∗(ω)
dω . (3.6)

This grammian is called frequency-domain closed loop
controllability grammian of controller, and will be used
for controller order reduction.

A similar interpretation for the controller state to the
output of the closed loop system can be obtained. Con-
sider the output of the closed loop system.

y = Gyk = GCkxk . (3.7)

Then the energy distribution of output with respect to
controller state can be written in time and frequency
domains as

Eo =

∫
∞

0

yk(t)y∗

k(t)dt =
1

2π

∫
∞

−∞

yk(ω)y∗

k(ω)dω

where

xk(ω) = (jωI − Ak)−1Ck(I + GK)−1r .
(3.8)

Again, by considering the input as white noise, the closed
loop observability grammian of controller Qkc is defined
as

Qkc =
1

2π

∫
∞

−∞

yk(ω)y∗

k(ω)

r(ω)r∗(ω)
dω . (3.9)

This grammian is called frequency-domain closed loop
observability grammian of controller, and together with
Pkc will be used for controller order reduction.

Because most of the systems work in a certain fre-
quency domain it is desirable to be able to tight the fre-
quency domain and this can be easily done by limiting
the frequency range of reference input signal. In this case,
consider the input signal r(jω) which its energy density
spectrum is mainly confined in frequency range [ω0, ω1]
and zero elsewhere; that is

{
|r(jω)| ∼= 1 , ω ∈ [ω0, ω1] ,

|r(jω)| ≤ ε ≪ 1 , otherwise.
(3.10)

So the new controller controllability and observability
grammians in equations (3.6) and (3.9) can also be de-
fined in frequency range

Pkc =
1

π

∫ ω1

ω0

xk(ω)x∗

k(ω)

r(ω)r∗(ω)
dω . (3.11)

Qkc =
1

π

∫ ω1

ω0

xk(ω)x∗

k(ω)

r(ω)r∗(ω)
dω . (3.12)

These frequency weighted grammians provide flexibility
for designer to select proper frequency range for controller
order reduction so they can be used instead of the infinite
frequency grammian Pkc and Qkc in the procedure of
order reduction.

The following lemma shows that by using a similar-
ity transformation on the newly defined grammians, the
eigenvalues of these grammians will be invariant so they
can be used for controller reduction.

Lemma 3.1. For a linear time-invariant controller

(Ak, Bk, Ck) in a closed loop system as in Fig. 2 , under

a coordinate transformation such as xk(t) = T x̃k(t) the

following properties hold

i) The transformed closed loop controllability and ob-

servability grammians of the controller P̃kc , Q̃kc , sat-

isfy the following relations

P̃kc = T−1PkcT
−1∗, Q̃kc = T ∗QkcT .

ii) The singular values of the product Pkc and Qkc that

is, σi =
√

λi(PkcQkc) are invariant.

iii) There exists a specific transformation T such that the

closed loop controllability and observability grammi-

ans of controller can be diagonolized and equal, that

is, P̃kc = Q̃kc = Σf ,where Σf = diag{σ1, σ2, . . . , σnc
},

σi ≥ σi+1 , i = 1, 2, . . . , nc − 1 .

P r o o f . i) Using the transformation xk = T x̃k or

x̃k = T−1xk , the transformed controller matrices will be

Ãk = T−1AkT , B̃k = T−1Bk , C̃k = CkT .

Using these matrices for P̃kc we have

P̃kc =
1

2π

∫

δω

ξ̃(ω)ξ̃(ω)∗dω

where δω is the frequency range [ω0, ω1] , and where

ξ̃(ω) = (jωI − Ãk + B̃kGC̃k)−1B̃k =

= T−1(jωI − Ak + BkGCk)−1Bk = T−1xk(ω)

hence

P̃kc =
1

2π
T−1

∫

δω

xk(ω)x∗

kdωT−1∗ = T−1PkcT
−1∗.
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Fig. 3. Rearranged closed loop system

Fig. 4. Commutative diagram for the new method and Enns tech-
nique

The second part for observability grammian can be
proved similarly.

ii) P̃kcQ̃kc = T−1PkcQkcT , and the result follows.

iii) The proof is as the Moores, see [12].

