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Bi-directional relay network employing signal space diversity

Mümtaz Yılmaz

In this work, signal space diversity (SSD) method is exploited for a simple two-way relay channel (TWRC) with two end

users mutually exchanging information. In order to ensure simplicity, the same rotation angle and interleavers are used under
SSD framework. Also the well known decode-and-forward (DF) and amplify-and-forward (AF) protocols are adapted for the
proposed TWRC. The analytical symbol error rate (SER) performance of the proposed scheme is evaluated for DF and AF
protocols individually and evaluated through simulation results. The proposed scheme is shown to improve the performance
of TWRC in terms of SER for both two protocols.
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1 Introduction

Communication networks connect the sources of in-
formation with each other through a common channel.
Although the data is transmitted through the same link,
they are detected individually at the receiving end. In this
context, two-way communication channel (TWCC) can
be defined as a transmission medium through which the
sources at the end nodes exchanges information. In the
pioneering work [1] in which TWCC channel is introduced
by Shannon, the achievable information rates are investi-
gated. One of the factors that impacts the quality of this
type of channel is the distance between sources.Whenever
a secure communication between the two sources could
not be established due to distance or if the security is
to be increased, one or more relays can be used in order
to support the communication. This type of bi-directional
communication channel assisted with relay(s) is named as
two-way relay channel (TWRC) [2] and may be assumed
as a general extension of Shannons TWCC.

In parallel with the cooperative communication [3] re-
search in the literature, there exist considerable works
on TWRC [4-10]. Those proposed systems either em-
ploy a single relay or multiple relays between the end
users. The transmission protocols are implemented in ei-
ther three phase or two phase. In the former case, the
sources transmit their signals to the relay(s) in the first
two time slots and the relay(s) broadcast a joint informa-
tion signal to the sources back in the final third time slot.
Alternatively, the two phase protocol consists of multi-
ple access and broadcast phases in which the relay re-
ceives a superimposed signal initially and then generates
and transmits a broadcast signal in the second time slot.
When the forwarding protocols at the relay(s) are inves-
tigated, we observe that the signals are relayed after ei-
ther being decoded [4-5], amplified [6,7,12], or denoised

[8]. These protocols are named as amplify-and-forward
(AF), decode-and-forward (DF) and denoise-and-forward
(DNF), respectively. There also exists hybrid type of DF-
AF protocols adapted for TWRC [9]. An extension of
TWRC, named as physical layer network coding (PLNC)
[10-12], is the counterpart of networking coding at the
physical layer. In PLNC, the relay either combines the
source symbols by a simple XOR operation or via the lin-
ear combination. For all the different systems designed for
TWRC, performance criteria is either error probability,
outage probability or achievable rates. The early works
on TWRC consider half duplex schemes in which a single
node cannot transmit and receive a signal at the same
time. But lately, the need for high data rates and band-
width efficiency in 5G systems requires the full duplex
operation for TWRC [13] in which any node can simulta-
neously transmit and receive signals. In a recent work on
TWRC, the non-orthogonal multiple access technique is
applied for two-way DF multiple relay network [14].

