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PAPERS

Robust adaptive beamforming using
modified constant modulus algorithms

Zeeshan Ahmad1 , Zain ul Abidin Jaffri2∗ ,
Najam ul Hassan3 , Meng Chen1

This paper addresses the self-nulling phenomenon also known as the self-cancellation in adaptive beamformers. Optimum
beamforming requires knowledge of the desired signal characteristics, either its statistics, its direction-of-arrival, or its
response vector. Inaccuracies in the required information lead the beamformer to attenuate the desired signal as if it were
interference. Self-nulling is caused by the desired signal having large power (high SNR) relative to the interference signal
in case of the minimum variance distortion less response beamformer, and low power desired signal in the case of the
constant modulus algorithm (CMA) beamformer, which leads the beamformer to suppress the desired signal and lock onto
the interference signal. The least-square constant modulus algorithm is a prominent blind adaptive beamforming algorithm.
We propose two CMA-based algorithms which exploit the constant modularity as well as power or DOA of the desired signal
to avoid self-nulling in beamforming. Simulations results verify the effectiveness of the proposed algorithms.

K e y w o r d s: array signal processing, constant modulus algorithm, robust adaptive beamforming, self-nulling

1 Introduction

Adaptive beamforming is a fundamental technique
in array signal processing and has been widely used in
radar, sonar, seismology, and wireless communication [1-
6]. Many beamforming algorithms and techniques have
been proposed in the last several decades. Among them,
the two basic types of beamformers are the minimum vari-
ance distortionless response (MVDR) beamformer which
is based on the desired signal direction-of-arrival (DOA)
[7] and constant modulus (CM) beamformers which ex-
ploits the constant modulus property of the signal of in-
terest [8, 9]. The MVDR beamformer is well-known to
be sensitive to model mismatch, especially when the de-
sired signal is present in the training data. Since, the
separation of interference from the target signal in many
real-time applications is not practical, the weights com-
puted by the MVDR beamformer using data includes
the target signal. When the desired signal component is
present in the beamformer training data, a small esti-
mation error in the signal steering vector and/or array
covariance matrix may severely degrade the beamformer
performance. Consequently, these estimation errors result
in the cancellation of the desired signal. The suppression
of the desired signal due to model errors is commonly
referred to as self-nulling or self-cancellation [10, 11]. In
contrast, the CM beamformers are robust to array imper-
fections, because they exploit the constant modularity of
the received signals. The main idea of constant modulus
algorithm (CMA) is to adjust the weight vector of the

adaptive array to minimize the variation of the envelope

at the output of the array, so that the output weighted

sum signal of the array must possess constant modulus

property [8-11]. However, the constant modularity of the

communication signal is undermined due to a series of

fading effect, such as frequency selective fading due to

multipath, the time selective fading caused by doppler

frequency shift, and the effect of additive white noise in

the channel. Consequently, the amplitude of transmitted

constant modulus signals varies. A small DOA error will

lead the MVDR beamformer to suppress the high-power

desired signal [4], whereas if the desired signal power is

small, the CM beamformer lock onto the high power in-

terference signal possessing constant modularity [8-11].

Other array errors leading to self-nulling include steering

vector errors [2, 3], mutual coupling error [12, 13], and

channel response errors [14, 15], etc.

Self-nulling is a fundamental issue in many state-ofthe-

art beamformers. Generally, array calibration and robust

adaptive beamforming techniques are employed to over-

come the array deterministic and stochastic errors [16-

19]. Diagonal loading, linear and non-linear constraints

are some of the popular strategies to overcome self-nulling

[12-17]. Numerous related works focuses on improving the

robustness of MVDR beamformer against self-nulling [20-

28], the basic idea of which is to minimize the maximum

output power for the set of presumed array covariance

matrices subject to constraints on the beamformer re-

sponse for the set of presumed signal steering vectors.

1 School of Cyber Science and Engineering, Ningbo University of Technology, Ningbo 315211, P.R. China, 2College of Physics and Elec-

tronic Information Engineering, Neijiang Normal University, Neijiang 641100, P.R. China, zainulabidin.jaffri@gmail.com, 3Department
of Physics, Division of Science and Technology, University of Education, Lahore, Punjab 60700, 1212

https://doi.org/10.2478/jee-2022-0033, Print (till 2015) ISSN 1335-3632, On-line ISSN 1339-309X
c©This is an open access article licensed under the Creative Commons Attribution-NonCommercial-NoDerivs License

(http: //creativecommons.org/licenses/by-nc-nd/3.0/).



