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COMMUNICATIONS

Gaussian MIMO relay channel with orthogonal channel components

Zouhair Al-qudah

The Gaussian multiple-input multiple-output (MIMO) orthogonal relay channel (ORC) is investigated. The transmission
from source to relay is done over a channel that is orthogonal to source-destination and relay-destination channels. Practically,
this assumption is made such that many communication devices from different technologies are exploited in relaying the
source’s signal into its destination. For this channel model, the capacity is initially derived. Thereafter, we propose a
transmission algorithm to achieve the derived capacity. Further, to support our theoretical results, many numerical examples
are presented.

K e y w o r d s: channel capacity, MIMO system, multiple antennas, multiple access channel, orthogonal frequency bands

1 Introduction

In this paper, we consider the relay channel in which
the source-destination pair is augmented by a third node,
the relay. For the sake of forwarding the source’s signal
into its destination, different relaying techniques may be
used. These techniques include decode-and-forward (DF),
amplify-and-forward (AF), and compress-and-forward
(CF). Further, in the case that the nodes are equipped
with single antenna for transmission and reception, which
is commonly known as single-input single-output (SISO),
the authors in [1] derived the capacity in many different
cases including the degraded relay channel and the gen-
eral relay channel. In a step forward, the authors in [2]
established the capacity of the relay channel in which
the transmission from source to relay is performed over
a channel that is orthogonal, in frequency, to source-
destination and relay-destination channels. Further, this
capacity result is shown to be equal to the max-flow
min-cut upper bound of the general relay channel [2]. In
other words, employing a relay that can receive and then
transmit over orthogonal channels achieve the capacity of
the relay channel. Further, transmission over orthogonal
channels, in which different frequency bands are used for
either transmission or reception, are studied in many dif-
ferent multi-users scenarios [3–5]. For instance, different
frequency bands are exploited to transmit to the relay
and the intended receiver [5]. Practically, the importance
of transmission and/or reception over different frequency
bands is to let many communication devices from various
technologies to extend and improve the system perfor-
mance.

For the sake of increasing the achievable capacity of
a given communication system, Telatar [6] used multiple
antennas for transmission and also a set of antennas for
reception. To achieve the capacity, Telatar used water-
filling technique, which was proposed in [7], for transmis-

sion in the case that channel state information (CSI) is
available at the transmitter. Furthermore, in the case of
no CSI at transmitter, Telatar showed that equal power
can be assigned to all transmit antennas to achieve the ca-
pacity. Then, the multiple-antenna system was expanded
to many multi users communication systems like MIMO
broadcast channel [8], MIMO relay channel [9–12], and
massive MIMO networks [13]. For example, the authors
in [9] derived the capacity of the MIMO relay channel in
the case that the relay can DF the source’s signal. In ad-
dition, the case that the relay can AF was studied in [10].

In this paper, we consider the transmission over Gaus-
sian MIMO-ORC in which all nodes are equipped with
multiple antennas. In addition, the transmission from
source to relay is operated over a channel that is orthogo-
nal to source-destination and relay-destination channels.
As explained before, this communication scenario may
model a multi-user communication model with multiple
standards. In particular, the transmission from source to
destination may get advantage of the availability of a
third node, the relay. This relay may operate over dif-
ferent frequency bands such that it can receive over a
frequency band and the transmission is performed over
another frequency band.

Specifically, in this paper, we first derive the achievable
capacity of the MIMO-ORC. Precisely, the capacity of the
SISO Gaussian orthogonal relay channel is extended and
derived for the MIMO Gaussian orthogonal relay chan-
nel. As will be shown in the derivation, this extension is
not straightforward. Thereafter, an iterative algorithm is
developed to achieve the capacity. Then, many numerical
examples are presented to show the value of employing
multiple antennas for transmission and reception at the
nodes forming the relay channel.

Notations: In this paper, we use † to denote for the
conjugate transpose, E is used for referring to the expec-
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Fig. 1. Gaussian MIMO orthogonal relay channel. Different line
formats denote different frequency bands.

tation operator, Cov is used to denote for the covariance,

Var represents the variance, IN is used to exemplify an
identity matrix of size N , and CN (µ,Σ) is used to sym-
bolize the distribution of a circularly symmetric complex

Gaussian vector of mean µ and covariance matrix Σ.