Based on lemma 3.1, the singular values of the closed
loop controllability and observability grammians of the
controller are invariant under similarity transformation
therefore the following results will be obtained

1) There is a coordinate transformation which can bal-
ance grammians. The procedure for calculating the co-
ordinate transformation is presented in [12].

2) The magnitude of singular values represents the rela-
tive importance of the controller states from the closed
loop system point of view.

Based on the relative magnitude of singular value Σf ,
the balanced controller and its grammians can be parti-
tioned as

Ak =

[
Ak11 Ak12

Ak21 Ak22

]
, Bk =

[
Bk1

Bk2

]
, Ck = [ Ck1 Ck2 ]

Σf =

[
Σf1 0
0 Σf2

]
, Xk(t) =

[
xk1(t)
xk2(t)

]
(3.13)

where Ak11 and Σf1 are r × r (r < nc ) matrices. The
system (Ak11, Bk1, Ck1) is the reduced- order controller.

The following steps described an algorithm for the
proposed controller reduction method

1) Calculate closed loop controllability and observabil-
ity grammians Pkc and Qkc in the desired frequency
range, from equations (3.11), (3.12).

2) Find a similarity transformation T that makes the
closed loop controller grammians balanced, that is,
Pkc = Qkc = Σf .

3) Partition the transformed controller as equation (3.13)
based on the magnitude of grammian singular values.

The subsystem (Ak11, Bk1, Ck1) is the reduced con-
troller.

4 PROPOSED APPROACH

4.1 General Properties

Different interesting properties for the new method
can be stated which are discussed in this section. The
first property is the relation between the newly defined
controller grammians in the closed loop system and the
grammians of the closed loop transformation of Fig. 2.
For the closed loop system, one can write a realization as

Ã =

[
Ak −BkCG

BGCk AG

]
, B̃ =

[
Bk

0

]
, C̃ = [Ck 0 ]

(4.1)
and the corresponding Lyapunov equations for this sys-
tem can be written as

ÃPc + PcÃ
⊤ = −B̃B̃⊤,

Ã⊤Qc + QcÃ = −C̃⊤C̃ .
(4.2)

The solution of the first Lyapunov equation leads to

Pc =

[
Pkc

∫ ω1

ω0

F1BkB⊤

k F⊤
1 F⊤

2 dω∫ ω1

ω0

F2F1BkB⊤

k F⊤
1 dω PGc

]

(4.3)
where PGc is the closed loop controllability grammian of
the plant which can be defined as in (3.11)except that
the plant transfer function should be considered instead
of controller transfer function,

PGc =
∫ ω1

ω0

F2F1BkB⊤

k F⊤
1 F⊤

2 dω . F1 and F2 are F1 =

(jωI1 −Ak +BkGCk)−1 , F2 = (jωI2 −AG)−1BGCk . An
interesting observation is that the block (1-1) of Pc is ex-
actly the newly defined closed loop controllability gram-
mian for controller. So for controller reduction of a closed
loop system, one can easily use equation (3.10) instead
of n + nc matrix of Pc in frequency-weighted method. A
similar conclusion can be drawn for the solution of the
second Lyapunov equation in (4.2).

The second property is the relation between the new
proposed method and frequency-weighted reduction of
Enns. The closed loop system of Fig. 2 can be rearranged
in the form of Fig. 3 where Wi and Wo can be obtained
to be

Wi = (I + GK)−1, Wo = G . (4.4)

By considering the KWi and WoK transfer functions,
if one can calculate the controllability and observabil-
ity grammians of frequency-weighted method of Enns as
in (2.6); then the results will be exactly like (3.11) and
(3.12). So the new method converges to Enns method
but with new two sided weights Wi and Wo as defined
in (4.4). This equivalence between newly defined method
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and Enns technique can be shown by a commutative di-
agram as in Fig. 4.

This diagram shows that the new method is exactly
like Enns but with new weights and in frequency domain
when the frequency range goes to infinite. The following
theorem describes the result of the previous property.

Theorem 4.1. The closed loop controller grammians of

the new frequency domain controller reduction method

(3.11) and (3.12) when the frequency range goes to in-

finite are equivalent to the grammians of Enns method

with weights as defined in (4.4).