Journal of ELECTRICAL ENGINEERING 73(2022), NO4 249

RF front-end

RF front-end

RF front-end A/D

A/D

A/D

Cons. modulus
algorithm

x k1 ( )

x k2 ( )

x kL ( )

*

1 ( )w k

*

2 ( )w k

*

L ( )w k

y k( )

Fig. 1. The structure of CMA beamforming

In this paper, we propose two novel CMA-based algo-
rithms for robust adaptive beamforming, which exploits
the DOA or power information in addition to the con-
stant modularity of the signals. The proposed algorithms
avoid the self-cancellation of desired signals caused by
the high-power desired signal in the case of the MVDR
beamformer, and the high-power interference signal in the
case of the CM beamformers. In addition, this paper also
discusses the family of CMA-based algorithms and their
deficiencies. Simulations results are presented to verify
the performance of the proposed algorithms.

2 Constant modulus algorithms

Assume an L -element CM array as shown in Fig. 1.
The output of this beamformer is

y(k) = w⊢⊣(k)x(k), (1)

where w(k) = [w1(k) w2(k) . . . wL(k)]
⊤ is the complex

weight vector for beamforming, and the array of the re-
ceived signal is x(k) = [x1(k) x2(k) . . . xL(k)]

T . The
constant modulus algorithm adjusts the weight vector
w(k) such that the output signal has a constant mod-
ulus. The CMA is well-known for its faster convergence,
reduced computational complexity, and strong robustness
[11].

2.1 Conventional steepest descent CMA

Assume that the transmitted signal has a constant
envelope, the cost function is defined as [11]

J
(

w(k)
)

= E{
∣

∣

∣|y(k)|p − |y0|
p
∣

∣

∣

q

}, (2)

where y0 is the desired output signal amplitude of the
array weighted sum, and p and q are parameters which
take one of the values {1, 2}. The CMA cost function
is used to adjust the beamformer complex weights, such
that the output signal has a constant envelope. Different

values of p and q yield different types of steepest de-
scent CMA with varying computational complexities and
convergence rates.

When p = 1 and q = 2, we get the type 1-2 steepest
descent CMA. Suppose y0 = 1, then

e(k) = 2

[

y(k)−
y(k)

|y(k)|

]

, (3)

w(k + 1) = w(k)− µx(k)e∗(k). (4)

where µ is the step-size parameter, asterisk denotes con-
jugation, and to guarantee convergence of the iterations,
it is required that [29]

0 < µ <
2

λmax

. (5)

Here λmax is the maximal eigenvalue of the covariance
matrix of the received signal.

Table 1 shows various types of steepest descent CMA
with their corresponding error function e(k).

Table 1. Types of steepest descent CMA and their corresponding
error functions

Type p q Error function

1-1 1 1 e(k) =
y(k)

|y(k)|
sgn

(

y(k)− 1
)

2-1 2 1 e(k) = 2y(k) sgn
(

|y(k)|2 − 1
)

2-2 2 2 e(k) = 4y(k) sgn
(

|y(k)|2 − 1)

The steepest descent CMA is very similar to the least
mean square (LMS) algorithm, the only difference is that
the LMS algorithm uses a training sequence for the adap-
tation process, whereas the receiver does not know the
transmitted sequence in CMA. Any sequence with a con-
stant phase offset may be the correct sequence at the re-
ceiver since the phase shift does not change the constant
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Fig. 2. The structure of CMA beamforming
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Fig. 4. The relationship between error function and step-size pa-
rameter: (a – fixed α , while β is variable, and (b) –α is variable,

β is fixed

modularity property of a signal, and that is the desired
signal is taken as y(k)/|y(k)| .