Signal space diversity (SSD) or also known as mod-
ulation diversity technique enables higher throughput in
fading scenarios without any additional bandwidth and
power requirements [15]. Provided that n-dimensional
constellation is applied, its possible to attain nth order
diversity by rotating the constellation and interleaving
the identical coordinates within themselves separately.
In this way individual coordinates of a single signal are
enabled to fade independently. Specifically if the widely
applied two-dimensional modulation schemes like Phase
Shift Keying (PSK) or Quadrature Amplitude Modula-
tion (QAM) are considered, SSD can be implemented by
rotating each element in the signal block by a certain
constant phase and interleaving the in-phase and quadra-
ture components separately, so that the two components
can experience independent fading. The performance en-
hancement via SSD in fading channels is presented in
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[16]. SSD is exploited for cooperative diversity as well. In
[17] a technique named signal space cooperation is intro-
duced and SSD is implemented distributively through an
expanded constellation. Specifically the source message
is partitioned to be transmitted directly from source at
the broadcast phase and from the relay at the relay phase.
SSD enables different components of each member of orig-
inal signal to be affected by independent channel fad-
ing. Hence, SSD is shown to outperform its counterparts
like the distributed turbo coded cooperative schemes and
trans-modulation scheme. Bit error probability (BEP)
analysis is evaluated in [18] for a cooperative system com-
bined with signal space diversity. The theoretical analy-
sis is validated with simulation results and a significant
BEP gain over traditional cooperative scheme without the
need for additional power or bandwidth. There exist a few
works that propose the application of SSD for TWRC. In
a recent work [19], the authors extended the SSD system
designed for cooperative communication for TWRC. The
proposed scheme is shown to enhance both the spectral
efficiency and reliability. In another work [20], following
the scheme in [17], a multi-relay TWRC employing DF
based SSD is presented. Again it has been shown that
performance and spectral efficiency are enhanced. In this
work, a communication system employing SSD together
with network coding is proposed for TWRC. For a three
node bi-directional communication system consisting of
two single antenna sources and an assisting relay node,
employing SSD results with out-performance which may
be regarded as the main contribution of this work. For DF
and AF protocols, a time division multiplexed transmis-
sion scheme is assumed and the corresponding mathemat-
ical definitions of the signals are expressed. The overall
symbol error rate (SER) is obtained both analytically and
through simulations. Furthermore, the simulations are re-
peated in order to determine the best rotation angle for
SSD.

We provide the general framework of two way relay
network and introduce the system model together with
the applied transmisson protocols. Further, we present
the proposed TWRC employing SSD using the signalling
schemes within. The details of the analytical performance
bound on symbol error rate are given and the performance
of proposed system is evaluated through simulations re-
sults.

2 System model and transmission protocols

The considered communication system consists of two
sources (A and B) at each end of the link and a single
relay (R), all equipped with single antenna (Figure 1). It
is assumed that no direct link exists between the sources
and the relay is at equal distances to both sources. The
multiplicative fading coefficient between the nodes k and
l is denoted by hk l where {k, l} ∈ {A,B,R} and as-
sumed as Rayleigh distributed random variable with zero
mean and unit variance. The probability density function

(pdf) of fading coefficient is given as f (h) = 2he−h2

.

All channel coefficients are assumed to be known at re-
spective receiver nodes but not at the transmitters. Simi-
larly additive white Gaussian noise (AWGN) between the
nodes k and l is represented by nk,l and assumed to be
a Gaussian distributed random variable with zero mean
and variance N0 .

A R B

sBsA

sR sR

Fig. 1. Two-way relay channel

2.1 Decode-and-forward

Let the symbols for the sources A and B be sA and
sB respectively, where sA = sAI + jsAQ and sB = sBI +
jsBQ are the in-phase/quadrature components. Both two
sources use the same constellation, i.e. {sA , sB } ∈ SM ,
where SM is the set of all possible transmitted symbols of
sources and M is size of the signal constellation. Assuming
orthogonal source-relay channels, the signals received at
the relay can be defined as

yAR = hARsA
√

PA + nAR, (1)

yBR = hBRsB
√

PB + nBR, (2)

where PA and PB are the transmitted power for sources
A and B respectively. Using abbreviations

αAR = hAR

√

PA, αBR = hBR

√

PB.

The relay decodes the source signals individually using
maximum likelihood method as

ŝA = argmin
s̃A∈S

|yAR − αARs̃A|, (3)

ŝB = argmin
s̃B∈S

|yAB − αBRs̃B|. (4)

Based on a pre-defined mapping rule, the relay maps these
two estimates of source symbols into a single symbol, sR ,
and transmits this signal back to sources. Consequently,
the signals received at the sources A and B can be defined,

using again: αRA = hRA

√
PR and αRB = hRB

√
PR as,

yRA = αRAsR + nRA, (5)

yRB = αRBsR + nRB. (6)

The maximum likelihood (ML) detection rule at the
sources requires finding the minimum metric defined as,

ŝRA = min
s̃R∈R

|yRA − αRAs̃R| , (7)

ŝRB = min
s̃R∈R

|yRB − αRBs̃R| , (8)

where R is the set of all symbols of QPSK. The sources
can easily decode the message of other user from ŝRA and
ŝRB already knowing their own message and the mapping
rule applied at the relay.
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Fig. 2. Block diagram of transmission between the sources and relay