P r o o f . A sketch of the proof is described above.

In comparing the computational effort for the Enns
FWBT method and the new method, one can see that in
the new method we have to solve n+nc Lyapunov equa-
tions while in the Enns method, we have to solve n+2nc

Lyapunov equations. These extra equations corresponds
to the plant’s states, therefore in this case, unstable plants
will results an improper Lyapunov equations.

One benefit of the new method is that most systems
work in a desired frequency domain. Therefore, the equa-
tions (3.11) and (3.12) can be calculated only in certain
frequency range and this can be done by selecting the de-
sired upper and lower bound of integral. The flexibility in
choosing the frequency band can help to have more ac-
curate results. Another advantage of this method is that
when the weights are not stable or the controller is not
stable we still can use the finite frequency range method
but with less accuracy.

4 2 Stability

The stability property of the reduced order controller
is an important issue which will be discussed in this sub-
section. Enns showed that frequency weighted balanced
truncation result in a stable reduced order model when
the weights are one sided, ie Wi = I and Wo 6= I or
Wi 6= I and Wo = I . As we showed in this section, the
new method is equivalent to Enns, therefore the stabil-
ity of newly proposed method is already proved for one
sided weights. Here, we will show that frequency- domain
closed loop grammians Pkc and Qkc satisfy Lyapunov-
type equations, so that stability property of controller
reduction method is verified. Because of equivalence with
Enns, this result can be extended to show that frequency
weighted reduction method of Enns yields a stable re-
duced model even with two sided weights.

Consider a stable band pass filter W (ω) as
{

W (ω) ∼= 1 , ω0 < abs(ω) < ω1 ,

W (ω) < ε ≪ 1 , elswhere.
(4.5)

Then, the finite frequency domain closed loop control-
lability grammian Pkc in equation (3.11) can be written
approximately as

P̂kc =
1

2π

∫ ∞

−∞

{
W (jωI − Ak)−1

× BkWiW
∗

i B∗

k(jωI − Ak)−1∗W ∗
}
dω (4.6)

where Wi is any desired weight or specific weight Wi =
(I + GK)−1 .

Here, the range of integration has changed because
of application of bandpass filter W (ω). Using Parsseval
theorem, (4.6) can be rewritten in time domain as:

Pkc(t) =

∫ ∞

0

W ⊗eA∗tBk ⊗WiW
∗B∗

keA∗

k
t ⊗W ∗dt (4.7)

where the symbol ⊗ denotes time convolution. By form-
ing the Lyapunov equation for the controllability gram-
mian of the controller we have

AkPkc + PkcA
⊤

k =

= Ak

∫
∞

0

eAktBk ⊗ W ⊗ WiW
∗

i ⊗ W ∗ ⊗ B∗

keA∗

k
tdt

+

∫ ∞

0

eAktBk ⊗ W ⊗ WiW
∗

i ⊗ W ∗ ⊗ B∗

keA∗

k
tdtA⊤

k

=

∫ ∞

0

d

dt

[
eAktBk ⊗ W ⊗ WiW

∗

i ⊗ W ∗ ⊗ B∗

keA∗

k
t
]
dt

=

∫
∞

0

d

dt
[zz∗]dt = z(∞)z∗(∞) − z(0)z∗(0)

where z = W ⊗ eAktBk ⊗ Wi .

If the original controller is stable, the states of the
controller converge to zero as time goes to infinity, so
z(∞) → 0 and we have

AkPkc+PkcA
⊤

k ≤ 0 =⇒ AkPkc+PkcA
⊤

k = −LL∗. (4.8)

So the controllability Lyapunov equation for controller
is negative semi-definite. By a similar procedure, it can
be shown that the observability Lyapunov equation for
controller is also negative semi-definite, that is,

A∗

kQkc + QkcAk = −NN∗. (4.9)

Since Pkc and Qkc satisfy time Lyapunov equations
(however with different Bk and Ck ), the stability of the
reduced order controller is automatically guaranteed, see
[13]. The following theorem mimics the stability result of
the reduced order controller.

Theorem 4.2. For a stable, controllable and observable

controller with stable input and output weights, the re-

duced order controller with grammians Pkc and Qkc is

stable.