Assume a uniform linear array (ULA) composed of 8
omni-directional sensors, and the inter-element spacing
is d = λ/2. Desired signal s0(t) and interference signal
s1(t) are both constant modulus QPSK modulated sig-
nals incident on the array from direction θ0 = 0 and
θ1 = −45 ◦, respectively. The variance (power) of addi-
tive white gaussian noise (AWGN) is 1. Using type 1-2

steepest descent CMA, we compare the performance of
beamformer with (a) SNR=20 dB and INR=10 dB (b)
SNR=10 dB and INR=20 dB. The results are shown in
Fig. 2, from where it can be observed that if the desired
signal power is greater than the interference signal power
ie, SNR=20 dB, and INR=10 dB, the beamformer cap-
tures the high-power desired signal, and null out the in-
terference signal. The main lobe of the array pattern is
aligned in the desired look direction ie, 0◦, and a deep
null is generated in the direction of interference signal at-
45◦. Next, when the power of the desired signal power is
less than the interference signal, the beamformer gener-
ates a deep null in the direction of the desired signal ie,
0◦. Moreover, the beamformer locked onto the high-power
interference signal and form a main lobe in the direction
of interference at -45◦.

The reason for the self-nulling is that the cost function
makes y0 equal to 1, ie the algorithm makes the output
signal power equal to 1 and not to the desired signal
amplitude, so the beamformer will always capture the
constant modularity of the high-power signal.

2.2 Variable step-size steepest descent CMA

In this section, we first discuss the effect of step size µ
on the convergence of the beamformer weights. Then we
discuss the variable step-size parameter µ(k) and variable
step-size steepest descent CMA.

Assume the identical simulation parameters as in the
previous simulation, the effect of different step-sizes, µ =
1.25 × 10−5 , µ = 2.5 × 10−5 , and µ = 2.5 × 10−6 , is
analyzed. The weight convergence with different step-
sizes is shown in Fig. 3. We can see that when µ =
2.5× 10−6 , the convergence is slower as compared to the
other two cases, but the residual error (offset) is small;

when µ = 2.5× 10−5 , the convergence is faster than the
other two cases, but the residual error is large; and when
µ = 1.25 × 10−5 , the convergence rate of the weight is
faster than that of µ = 2.5 × 10−6 , and the offset is
larger than µ = 2.5 × 10−6 , while the convergence rate
of the weight is slower than that of µ = 2.5 × 10−5 ,
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Table 2. The comparison between various constant modulus algorithms

SNR> INR SNR< INR Large SNR-INR Small SNR-INR

Difference Difference

Conventional steepest
Effective Failed

descent CMA [33]

Variable step size steepest
Effective Failed

descent CMA [31]

Steepest descent CMA based

on the minimum Rayleigh Effective Failed

entropy [34]

Conventional LSCMA [8] Effective Failed

Pre-processing LSCMA [35] Failed Effective

LSCMA based on minimum
Effective Failed

Rayleigh entropy [36]

but the residual error (offset) is smaller than that of

µ = 2.5× 10−5 .

It is concluded that large µ speed up the convergence
of the weights, but large µ also lowers the precision of
the steady-state solution of the algorithm, and the cor-
responding residual error (offset) become large. On the
other hand, when the step-size parameter µ is small, the
algorithm converges slowly but the residual error (offset)
is small. Therefore, the step-size parameter µ , in a gen-
eral view, exhibit a trade-off between convergence speed
and the required offset value.

For a better convergence, some works have considered
the variable step-size steepest descent CMA. The basic
idea is that if the difference between the instantaneous
weight and the optimal weight is large, select a larger
step-size, and if the difference is relatively small, choose
a smaller step-size. So, the variable step-size steepest de-
scent CMA utilizes a large step-size during the transient
state, and switchers to a smaller step-size during the
steady-state [30].

In [31], the steepest descent CMA with variable step-
size has been proposed, and the following relationship is
established, which makes the variable step-size parameter
µ(k) and the absolute value of the error function e(k) to
be inversely correlated

µ(k) = β ln

[

2

1 + exp(−α|e(k)|3)

]

, (6)

where α is a positive control parameter, and β is the
proportionality factor or scale factor. α is used to control
the shape of the function of the tilt coefficient, and β is
used to control the value scope of step-size µ or in other
words, β is the bounds of the step-size. These two values
are usually determined through experiments.

Next, we analyze parameters α and β as

1) Fix α = 10, the relationship between the step-size
µ(k) and error function e(k) with different values of
β is shown in Fig. 4(a).

2) Fix β = 0.05, the relationship between the step-size
µ(k) and error function e(k) with different values of
α is shown in Fig. 4(b).