2.2 Amplify-and-forward

In AF, the relay only normalizes the received signal
with a normalization factor that depends on the received
power and retransmits back to sources. In this case, the
transmitted signal from the relay to sources is defined as,

sR = β (αARsA + αBRsB + nAR + nBR) , (9)

where the normalization constant, β , is,

β =

√

PR

α2
AR + α2

BR +N0
. (10)

Consequently, the received signals at the sources can
be expressed same as (5) and (6). When decoding other
users signal, the sources cancel the self-information from
the received signal. In this case, the estimates of the
original source symbols, ŝA and ŝB , where {ŝA, ŝB} ∈
SM , are obtained at B and A nodes respectively as,

ŝA = argmin
s̃A∈SM

|yRB − βhRB (αARs̃A,+αBRsB)| , (11)

ŝA = argmin
s̃A∈SM

|yRA − βhRA (αBRs̃B + αARsA)| . (12)

It can be seen that in AF mode, the ML detection
directly outputs the transmitted symbol .

3 TWRC with signal space diversity

Assuming a two-dimensional signal constellation, tra-
ditional SSD is achieved by rotating each element of the
signal set by a constant angle and then interleaving each
dimension separately. In this way, it is possible to obtain
two orthogonal channels that fade independently. Let Sθ

M

define the rotated version of original signal set, SM , by

a phase of θ . Then Sθ
M , is obtained mathematically by

employing a transformation matrix

θ =

[

cos (θ) − sin (θ)
sin (θ) cos (θ)

]

, (13)

to SM . As a result, the Euclidean distances between the
in-phase and quadrature components of two different el-
ements of the rotated constellation become,

d2I = (cos(φ1 + θ)− cos(φ2 + θ))
2
, (14)

d2Q = (sin(φ1 + θ)− sin(φ2 + θ))2 . (15)

Here φ1 and φ2 are phase angles of the signals. These
Euclidean distances directly impact on the bit error rate
performance of the system, so it is of basic importance
to figure out the best rotation angle. Considering the at-
tainable gain of SSD at fading channels, it is reasonable
to exploit SSD for TWRC. Consequently, we search for a
general framework and transmission scheme for network
coded TWRC that has AF and DF protocols together
with SSD. For both protocols the sources apply SSD be-
fore transmission and use the same rotated constellation
and interleaver. In this case, the overall system diagram
will be as in Fig. 2.

If the rotated signals transmitted from the sources are
defined as, sθi = sθiI + jsθiQ , assuming perfect channel

state information, the received signal at the relay for DF
protocol is,

rAR =
√

PA

[

hIAR

(

sθAI

)

int
+ jhQAR

(

sθAQ

)

int
+nAR

]

, (16)

rBR =
√

PB

[

hIBR

(

sθBI

)

int
+jhQBR

(

sθBQ

)

int
+nBR

]

. (17)

Here (.)int represents the interleaving operation. The

diversity gain can be observed from (12) since the in-
phase and the quadrature components of the transmitted
signal are in effect of independent fading. The received
signal at the relay is deinterleaved initially, and then de-
coded using the rotated constellation. The estimated sig-
nals are mapped and then modulated. Before transmit-
ting back to the sources, the relay applies SSD. Hence,
the received signals at the sources are deinterleaved and
decoded.

For the other case of AF, the superposition signal does
not undergo a detection process at the relay but only
amplified and send back to sources. Therefore SSD is
not applied at the relay for AF protocol. In this case
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the received signal at the sources can be mathematically
defined as,

rAR = hRAβ
[

√

PA

(

hIAR

(

sθAI

)

int
+jhQAR

(

sθAQ

)

int

)

+
√

PB

(

hIBR

(

sθBI

)

int
+jhQBR

(

sθBQ

)

int

)

+ nAR+

nBR] + nRA,

(18)

rBR = hRBβ
[

√

PA

(

hIAR

(

sθAI

)

int
++ jhQAR

(

sθAQ

)

int

)

+
√

PB

(

hIBR

(

sθBI

)

int
+jhQBR

(

sθBQ

)

int

)

+ nAR+

nBR] + nRB.