2 System model

depicted in Fig. 1, the considered MIMO-ORC mainly
consists of three nodes: source, destination, and an in-

termediate node, the relay. In this channel model, there
are MS transmit antennas at source, ND receive anten-
nas at destination, and the relay is equipped with NR

receive antennas and MR transmit antennas. The Gaus-
sian vector received signals at relay, YR ∈ CNR×1 , and
destination YD ∈ CND×1 , are respectively given by

YR = HSRXR + ZR, (1)

YD = HSDXD +HRDX1 + ZD, (2)

where

• HSR ∈ CNR×MS , HSD ∈ CND×MS , and HRD ∈
CND×MR are the channel gains as shown in Fig. 1.
These channel gains are assumed to be constant and

globally known.

• Over different frequency bands, the source transmits
the signals XD ∈ CMS×1 and XR ∈ CMS×1 to both

the destination and the relay, respectively. The average
power PS at the transmitter is exploited to send both

the signals XD and XR such that E[X†
D
XD] ≤ αPS

and E[X†
R
XR] ≤ (1 − α)PS = ᾱPS . X1 ∈ CMR×1 is

the transmitted signal from relay to destination with

average power limited by PR . Specifically, the relay
initially decodes the received signal and then forwards
X1i = F(YR[i−1]) which denotes that the signal X1i ,

at time instant i , is a function of the signal YR[i−1] .

Further, the noise signals ZR ∈ CNR×1 at relay and
ZD ∈ CND×1 at destination are independent circu-
larly symmetric additive Gaussian random variables
with distributions CN (0, INR

) and CN (0, IND
), re-

spectively.

3 Capacity analysis

As a matter of fact, the capacity is analyzed and con-
sequently derived based on the following discussion.

Theorem 1. The capacity of the MIMO-ORC, C , is

given by

C = min{C1, C2 + C3}, (3)

where

C1 = log
[

det
(

IND
+HSDΣDDH

†
SD

+HRDΣ1DH
†
SD

+

+HSDΣD1H
†
RD

+HRDΣ11H
†
RD

)]

,

(4)

C2 = log
[

det
(

INR
+HSRΣRRH

†
SR

)]

, (5)

C3 ≤ log
[

det
(

IND
+ (1− ρ2)HSDΣDDH

†
SD

)]

, (6)

where ρ represents the correlation coefficient, ΣDD , Σ11 ,

ΣRR , and Σ1D are the covariance matrices. These terms

are defined in the proof.

R e m a r k 1 .

• To maximize the minimum achievable capacity, the
average allocated power at the source and the relay
are optimized such that the multiple access part, (C1),
and the broadcast part, (C2 + C3), are almost equal.

• The source may use different number of antennas to
transmit its signals. For example, the source may em-
ploy MSD antennas to send XD and MSR antennas
to transmit XR .

• Water-filling in conjunction with antenna selection can
be used to significantly improve the achievable capac-
ity [11]. In particular, using the water-filling algorithm
can help to efficiently allocate the available average
power toward using antennas with better conditions.
This technique may reduce the number of transmit an-
tennas at both the source and the relay. For instance,
the source may use M∗

SD
to transmit to destination

and M∗
SR

to send to relay.

We start the proof by introducing the following propo-
sition.

Proposition 1 [2]. The capacity of the discrete memo-

ryless MIMO-ORC with orthogonal channel components

is expressed by

C = maxmin
{

I(XR;YR | X1) + I(XD;YD | X1), I(XD,X1,YD)
}

.