Figure 4(a) demonstrates that, when α is fixed, the
larger the β, the larger will be the µ(k) corresponding to
the same error function e(k). Similarly, Fig. 4(b) demon-
strates that when β is fixed, the larger the α, the larger
will be the µ(k) corresponding to the same error function
e(k). Therefore, appropriate values of α and β should be
chosen according to the actual need.

Moreover, µ(k) is large when the absolute value of
the error function |e(k)| is large, and µ(k) is small when
the absolute value of the error function |e(k)| approaches
zero. Therefore, the convergence speed of the variable
step-size algorithm is faster than that with the fixed step-
size.

Although the variable step-size steepest descent CMA
converges faster than fixed-step steepest descent CMA,
the desired output signal amplitude is still considered to
be 1, therefore, the self-nulling issue still prevails.

2.3 Least square CMA

Least square CMA (LSCMA) is a well-known algo-
rithm due to its global convergence and stability [32].
The LSCMA is derived using the nonlinear Gauss method
with cost function given as Euclidean norm [32]

J(w) =

K
∑

k=1

∣

∣gk(w)
∣

∣

2
=

∥

∥g(w)
∥

∥

2

2
, (7)

gk(w) =
∣

∣y(k)
∣

∣− 1, (8)

g(w) =
[

g1(w) g2(w) . . . gK(w)
]⊤

. (9)
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The cost function has a partial Taylor-series expansion
[11]

J(w+∆) =
∥

∥

∥
g(w) +D⊢⊣(w)∆

∥

∥

∥

2

2

, (10)

where

D(w) =
[

∇g1(w) ∇g2(w) . . . ∇gK(w)
]

, (11)

is the Jacobian of g(w) and ∆ is an offset vector.

Taking the gradient of the cost function J(w+∆) with
respect to ∆ yields

∇J(w +∆) = 2
∂J(w+∆)

∂∆∗
=

= 2
[

D(w)g(w) +D(w)D⊢⊣(w)∆
]

. (12)

Setting the result in (12) equal to zero yields an offset
∆ which minimizes the cost function,

∆ = −[D(w)D⊢⊣(w)]−1D(w)g(w). (13)

The weight vector can then be updated by adding this
offset to the current weight vector as

w(k + 1) = w(k)−∆(k). (14)

The LSCMA is obtained by applying (14) to the type
1-2 CMA cost function,

J(w) =

K
∑

k=1

∥

∥y(k)
∣

∣− 1
∣

∣

2
=

K
∑

k=1

∥

∥w⊢⊣(k)x(k)
∣

∣ − 1
∣

∣. (15)

To compute ∆ given in (13), substitute (8) into (9)

gk(w) =
[

|y(1)− 1 |y(2)− 1 . . . |y(K)− 1
]⊤

. (16)

The gradient with respect to w , is

∇
(

gk(w)
)

= 2
∂gk(w)

∂w∗
= x(k)

y∗(k)

|y(k)|
. (17)

Substituting (17) into (11), we have

D(w) =

[

x(1)
y∗(1)

|y(1)|
x(2)

y∗(2)

|y(2)|
. . . x(K)

y∗(K)

|y(K)|

]

=

= XYCM, (18)

where

X =

[

x(1) x(2) . . . x(K)

]

, (19)

YCM =























y∗(1)

|y(1)|
0 . . . 0

0
y∗(2)

|y(2)|
. . . 0

...
...

. . .
...

0 0 . . .
y∗(K)

|y(K)|























. (20)

From (16) and (18)

D(w)D⊢⊣(w) = XYCMY⊢⊣

CMX⊢⊣ = XX⊢⊣, (21)

and

D(w)g(w) = XYCM











|y(1)| − 1
|y(2)| − 1

...
|y(K)| − 1)











=

= X























y∗(1)−
y∗(1)

|y(1)|

y∗(2)−
y∗(2)

|y(2)|
...

y∗(K)−
y∗(K)

|y(K)|























.

