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RADIAL MAGNETIC FORCES OF SINGLE–PHASE
PERMANENT SPLIT–CAPACITOR MOTOR

Valéria Hrabovcová — Pavol Rafajdus
∗

This paper deals with investigation of radial forces developed in an unsymmetrical air-gap of a single phase induction
motor to avoid noise operation. The calculation is made on the basis of magnetic field analysis by means of FEMM. It is
shown that eccentricity of the air-gap has a significant negative influence on the machine operation.
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magnetic field analysis, noise and vibration of electrical machines

1 INTRODUCTION

The aim of the paper is to investigate radial magnetic
forces developed in the air-gap of a single phase induction
motor (IM) with a permanent capacitor in the auxiliary
phase and their dependence of the air-gap eccentricity.

It is known that the noise and vibration of the electric
motors have a severe influence on the motor operation as
well as on its life and reduce its reliability.

As to the primary source of noise, it can be caused by
mechanical and magnetic reasons. Magnetic noise corre-
sponds to the resonance phenomena between mechanical
forces caused by the time and space variable magnetic
field of the electrical machine and its mechanical parts,
mainly between stator and rotor lamination stacks.

As it is known, the most serious source of magnetic
noise are the so-called stator and rotor slot harmonics,
which can have the following orders

m = gSQS + p , n = gRQR + p . (1, 2)

Here p is the number of pole pairs, m (n) is the order
of stator (rotor) harmonics, QS (QR ) is the number of
stator (rotor) slots, gS (gR ) is any positive or negative
integer. Each stator harmonics of m -order creates with
each rotor harmonics of n -order a radial force, acting
perpendicularly on the shaft, the order of which is given
as follows:

r = m ± n =
(

gSQS + p
)

±
(

gRQR + p
)

. (3)

There are also other radial forces created by the stator
and rotor harmonics of various orders but they are neg-
ligible in comparison with the above mentioned r -forces
given by (3).

This paper deals with investigation of such radial
forces in a single-phase induction motor with a perma-
nent capacitor in the auxiliary winding and is focused on
the influence of air-gap eccentricity.

2 MAGNETIC FIELD ANALYSIS

As a first step, analysis of the magnetic field in the

cross section area of the investigated motor has been

made by means of FEMM (Finite Element Method Mag-

netic — free public licence) which enables such calcula-

tions.

Fig. 1. Connection of the main and auxiliary windings.

Figure 1 shows the connections of main and auxiliary

windings Fig. 2 shows the cross-section area with the

distribution of the main (subscript “ma”) and auxiliary

(“au”) windings in the stator slots (QS = 24, QR = 30).

In Fig. 3 there is a phasor diagram of the measured no-

load current and its components and in Fig. 4 time wave-

forms of the main and auxiliary currents, to be able to put

currents of individual instants to the FEMM program. As

it is seen in this figure, the instants at which both cur-

rents have equal magnitudes are ωt = 74.6◦ and 254.6◦ .

At these instants the air-gap flux density will achieve its

maximum and at instants 164.6◦ and 344.6◦ its mini-

mum.
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Fig. 2. Cross-section area of the investigated motor with a sym-
metrical air-gap.

Fig. 3. Phasor diagram of measured no-load currents.

Fig. 4. Time waveforms of the main and auxiliary currents.

Fig. 5. A plot of magnetic flux lines.

Fig. 6. Instantaneous values of air-gap flux density at current
instant 74.6◦ .

A plot of magnetic lines is shown in Fig. 5 where it is

seen that it is a two-pole machine. Instantaneous values of

air-gap flux density at instant 74.6◦ is in Fig. 6, where one

can see also the fundamental harmonic and its amplitude.

Because the waveform is made at current instant 74.6◦ ,

it is its maximum possible amplitude BδlmaxMAX , which

occurs at 36.3◦ shifted from space origin (zero), as it

is shown in Fig. 2 and Fig. 8. Space origin is placed in

position, where the amplitude of magnetic flux density at

current instant 0◦ will occur.

Such an analysis made at every instant of current

waveforms enables to show Fig. 7, where amplitude

Bδl max around the whole air-gap is seen Bδl max = f(Θ).