(7)

It is good to pay attention that this capacity is equal to
the max-flow min-cut upper bound of the general MIMO
relay channel [2]. We first derive the achievable rates of
the Gaussian MIMO-ORC in the phase of broadcasting.
Precisely, in this phase, the source transmits different
signals to both the relay and the destination. Initially, the
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transmission rate from the source to the relay is given by
the term I(XR;YR|X1) and then is obtained as follows

C2 = I(XR;YR|X1) =

= h(YR|X1)− h(YR|XR,X1) =

= h(YR|X1)− h(YR|XR)
(a1)

≤ h(YR)− h(YR|XR) =

= h(YR)− h(ZR) = h(YR)− log[(πe)ND det(INR
)]

(a2)
= max

ΣRR

log
[

det
(

INR
+HSRΣRRH

†
SR

)]

,

(8)
where step (a1) follows since YR is independent of X1 ,
and step (a2) follows again since circularly symmetric
complex Gaussian distribution maximizes the entropy [6].
Further, the correlation matrix ΣRR is obtained by eval-

uating E[XRX
†
R
] .

Then, the achievable rate from the source to the des-
tination can be described by the part I(XD;YD|X1) and
is derived as follows

C3 = I(XD;YD|X1) = h(YD|X1)− h(YD|X1,XD)

(b1)
= Ex1

[h(YD|X1 = x1)− h(ZD)

= Ex1
[h(YD|X1 = x1)− log[(πe)ND det(IND

)]

≤ Ex1

[

log
[

(πe)ND det
(

V ar
(

YD|X1 = x1

))]]

−

log
[

(πe)NDdet(IND
)
]

=Ex1

[

log
[

det
(

V ar(YD|X1=x1)
)]]

= max log
[

det
(

IND
+HSDΣXD|X1=x1

H
†
SD

)]

(b2)
= max log

[

det
(

IND
+HSD

(

ΣDD−ΣD1Σ
−1
11 Σ

†
D1

)

H
†
SD

)]

(b3)
= max log

[

det
(

IND
+HSDΣ

1

2

DD

(

I − AA
†
)

Σ
1

2

DD
H

†
SD

)]

(b4)

≤ log
[

det
(

IND
+ (1 − ρ2)HSDΣDDH

†
SD

)]

. (9)

In this derivation, step (b1) follows from the definition of
conditional entropy. Next, to get the result in step (b2),
the conditional covariance matrix ΣXD|X1=x1

= ΣDD −

ΣD1Σ
−1
11 Σ

†
D1 is considered. Further, to achieve the result

in step (b3), we can write

ΣXD |X1=x1
= ΣDD − ΣD1Σ

−1
11 Σ

†
D1

= Σ
1

2

DD

(

I − Σ
−1

2

DD
ΣD1Σ

− 1

2

11 Σ
− 1

2

11 Σ†
D1Σ

− 1

2

DD

)

Σ
1

2

DD

= Σ
1

2

DD

(

I − AA
†
)

Σ
1

2

DD
, (10)

where the last step is obtained by assuming that A =

Σ
− 1

2

DD
ΣD1Σ

− 1

2

11 . Further, ΣDD = E[XDX
†
D
] and Σ11 =

E[X1X
†
1] represent the correlation matrices. ΣD1 =

E[XDX
†
1] represent the covariance matrix. In addition,

in this derivation, step (b4) is obtained by using the re-

sult from lemma 3.1 [9] in which (I−AA
†) ≤ (1−ρ2)IMs

and ρ ∈ [0, 1].

To this extent, we are able to derive the achievable
rate of the Gaussian MIMO-ORC in the phase of multi-
ple access. In this phase, both the source and the relay

transmit to the destination. In particular, the sum rate,

I(XD,X1,YD), is expressed by

C1 = I(XD,X1,YD) = h(YD)− h(YD|XD,X1)

= h(YD)− h(ZD) = h

(

[HSD HRD ]

[

XD

X1

]

+ ZD

)

− log[(πe)ND det(IND
)]

(d1)

≤

log

[

(πe)ND det

(

Cov

(

[HSD HRD ]

[

XD

X1

]

+ ZD

))]

− log[(πe)ND det(IND
)] =

log

[

det

(

IND
+

[

[HSD HRD ]

[

ΣDD ΣD1

Σ1D Σ11

]

[

H
†
SD

H
†
RD

]

])]

= log
[

det
(

IND
+HSDΣDDH

†
SD

+HRDΣ1DH
†
SD

+HSDΣD1H
†
RD

+HRDΣ11H
†
RD

)]

, (11)

where step (d1) is obtained since circularly symmetric

complex Gaussian distribution maximizes the entropy [6].