(22)

Let

y =
[

y(1) y(2) . . . y(K)
]⊤

, (23)

r =
[ y(1)

|y(1)|

y(2)

|y(2)|
. . .

y(K)

|y(K)|

]⊤

= L(y), (24)

where L(y) represents the hard-clipping operation on y ,

then (22) can be written as

D(w)g(w) = X(y − r)∗. (25)

Here, X is the input data matrix, and y and r are

the output-data and complex-limited output-data vec-

tors. Substituting (21) and (25) into (13), we have

∆ = −
(

XX⊢⊣
)−1

X
(

y − r
)∗
. (26)

Finally, the LSCMA weight vector update equation

(14) can be rewritten as

w(k + 1) = w(k)−
[

XX⊢⊣
]−1

X
[

y(k)− r(k)
]∗

=

=
[

XX⊢⊣
]−1

Xr∗(k), (27)

where

y(k) =
[

w⊢⊣(k)X
]⊤

, (28)

r(k) = L(y(k)). (29)
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3 Comparison of existing

CM beamforming algorithm

We have discussed conventional constant modulus al-
gorithms for beamforming, namely the steepest descent

CMA and LSCMA. Many improved algorithms have

been reported in recent years. The comparison of various

CM beamforming algorithms under different scenarios is

shown in Tab. 2.

Among them, the improved algorithms based on the

steepest descent CMA are the variable step-size steepest

descent CMA [31] and the steepest descent CMA based

on the minimum Rayleigh entropy [34]. The variable step-
size steepest descent CMA can accelerate the convergence

speed of the algorithm, but it does not overcome the

problem of the self-nulling in the conventional CMA. The

steepest descent CMA based on the minimum Rayleigh

entropy overcomes the self-nulling to a certain extent.

That is, when the difference between the power of the
desired signal and the power of the interference signal is

large enough, the algorithm can accurately capture the

desired signal and suppress the interference signal, but

when the difference is small between the power of the

desired signal and the interference signal, the algorithm
is no more effective to avoid self-nulling.

The improved algorithms based on the LSCMA are

the Pre-processing LSCMA [35] and the LSCMA based

on minimum Rayleigh entropy [36]. The pre-processing
LSCMA can capture the desired signal and suppress the

interference signal in the case when the desired signal

power is less than the power of the interference signal, but

when the desired signal power is greater than the inter-

ference signal power, the algorithm lock onto the interfer-

ence signal and suppress the desired signal. The LSCMA
based on minimum Rayleigh entropy can accurately cap-

ture the desired signals and suppress the interference sig-

nal when the difference between desired signal power and

the interference signal power is large, but when the de-

sired signal power and the interference signal power is
closer, the algorithm fails.

4 Proposed algorithms

In beamforming, finding a weight vector is essential
step for directing the beam in the desired direction, and

to suppress the interferes. The inaccurate initial value of

the weight vector leads the CMA beamformer to suffer se-

vere performance degradation because of convergence to

the local minima instead of the actual minima. Thus, the
beamformer is more prone to self-nulling. Therefore, the

proposed algorithms in this paper calculate suitable ini-

tial values for the beamformer weights. The steepest de-

scent CMA or LSCMA with known desired signal power

and DOA is utilized with these initial values of weight

vector to avoid self-nulling.

4.1 Covariance matrix decomposition

The power of the beamformer output signal is

|y|2 = E [yy∗] = w⊢⊣Rxxw, (30)

where
Rxx = E

[

x∗x⊤
]

, (31)

is the covariance matrix of the array received signal x.
Since Rxx is a positive definite Hermitian matrix, there
exists an orthogonal matrix Q such that

Q∗RxxQ
⊤ = Λ = diag(λ1, λ2, . . . , λL), (32)

where λi > 0 (i = 1, 2, . . . , L) are the eigenvalues of the
covariance matrix Dxx , and Q is an orthogonal matrix
which satisfies

Q∗Q⊤ = Q⊤Q∗ = IL. (33)

Here, IL is an L− th order identity matrix, and Q is
given as

Q =









q11 q12 . . . q1L
q21 q22 . . . q2L
...

...
. . .

...
qL1 qL2 . . . qLL









=











q⊤

1

q⊤

2

...
q⊤

L











, (34)

where qi =
[

qi1 qi2 . . . qiL
]⊤

is the eigenvector of the
covariance matrix Rxx. The eigenvalues and eigenvectors
of Rxx0. should satisfy [11]

|Rxx − λiIL| = 0. (35)

After the eigenvalues λi are obtained, the eigenvector qi

can be computed. Since the received signal x is sum of
the desired signal, interference and the noise, therefore
the covariance matrix can be written as

Rxx = Rss + Rnn, (36)

where Rss is the covariance matrix of the desired signal
and the interference, and Rnn is the covariance matrix
of the noise. Rss has M + 1 nonzero eigenvalues, λ′

i

i = 0, 1, . . . ,M), and Rnn has L root σ2. Eigenvalues
of Rxx

{

λi = λ′

i + σ2 for i = 0, 1, . . . ,M,

λi = σ2 for i = M + 1, . . . , L,
(37)

are the sum of the Rss eigenvalues and the Rnn eigen-
values. Obviously, the eigenvalues of Rxx depends on the
noise power as well as the signal power.