P r o o f . The above described procedure proves the
result.

In general, if the frequency bound is not finite, the
frequency window W (ω) is not needed in stability proof
and the stability of two sided weight model reduction for
Enns technique can also be insured.
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Table 1. The comparison of error of different methods

Method Error
New method 0.2944

Wang 0.3973
Anderson (α = 0.5) 0.4812

SPA Unstable
Lin N/A

Table 2. The comparison of new weights and Anderson weights
with different methods

Method Weights 1 Weights 2
New Method & Enns 0.0982 0.1155

Wang 2.2532 31.2144
Anderson (α = 0.5) 2.3937 2.1684

WBTSPA Unstable Unstable
Lin NA NA

5 SIMULATION RESULTS

In this section we present a numerical example to show
the effectiveness of new method. The example is taken
from [14] which the control design for the plant would
lead to an unstable controller. The example highlight dif-
ferent aspects of the proposed method; in the first part
is compared with other controller reduction methods to
show a better error performance; the second part empha-
sizes the choice of input and output weight and at last
the capability of method to deal directly with unstable
controller reduction, instead of partitioning it to stable
and unstable parts is shown. Consider the plant G(s) in
Fig. 2 with a minimal realization as

AG =




−1 0 4
0 −2 0
0 0 −3



 , BG =




1
1
1



 ,

CG = [ 1 1 1 ] , DG = 0 .

(5.1)

Using the robust control technique, a controller with the
following transfer function has been designed in [14].

K =
148.79(s + 1)(s + 3)

(s + 31.74)(s + 3.85)(s − 9.19)
. (5.2)

Part I. In order to be able to compare our method
with other controller reduction methods, it is necessary
to partition the controller to two parts, one part which is
stable and the other which is unstable

K1 =
114.15(s + 3.61)

(s + 31.74)(s + 3.85)
, K2 =

34.64

s − 9.19
. (5.3)

The new closed loop grammian of the controller in the
frequency range of 2 to 100 Hz are

Pk =

[
1.2367 2.4232
2.4232 8.0501

]
, Qk =

[
0.1725 0.0273
0.0273 0.0044

]

(5.4)

which has singular values {σ2
1 = 0.3806, σ2

2 = 0.0001} .

Using the proposed algorithm in section 4, the reduced

order controller is given as

K1r =
105.3

s + 28.8
. (5.5)

The controller reduction with other methods has been

performed and the error for different method is sum-

marized in Tab. 1. The error is obtained from e =

‖H −Hr‖∞ , where H the transfer function of the closed

loop system in Fig. 2 with original controller and Hr is

the closed loop transfer function with the reduced order

controller.

In Tab. 1, the weights for Wang and Anderson methods

have been selected from Enns one sided weights, that is,
Wi = G(I + GK)−1 , Wo = I . It is obvious that the new

method has better result than the other methods.

Part II. In this part the choice of Wi and Wo on the

controller reduction problem will be studied. Two sided

weights are considered; the first choice is the newly pro-
posed weights Wi = G and Wo = (I+GK)−1 which were

obtained in the procedure of controller reduction and the

second choice are the Anderson performance preserving
weights; Wi = (I + GK)−1 and Wo = (I + GK)−1G .

The errors for these two choices of weights are shown

in Tab. 2. This table shows better performance of newly

defined weights in controller reduction techniques.

Part III. The last part is intended to show that the

newly controller reduction with finite frequency domain

consideration can be implemented for unstable controller

directly instead of partitioning it. The reduced order

controller can be obtained directly from finite frequency

grammians (3.11) and (3.12) as

Kr =
124.1s + 89.94

s2 + 27.93s− 341.1
(5.6)

with an error of ‖H − Hr‖∞ = 7.4608; as it is clear the

error is larger than the case of partitioning the controller.

So, although direct implementation of method is applica-

ble on the unstable controller, but it is not recommended.

6 CONCLUSIONS

In this paper a new frequency based controller reduc-

tion method was proposed. The method was based on new

frequency-domain controllability and observability gram-

mians. The relation of this method and Enns was intro-

duced and the stability of the method was discussed. The

simulation results show the effectiveness of this method.
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