Here one can see its minimum Bδ1maxMIN and maximum

BδlmaxMAX as written above.

Fig. 7. The amplitudes Bδl max around the whole air-gap.

The same waveform is rearranged to Fig. 8 (made

on the basis of Fig. 4), where one can see the space

distribution of Bδl max in the air-gap. This figure shows

that

1) one period of currents corresponds to one cycle move-

ment of the flux density around the whole air-gap pe-

riphery, which confirms that it is a two pole machine,

2) in the air-gap there is no circular but an elliptical

rotating field,
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3) the speed of rotation is not constant: Phasor of Bδl max

is shifted from 0◦ to 90◦ in the space between current
instants 0◦ and 156◦ , and the further shifting by 90◦

(90◦ ÷ 180◦ ) is made between current instants 156◦

and 180◦ , which means during 24◦ el. The second half-
waveform is repeated in the same way.

Fig. 8. Space distribution of Bδl max in the symmetrical air-gap.

3 INVESTIGATION OF

RADIAL MAGNETIC FORCES

As it was mentioned above, radial forces, the order
of which is given by equation (3), can create noise and
vibrations. If r = 0, a symmetrically distributed radial
force acts on the hollow cylinder of the stator stack. If
r = 1, the force acts on the rotor as a unidirectional
tension, and causes its bending load. If r = 2, 3, 4, . . . ,
radial forces distort the circular body of the stator to an
r -angular frame, and they rotate with an r -times lower
speed in comparison with the main field rotation. Ob-
viously the amplitude of the radial forces are decreasing
with the increasing r -order, therefore the higher harmon-
ics are less dangerous from the point of view of noise. It
results in a procedure, in which the aim is to eliminate
the slot harmonics of the lowest order, obviously the first
two, that means at gS = ±1. Mathematically expressed,
for given gS , at known p and any gR it must be fulfilled
an inequality [1]:

∣

∣

(

gSQS + p
)

±
(

gRQR + p
)∣

∣ > r . (4)

If this expression is fulfilled, then stator slot harmonics
will be eliminated from the production of radial forces of
order less than (r + 1). Solution of eqn. (4) can be used
for determination of a suitable number of QS and QR

from the point of view of noiseless operation.

Because in the case of the investigated motor the num-
bers of QS and QR are known, it is possible to find the
order and magnitude of the produced radial forces. As it
is known, the radial forces for air-gap area unit is [1]:

frad =
B2

δ (Θ, t)

2µ0

(5)

In this equation there is given an instantaneous value

of air-gap flux density Bδ at time t in the position shifted

by θ from the origin, on the circle around the periphery of

the air-gap. There is used only µ0 , because it is assumed

that µF0
→ ∞ . Nowadays the calculation of frad forces

can be carried out by a computer, by means of FEM,

which allows to get data files with Bδ = f(θ, t) and their

Fourier analysis.

3.1 Symmetrical air-gap

To be able to analyze the presence and values of in-

dividual harmonic components in Bδ , it is suitable to

apply the theory given above. For the investigated mo-

tor, where QS = 24, QR = 30 and p = 1, on the basis of

(1) the stator can create the first four harmonics of order

m = 25 , −23, 49, −47 for gS = +1,−1,+2,−2. The

negative sign means that the harmonics rotate opposite

to the first one.

The rotor can create the first four harmonics of order

n = 31, −29, 61, −59 for gR = +1,−1,+2,−2. As it is

seen on the cross-section area of the investigated motor

(Fig. 2) the slots on the rotor are closed (not opened),

therefore its harmonics are suppressed and stator har-

monics are dominant. This is seen in Fig. 9, where har-

monic components Bδv are shown made on the basis of

Fig. 6. Although this spectrum of harmonics is made for

currents at ωt = 74.6◦ , it can be shown that a similar

spectrum and values will be gained for further current

instants.

Fig. 9. Harmonic components of the waveform given in Fig. 6.

It results from the solution of equation (4) that QS

and QR of the investigated motor were designed very

well, and space harmonics of lower orders are eliminated.