(19)

4 Performance analysis

In order to evaluate the performance of the proposed
scheme, the closed form expression for SER for a sin-
gle user is obtained for both DF and AF protocols. For
DF protocol, since the relay employs a detection process,
there exists a possibility of an error propagation to the
sources. Consequently, the overall error rate is defined
as combination of events depending on whether an erro-
neous detection has occurred at relay or not. On the other
hand, the since the function of relay is only to forward
the source signals, noise amplification is in effect and the
end-to-end link between users can be handled as cascaded
fading channel.

4.1 Average symbol-error-rate for DF

The overall error rate for a single user in DF protocol
depends on a possible erroneous detection at relay. The
only case for end-to-end correct transmission requires no
errorneous decoding at both the relay node and receiving
source node. Hence, the overall symbol error probability,
defined in [11], can be expressed as,

PDF
e =

P (relay error)× P (source correct)+

+P (relay correct)× P (source error)+

P (relay error)× P (source error).

(20)

where ”correct” is related to ”correct decoding”. The last
term in (20) can be ignored when compared with the
first two error terms. In the following analysis, the error
probability for the link A→ R → B will be given but it
can be easily revised for the link B → R → A , by only
changing the indices. If we refer the error probabilities

at relay and source B as Pe
R and Pe

B respectively, the
overall symbol error probability is upper bounded as,

PDF
e = PR

e

(

1− PB
e

)

+
(

1− PR
e

)

PB
e =

= PR
e + PB

e − 2PR
e P

B
e .

(21)

Since SSD is employed at both sources and relay in DF

protocol, the Pe
R and Pe

B can be expressed simply with
the predefined point-to-point error rate for SSD links.

Following the procedure given in [15], Pe
R can be upper

bounded as,

PR
e ≤ 1

M

∑

sA∈Sθ
M

∑

ŝA ∈ Sθ
M

sA 6= ŝA

P
(

sA → ŝA
)

, (22)

where P (sA → ŝA) is the pairwise error probability
(PEP) that the relay decides ŝA although sA is trans-
mitted and calculated as,

P (sA → ŝA) =
1

π

∞
∫

0

sin2(ψ)
(

sin2(ψ) +
γ̄ARd

2
AI

2

)×

× sin2(ψ)
(

sin2(ψ) +
γ̄ARd

2
AQ

2

)dψ,

(23)

where d2AI and d2AQ are Euclidean distances of rotated

constellation of source A which are already defined in

(14) and (15). Here γAR = PA|hAR|2

N0
is the instantaneous

SNR for the A → R link and γ̄AR is the average value
of γAR . Since hAR follows a Rayleigh distribution, ???
follows an exponential distribution.

Considering the broadcast links from relay to sources,
the probability of an erroneous detection at the individual
source can be again expressed using the equations (22)
and (23). Considering the R → B link, the probability
for source B to make an incorrect decision for relay signal
can be expressed as,

PR
e ≤ 1

M

∑

sR∈Rθ

∑

ŝR ∈ Rθ

sR 6= ŝR

P
(

sR → ŝR
)

, (24)

where

P (sR → ŝR) =
1

π

∞
∫

0

sin2(ψ)
(

sin2(ψ) +
γ̄RBd

2
RI

2

)×

× sin2(ψ)
(

sin2(ψ) +
γ̄RBd

2
RQ

2

)dψ.

(25)

As discussed in section 2, source B decodes the data of
source A jointly using ŝR and self information sB . Since
all the nodes are assumed to use the same constellation
and the same rotation angle, all the Euclidean distances
will be equal, ie d2AI = d2BI = d2RI and d

2
AQ = d2BQ = d2RQ .
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4.2 Average symbol error rate for AF

The link between the end users of TWRC in AF pro-
tocol can be viewed as cascaded two hop fading chan-
nel. The end-to-end performance of Rayleigh fading AF
TWRC channels has been investigated in various works.
Either an average error rate or outage probability analy-
sis is carried out in these works. Since the relay forwards
the superimposed signals from end users in AF mode,
the first task in obtaining either the SER or the outage
performance is to determine the SNR values of end-to-
end links. For the proposed scheme, let us investigate the
SER performance from a single source point of view in
AF mode, specifically for A→ R → B link. Let be

γIAB =
PAd

2
I γ

I
ARPRγRB

(PA + PR)γRB + PAd2I γ
I
AR

,

and

γQAB =
PAd

2
Qγ

Q
ARPRγRB

(PA + PR)γRB + PAd2Qγ
Q
AR

.