Assume two time-independent sources with powers P1

and P2 in the space, we have

|Rxx − λ′

iI2| = 0. (38)
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Solving for the eigenvalues of Rxx , we have [11]

λ′ =
L

2

(

P1 + P2

)

[

1±

√

1−
4P1P2

(

1− |ρ12|2
)

P1 + P2)2

]

+ σ2,

(39)
where ρ12 is the spatial correlation coefficient. If there is
no spatial correlation, then ρ12 = 0 and

{

λ′

1 = LP1 + σ2

λ′

2 = LP2 + σ2
. (40)

The eigenvalues obtained from the covariance matrix
eigen decomposition are the sum of the number of array
elements multiplied by the signal power and the noise
power.

4.2 Steepest descent CMA with known signal power

We propose a new algorithm to realize beamforming
under the condition that the power of the desired signal is
known. Since the covariance matrix of the array received
signal contains some information about the desired sig-
nal, such as power and DOA and so on, and from the
theoretical knowledge of the previous section, the eigen-
values of the array covariance matrix are related to the
signal power and the number of the array elements.

The proposed algorithm first estimates appropriate
initial values for the weight vector by constructing a new
covariance matrix as

Rxx =
Rxx

L
− P0I, (41)

where P0 is the power of the desired signal, and I denotes
a unit matrix.

Next, we perform the eigen-decomposition of the co-
variance matrix constructed in (41) to get eigen vec-
tors. The weight vector is initialized with the value of
eigen-vector a0 corresponding to minimum eigen value
as w(0) = a0 . The initial value of the weight vector is
substituted in the steepest descent CMA to iterate as fol-
lows

y(k) = w⊢⊣(k)x(k), (42)

e(k) = 2

[

y(k)−
y(k)

|y(k)|

]

, (43)

w(k + 1) = w(k)− µ(k)x(k)e∗(k). (44)

After the weight vector w(k)converges, the iteration is
stopped and w(K) is the final weight vector for beam-
forming.

4.2.1 S i m u l a t i o n a n a l y s i s

In this experiment, we assume a ULA with L = 8 half-
a wavelength wavelength spaced sensors. There are three
narrowband constant-modulus QPSK modulated signals
in the space. The desired signal is assumed to be from the
direction 0◦, while two interferers are assumed to have the
directions -45◦and 30◦, respectively.

We consider three different scenarios having large

SNR-INR difference, small SNR-INR difference, and

equal SNR-INR. In scenario I, the power of the desired

signal and each interferer are 10, 20, and 2 dB, respec-

tively. In scenario II, they are 10, 8, and 12 dB, respec-

tively, and scenario III assumes equal SNR-INR of 10 dB.

The performance of the proposed steepest descent CMA

with known signal power is analyzed. The beampattern

is shown in Fig. 5.

In scenario I and II, the main lobe of the array pattern

is aligned to the correct look direction of the desired sig-

nal ie, 0◦, and deep nulls are generated in the direction of

interferers ie, -45◦, and 30◦. Thus, under the condition of

large SNR-INR difference and small SNR-INR difference,

the proposed steepest descent CMA with known signal

power is effective regardless of the power of the desired

signal or interferers. However, in scenario III, when the

power of desired signal and interferers are equal, the pro-

posed algorithm is ineffective and the beamformer lock

onto the interference signal.

The proposed steepest descent CMA with known sig-

nal power is more accurate than the conventional CMA.

The new covariance matrix of the beamforming algorithm

makes it possible to accurately capture the desired signal

by minimizing the diagonalization of the desired signal

when constructing a new covariance matrix. The pro-

posed CMA is better able to overcome the self-nulling,

but when the SNR-INR difference continues to be re-

duced and any of the interferer power is equal to the

desired signal power, the beamformer captures the inter-

ference signal. Although the proposed CMA with known

signal power is ineffective when the SNR-INR difference

is small, it is still more accurate than the conventional

CMA.