There are dominant above mentioned stator harmonics

23rd , 25th , 47th , 49th . For a symmetrical three-phase

motor these harmonics would not be dangerous but for

a single phase motor they create a high amplitude (the

23rd is 25% of the fundamental one) and there are also

harmonics which would not appear in the three-phase
motor at all (for example 3rd one).
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Fig. 10. a) Bδ3 max versus rotor position in electrical degrees b) frad3 versus rotor position in electrical degrees, c) Bδ3 max versus rotor
position in mechanical degrees, d) frad3 versus rotor position in mechanical degrees.

Fig. 11. a) Bδ23 max versus rotor position in electrical degrees b) frad23 versus rotor position in electrical degrees, c) Bδ23 max versus
rotor position in mechanical degrees, d) frad23 versus rotor position in mechanical degrees.

In the next, the waveforms of Bδv and its radial force
will be shown on the 360◦ el., and around the whole air-
gap periphery (360◦ mech.).

It results from the solution of equation (4) that QS

and QR of the investigated motor were designed very
well, and space harmonics of lower orders are eliminated.
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Fig. 12. a)
∑

Bδν versus rotor position in electrical degrees b)
∑

fradν versus rotor position in electrical degrees, c)
∑

Bδν versus
rotor position in mechanical degrees, d)

∑

fradν versus rotor position in mechanical degrees for symmetrical air-gap.

In Fig. 10 there are waveforms of 3rd harmonic, in
Fig. 11 the 23rd harmonic components of the air-gap flux
density as well as their radial forces.

In Fig. 12 there are the waveforms of
∑

Bδv and
∑

fradv as the sum of all higher harmonics, excluding
fundamental harmonic. This figure will be compared with
that made for an asymmetrical air-gap.

3.2 Asymmetrical air-gap

In the previous chapters there was analyzed only the
influence of stator and rotor slottings on the air-gap flux
density and on the radial magnetic forces. Here an ec-
centricity of the air-gap will be analyzed from the point
of view of radial magnetic forces. Such eccentricity can
occur if the stator lamination boring is not perfectly cir-
cular, if the rotor is not positioned perfectly in the centre
of the stator boring, or if rotor ovality is not perfectly
kept.

In Fig. 13 there is seen eccentricity ε and its influence
on the air-gap. In this case the eccentricity is located
to the axis of the auxiliary winding x -axis. It is valid
that δmin + δmax = 2δsym that means the stator boring
and rotor diameter is the same as before, when δ was
symmetrical (δsym ).

As it is known [1], this case of eccentricity develops
harmonic components of the order p ± c , where c is
integer. The strongest harmonics are of the order p ± 1.

In Fig. 14a there is a waveform of the air-gap magnetic
flux density at current instant 0◦ (see also Fig. 4) to

show that it is a function symmetrical to the origin of

the coordinate system and therefore will contain odd and

even harmonic components, as it is seen in Fig. 14b.

The waveforms for other current instants will be made

similarly but each will be differ from the other in value

and position of Bδ max and length of τp (see Fig. 15).

In all current instants the dominant component is the
2nd one, which is in coincidence with the above predicted

order for a 2-pole machine p ± 1 = 1 + 1 = 2. The
amplitude of the 2nd harmonics is changing from one

current instant to the other and the highest one is at
the 0◦ (Fig. 14b). Besides the 2nd , there are also the

harmonics because of stator slotting (23rd , 25th , 47th ,

49th ).

The fact that δmin is in −x axis and δmax in +x axis

has an influence on the Bδ amplitude as well as on the

pole pitch of Bδ , as it is seen in Fig. 15.

From Fig. 15 and at other current instants it can be

derived that it is not enough to evaluate the amplitude of

the fundamental harmonic, because it does not give a real

view of the magnetic field in the air-gap. In fact in −x

axis is always high Bδ with a short pole pitch and in +x

axis always small Bδ with a longer pole pitch, but the

amplitude of fundamental harmonic is always the same

with the symmetrical pole pitch.

To compare the fundamental harmonic amplitudes of

the air-gap flux density at symmetrical and asymmetri-

cal air-gap, Fig. 16 has been created. As it was mentioned
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Table 1.