Finally, the rates in (5), (6) and (8) forms that shown

in Theorem 1.

To this end, we are eager to introduce an algorithm to

compute the rates in Theorem 1. The main goal of this

algorithm is to perfectly allocate the available power at

source such that the broadcast term, (C2 +C3), and the

multiple access term, (C1), are nearly equal.

• Use the water-filling technique and antenna selection

to compute C1 , C2 , and C3 .

• In the case of C1 − (C2 + C3) > δ , where δ is a

pre-defined threshold, then, allocate more power to

transmit XR until C1 − (C2 + C3) ≤ δ .

• In the case of (C2+C3)−C1 > δ , then, allocate more

power to transmit XD until (C2 + C3)− C1 ≤ δ .

From this algorithm, it is clear that power allocation

is mainly performed at the source to determine at first

the value of α such that αPS is used to directly trans-

mit to destination and αPS to transmit to relay. There-

after, water-filling in conjunction with antenna selection

are used to determine which antennas to use for transmis-

sion. Even thought that the authors in [11] showed that

employing either water-filling technique or antenna selec-

tion can increase the capacity of a given system with mul-

tiple antennas, Telatar [6] showed that water-filling can

be used to achieve the capacity of the Gaussian MIMO

channel.

Next, many numerical results are shown to validate

our theoretical results. In this regard, as previously men-

tioned, the capacity of the MIMO-ORC is equal to the

max-flow min-cut upper bound of the general MIMO re-

lay channel [2].
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Fig. 2. Achievable Capacity of the Gaussian MIMO-ORC versus
the signal-to-noise ratio of the direct path for different values of

average power at the transmitting nodes
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Fig. 3. Achievable capacity of the Gaussian MIMO-ORC versus
the number of transmit antennas at the source for different values

of receive antennas at both the relay and the destination

4 Numerical analysis

We now ready for presenting some numerical examples

that show the importance employing multiple transmit

and multiple receive antennas, and also transmission over

different frequency bands. In these simulations, we follow

the guidelines that were presented in Algorithm. Unless

otherwise indicated, the average power at each source

is set to 10, ie,PS = PR = 10. The noise variance at

all receive nodes is normalized to 1. In addition, the

number of antennas at all nodes is set to 2. Further, the

channel gains are randomly selected based on Gaussian

distribution. Finally, the results are averaged over 200

thousands iterations.

Fig. 2 shows the relation between the channel capacity,

in bit per channel use (bpcu), versus the signal-to-noise

ratio of the direct path for different values of average

power at the transmitting nodes. In particular, this figure

indicates that as the average power per transmit node

increases so does the achievable capacity.

The relation between the achievable capacity and the

number of transmit antennas at the source, for differ-

ent values of receive antennas at both the relay and the

destination, is also shown in Fig. 3. This figure clearly

indicates that as the number of transmit antennas at the

source increases so does the achievable capacity. Further,

the achievable capacity is significantly increased by ex-

ploiting large number of receive antennas at both the

relay and the destination. For instance, the number of

receive antennas at the destination are increased from 2

antennas to 8 antennas in a case. Further, in another

case, 8 receive antennas are utilized at both the relay

and the destination. This means that as long as the num-

ber of transmit and receive antennas increases so does the

achievable rate.

5 Conclusion

In this paper, the transmission over MIMO-ORC has
been investigated. In particular, a closed-form expression
for the capacity of the MIMO-ORC has been derived.
Additionally, we note that this capacity is equal to the
max-flow min-cut upper bound of the general MIMO re-
lay channel [sinz2005]. Then, not only to this extent, but
rather an iterative transmission algorithm has been pro-
posed to achieve the capacity. Finally, many numerical
examples have presented to show the value of employing
different frequency bands and also the value of utilizing
large number of transmit and receive antennas.
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