The overall SNR of the cascaded link, A → R → B , can
be defined as [6],

γAB = γIAB + γQAB. (26)

It can be stated the independent SNRs for in-phase

and quadrature components appear as γIAR and γQAR re-
spectively as a result of SSD in A→ R link. The proba-
bility density function (PDF) of γIAB can be found with

the help of [6, (17)] denoting: a =
PA + PR

d2IPAPR
, b = 2

√

a

γ̄1γ̄2

and c =
( 1

γ̄1
+

a

γ̄2
), where γ1 = PRγRB , γ2 = γIAR

f I
AB(γ) = e−cγγ (bK0(bγ)cK1(bγ)) , (27)

where, Kν(.) is the ν -th order modified Bessel function

of the second kind. In order to obtain fQ
AB(γ), all the γ

I
AR

and d2I values are simply replaced with γQAR and d2Q .

For the reverse link, ie A→ R → B , the overall SNR,
γBA , can be expressed as

γBA = γIBA + γQBA, (28)

γIBA =
PBd

2
I γ

I
BRPRγRA

(PA + PR)γRA + PBd2I γ
I
BR

,

and

γQBA =
PBd

2
Qγ

Q
BRPRγRA

(PA + PR)γRB + PBd2Qγ
Q
BR

,

and the PDF of γIBA can again be calculated using (27)

with modifications a =
PA + PR

d2IPBPR
, γ1 = PRγRA and

γ2 = γIBR . Likewise the previous case, all the γIBR and

d2I values should be simply replaced with γQBR and d2Q in

order to calculate the PDF of γQBA .

The overall SER value for the A→ B link can simply
be calculated through the moment generation function
(MGF) approach in which the probability of error is cal-
culated as,

Pe =
1

π

π/2
∫

0

ΦγAB

(

− k2

2 sin2 θ

)

dθ, (29)

where the constant k is a specific value that depends on
the type and order of modulation and equals to 1 for
QPSK type of modulation. ΦγAB

(s) is the MGF of γAB .
Remembering that MGF is simply the expected value
of exponential of the random variable, ΦγAB

(s) can be
written as,

ΦγAB
(s) = EγAB

[

e−sγAB
]

=

=

∞
∫

0

e−sγI
ABf I

AB(γ)dγ

∞
∫

0

e−sγQ
ABfQ

AB(γ)dγ

= ΦγI
AB

(s)ΦγQ
AB

(s).

(30)

In order to derive a closed form expression of ΦγAB
(s),

the result of the definite integral of special functions gen-
erated by Bessel functions, see (6.621.3) in [21], is given
as

∞
∫

0

xµ−1e−cxKν(bx)dx =

=

√
π(2b)ν

(c+ b)µ+ν

Γ(µ+ ν)Γ(µ− ν)

Γ
(

µ+ 1
2

) ×

×2 F1

(

µ+ ν, ν +
1

2
;µ+

1

2
;
c− b

c+ b

)

,

(31)

where 2F1(a, b; c; d) is the Gauss hypergeometric func-
tion. Using predefined a, γ̄1 and γ̄2 values in (27), we set

c =
1

γ̄1
+

a

γ̄2
and b = 2

√

a

γ̄1γ̄2
and obtain Φ

I)
γAB(s) as,

ΦγI
AB

(s) =
4b2

3(c+ b+ s)2
2F1

(

2,
1

2
;
5

2
;
c− b+ s

c+ b+ s

)

+

+
32b2c

3(c+ b + s)3
2F1

(

3,
3

2
;
5

2
;
c− b+ s

c+ b+ s

)

.

(32)

The derivation of the expression for ΦγQ
AB(s) is straight-

forward using the same approach. As mentioned before,
the c and b values in ΦγQ

AB(s) will use updated c , γ1 and

γ2 values of c =
PA + PR

d2IPBPR
, γ1 = PRγRA and γ2 = γIBR .