Current phase 0◦ 30◦ 60◦ 74.6◦ 90◦

Bδmax 45◦ −1.08T 45◦ −1.26T 45◦ −1.33T 45◦ −1.34T 45◦ −1.33T
position and value 135◦ +1.08T 225◦ +1.03T 225◦ +1.16T 225◦ +1.17T 225◦ +1.16T

Current phase 120◦ 150◦ 156◦ 164.6◦ 180◦

Bδmax 45◦ −1.28T 45◦ −1.07T 90◦ −0.9T 135◦ −0.95T 45◦ +1.08T
position and value 225◦ +1.12T 225◦ +0.8T 315◦ +0.5T 315◦ +0.55T 135◦ −1.08T

before, there are not seen peculiarities of the air-gap ec-
centricity.

Therefore the interest must be put to the spectrum and
values of air-gap higher harmonics and their influence on
the radial forces, as well as the maximum of instantaneous
values of Bδ .

In Table 1 there is shown that the moving of Bδ max

is very un-equal and non-uniform, more than in the case
of a symmetrical air-gap. It is seen that:

1) Bδ max is almost at a constant position between cur-
rent instant of 0◦ and 156◦ (more precisely between
30◦ and 150◦ )

2) Between 156◦ and 180◦ it runs around the half of
periphery,

3) At 180◦ it has the same positions as at 0◦ but of
opposite polarity,

4) Amplitudes of Bδ max differ in individual half-wave-
forms and

5) They are not positioned in the span of the regular pole
pitch.

Fig. 13. Illustrative picture showing air-gap eccentricity.

Individual harmonics of Bδ occurring at an asymmet-
rical air-gap as well as in values of radial forces are eval-
uated in greater details. As an example is shown the 2nd

component which did not occur in the case of δsym (see
Fig. 17).

To be able to compare the behaviour of the machine at
δsym and δnonsym , the sum of all harmonic components
Bδv and fradv excluding fundamental harmonic has been
made and it is shown in Fig. 18. It is seen that un-equality
of the magnitude and moving of air-gap magnetic flux

density is much more significant and it results in much

more significant radial forces to which is subjected the

stator and rotor cylinder of the single phase motor.

Comparison of Fig. 18c,d and Fig. 12c,d shows the

influence of air-gap eccentricity on the radial forces. If

there is δsym , the maximal radial forces achieve the val-

ues above 3000N/m2 and if there is δunsym , the radial

forces achieve the values above 7000N/m2 , what is two

times more for the defined unsymmetry: δsym = 0.3 mm,

δmin = 0.1 mm, δmax = 0.5 mm. Besides this, the asym-

metry of radial forces in x - and y -axis is much more sig-

nificant in the axis, where asymmetry is made. For here
investigated motor, the rotor surface of which is 87 cm2 ,

the peak value of radial forces with given air-gap eccen-

tricity is 26 N on the whole rotor surface. This results

in the conclusion that a symmetrical design of the stator

laminated stack, stator boring and rotor ovality is very

important for noiseless operation.

Fig. 14. a) The waveform of air-gap magnetic flux density at

the current instant 0◦ (see Fig. 4), b) odd and even harmonic
components of magnetic flux density waveform.
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Fig. 15. Magnetic flux density waveform for unsymetrical air-
gap.

Fig. 16. The comparison of space distribution of the Bδl max

in the symmetrical and unsymmetrical air-gap.

Fig. 17. Flux density and radial force of 2nd harmonic component in unsymmetrical air-gap

Fig. 18. a) Bδv versus rotor position in electrical degrees b) fradv versus rotor position in electrical degrees, c) Bδv versus rotor position
in mechanical degrees, d) fradv versus rotor position in mechanical degrees for unsymmetrical air-gap.
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4 CONCLUSION

As it was shown in the paper, the detailed analysis
of the form, moving and distribution of magnetic flux
density in the cross-section area of the single phase IM
results in the confirmation of the theoretical prediction
that there is an elliptical magnetic field and that its mov-
ing is unequal. Further, the content of higher harmonics
has been proved and radial magnetic forces calculated. It
was shown that eccentricity of the air-gap has a signifi-
cant negative influence on the operation of such a motor.
Therefore a big interest must be given to the accuracy
of the lamination cutting to keep perfectly made stator
boring and rotor ovality.
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