4.3 LSCMA with known desired signal DOA

The direction vector a0 corresponding to the desired

signal is taken as the initial value of the weight vector such

that w(0) = a0 , increasing the gain of the antenna in the

desired signal direction. Then, the LSCMA is iterated to

converge, and accurately capture the desired signal. The

iterative equations for the weight vector of LSCMA are

given below

y(k) =
[

w⊢⊣(k)X
]⊤

, (45)

r =

[

y(1)

|y(1)|

y(2)

|y(2)|
. . .

y(K)

|y(K)|

]⊤

, (46)

w(k + 1) = (XX⊢⊣)−1Xr∗(k). (47)
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Fig. 5. Resultant beam pattern for CMA beamforming with known
signal power

Spatial spectrum (dB)

-80 -40 800 q (deg)

-20

-40

-60

0

SNR = 10 dB, INR1 = 10 dB, INR2 = 10 dB

SNR = 10 dB, INR1 = 8 dB, INR2 = 12 dB
SNR = 10 dB, INR1 = 20 dB, INR2 = 2 dB

Fig. 6. Resultant beam pattern for CMA beamforming based on
desired signal DOA
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Fig. 7. Array gain versus SNR of the desired signal

4.3.1 S i m u l a t i o n a n a l y s i s

Assume the identical simulation conditions as in the
previous section, the proposed LSCMA with known DOA
of the desired signal is analyzed. The resultant beam
pattern is shown in Fig. 6.

In all the three scenarios, the main lobe of the array
pattern is aligned to the correct look direction of the
desired signal ie, 0◦, and deep nulls are placed in the
direction of interferes. Thus, the proposed LSCMA with
known DOA is effective in all scenarios regardless of the
power of the desired signal or interfering signal.

4.4 Array gain

To verify and validate the performance of a beam-
former, array gain is the most commonly used parameter.
Array gain is defined as

GA =
SOUT

SIN

, (48)

where S stands for signal to interference-plus-noise ratio
(SINR).

Figure 7 shows the array gain as a function of the SNR
of the desired signal. In this simulation scenario, we as-
sume one interference signal with INR equal to 0 dB and
one desired signal whose SNR varies from -10 dB to 30
dB. The results depicted in Fig. 7 show that both the pro-
posed CMA-based algorithms provide a significant gain
over the conventional algorithms. It is also clear that the
proposed DOA-based CMA reaches the level of the ide-
alistic algorithm more quickly than the proposed CMA
based on desired signal power. The reason for perfor-
mance deterioration in low SNR region (SNR¡0) in the
case of proposed CMA based on desired signal power is
that when the power of the desired signal is less than the
interference, there is a possibility of self-nulling. As the
power of desired signal increases, the performance of the
proposed desired signal power-based CMA improves.

4.5 Discussion

The original idea of CMA is that it does not require
any training sequence such as signal DOA or power in-
formation. CMA employs the constant modularity of sig-
nals to capture the desired signal [37]. However, the pro-
posed algorithms with known signal power and DOA of
the desired signal seem to have lost the significance of the
blind beamforming algorithms. Since, the proposed algo-
rithms not only utilize the DOA information or power
of the desired signal but also the constant modularity
property of the signal. Integrating the advantages of the
blind and non-blind beamforming algorithms, the pro-
posed algorithms are more robust compared to existing
beamforming algorithms. The commonly used non-blind
adaptive beamforming algorithms are ineffective, because
the beamformer is based on the estimates of the DOA,
and the estimation error is inevitable. The direct matrix
inversion (DMI) algorithm and Frost LMS algorithm are
very sensitive to the DOA errors and robustness is poor
especially when the power of the desired signal power is
high. So, the use of DMI or LMS algorithm is often prone
to self-nulling.
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Diagonal loading is an approach used to overcome the
DOA errors by adding white noise in the received signal
[26, 38], but the load value is difficult to determine [26].
Similarly, [39] proposed a model-switched beamformer
with a large dynamic range that can switch the models
between phased array and adaptive array to overcome the
self-nulling phenomenon caused by high power signal. But
this model ignores the self-nulling that occurs due to low
power desired signal in the case of CM algorithms. Sim-
ilarly, convex optimization methods are extensively de-
ployed in robust beamforming, but their implementation
process is very complex. The proposed algorithms with
known desired signal power or DOA are robust, simple,
and effective to achieve the desired results for the signals
with a large dynamic range.