Having obtained the MGF of received SNR value, the
final step in order to obtain the SER is simply to insert
(32) in the definite integral defined in (29) and evaluate
it. To the best of our knowledge, there exists no closed
form solution for the integral in (29), so we use numerical
integration in order to obtain SER values.
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5 Simulation Results

In order to evaluate the performance of the proposed
scheme, simulations are performed for fading channels.
The end-to-end SER performance of individual user is
obtained with respect to Es/N0 , where Es is the symbol
energy. QPSK modulation is assumed to be used at both
the source nodes and at the relay. The Rayleigh fading
channel coefficients are assumed to be reciprocal, ie hkl =
hlk where {k, l} ∈ {A,B,R} . All the transmit powers are
assumed to be equal and chosen as unity, ie PA = PB =
PR = 1. Frequency flat, Rayleigh fast fading channel is
assumed and the block size is chosen as 512. It assumed
that the receivers have perfect channel state information
while transmitters do not. Additionally, the noise power
is assumed to be equal at all the links in the system. In
order to determine the best rotation angle used in SSD
block, the simulations are iterated for different rotation
angles.

The simulation results of the proposed TWRC employ-
ing SSD under DF protocol framework are presented at
Fig. 3. Since employing SSD for TWRC results with the
same data rate and bandwidth with the original scheme,
the performance of the proposed system is compared with
the one that does not employ SSD, ie basic TWRC. It
can be stated that the SSD achieves an additional gain
of around 10 dB for TWRC at a SER value of ×10−3 . It
can be observed that the optimum rotation angle for DF
protocol is between 5◦ and 25◦ , which is determined to
be 14◦ with repeated simulations for different angles.

The sources extract the data of the opponent after de-
interleaving and decoding the received signal following
the method given in part 2.2.

SER

0 5 10 3015 E Ns o/ (dB) 25

10
-1

10
-2

10
-3

10
-4

10
-5

10
0

TWRC DF (no SSD)

TWRC-SSD DF, = 5q °

TWRC-SSD DF, = 15q °

TWRC-SSD DF, = 25q °

Fig. 3. SER performance for DF protocol

Considering the results for AF protocol given in Fig. 4,
the gain attained by the proposed TWRC with SSD
scheme is around 8 dB at a SER value of 4 × 10−3 . On
the other hand, the optimum value of the rotation angle
is found out to be 16◦ for AF. It can also be stated that
DF protocol is superior to AF since the latter protocol
might cause an error propagation from relay to the end
sources nodes.

SER

0 5 10 3015 E Ns o/ (dB) 25

10
-1

10
-2

10
-3

10
0

TWRC AF (no SSD)

TWRC-SSD AF, = 25q °

TWRC-SSD AF, = 15q °

TWRC-SSD AF, = 5q °

Fig. 4. SER performance for AF protocol.

The evaluation of the theoretical performance bounds

obtained analytically for both DF and AF protocols are

depicted in Fig. 5. The rotation angle is chosen as 15o

and the SER values obtained through simulations are

compared with theoretical upper bounds. It is observed

that the analytical bounds have common behavior with

simulation results for both DF and AF protocols and

can be regarded as a consistent upper bound for both

protocols.

SER

0 5 10 3015 E Ns o/ (dB) 25

10
-1

10
-2

10
-3

10
-4

10
-5

10
0

TWRC-SSD AF, simulation

TWRC-SSD AF, analytical

TWRC-SSD DF, simulation

TWRC-SSD DF, analytical

Fig. 5. Analytical performance of TWRC MD scheme

6 Conclusion

In this work, a possible implementation of signal space

diversity method for two-way relay channel is investi-

gated. The AF and DF transmission protocols are jointly

applied under SSD framework for TWRC. The end-to-

end SER performance is determined first analytically and

then evaluated through simulations. The theoretical re-

sults are in accordance with simulation results. The rota-

tion angle, an important parameter that determines the

performance of SSD, is determined by repeated simula-

tions. The results reveal that SSD enables diversity gain

for fading TWRC, similar to other cooperative schemes.
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The overall error performance is enhanced by incorporat-
ing SSD in TWRC. As a future work, the to the theo-
retical bound on SER can be optimized by incorporating
the rotation angle parameter in the analysis. onal wadc
in the face of communication uncertainties.
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