5 Conclusion

In this paper, we briefly discuss the statistical signal
modeling and fundamentals of the CMA and its vari-
ants. The self-nulling caused by low-power desired sig-
nal in CMA beamformers and high-power desired signal
in MVDR beamformers is found to be the main limiting
factor of these algorithms. Furthermore, we present two
improved CMA based beamforming algorithms to avoid
self-nulling in beamformers. The proposed algorithms ex-
ploit the power and DOA information of the desired signal
to avoid self-nulling, especially for desired signals having
a large dynamic range. Simulation results demonstrate
the effectiveness of the proposed algorithms.

References

[1] A. Elnashar, S. Elnoubi, and H. Elmikati, “Sample–by–sample

and block–adaptive robust constant modulus–based algorithms”,

IET Signal Processing, vol. 6, no. 8, pp. 805–813, 2012.

[2] M. Wax and Y. Anu, “Performance analysis of the minimum

variance beamformer in the presence of steering vector er-

rors”, IEEE Transactions on Signal Processing, vol. 44, no. 4,

pp. 938–947, 1996.

[3] C.–Y. Chen and P. P. Vaidyanathan, “Quadratically constrained

beamforming robust against direction–of–arrival mismatch”,

IEEE Transactions on Signal Processing, vol. 55, no. 8, pp. 4139

–4150, 2007.

[4] Q. Du, Y. Song, C. Ji, and Z. Ahmad, “Digital beamforming

for ultra–wideband signals utilizing an extrapolated array gen-

erated by carathodory representation combining fractional delay

filters based on high–order hermite interpolation”, IEEJ Trans-

actions on Electrical and Electronic Engineering, vol. 13, no. 12,

pp. 1760–1768, 2018.

[5] Z. Jaffri, Z. Ahmad, A. Kabir, and S. Bukhari, “A novel minia-

turized Koch–Minkowski hybrid fractal antenna”, Microelec-

tronics International, vol. 39, no. 1, pp. 22–37, 2021.

[6] Z. Ahmad, M. Chen, and S.-D. Bao, “Beampattern analysis of

frequency diverse array radar: a review”, EURASIP Journal on

Wireless Communications and Networking, no. 1, pp. 189, 2021.

[7] J. Wang and M. G. Amin, “GPS interference cancellation per-

formance in single and multiple MVDR beamforming meth-

ods”, 2006 Fortieth Asilomar Conference on Signals, Systems

and Computers, pp. 2300–2304, 2006.

[8] X. Song, J. Wang, and Y. Han, “Robust LSCMA under quadratic

constraint”, 2010 IEEE International Conference on Automation

and Logistics, pp. 464–467, 2010.

[9] J. Mguez and L. Castedo, “A constant modulus blind adaptive

receiver for multiuser interference suppression”, Signal Process-

ing, vol. 71, pp. 15–27, 1998.

[10] Z. Ahmad, Y. Song, and Q. Du, “Adaptive wideband beamform-

ing based on digital delay filter”, Journal of Microwaves, Op-

toelectronics and Electromagnetic Applications, vol. 15, no. 3,

pp. 262–274, 2016.

[11] Z. Ahmad, S. Yaoliang, and Q. Du, “A robust adaptive beam-

forming algorithm based on LSCMA”, 2017 2nd Workshop

on Recent Trends in Telecommunications Research (RTTR),

pp. 1–6, 2017.

[12] H.–S. Lui, H. T. Hui, and M. S. Leong, “A Note on the mu-

tual–coupling problems in transmitting and receiving antenna

arrays”, IEEE Antennas and Propagation Magazine, vol. 51,

no. 5, pp. 171–176, 2009.

[13] A. J. Kerkhoff and H. Ling, “A simplified method for reduc-

ing mutual coupling effects in low frequency radio telescope

phased arrays”, IEEE Transactions on Antennas and Propaga-

tion, vol. 59, no. 6, pp. 1838–1845, 2011.

[14] W. P. M. N. Keizer, “Fast and accurate array calibration using a

synthetic array approach”, IEEE Transactions on Antennas and

Propagation, vol. 59, no. 11, pp. 4115–4122, 2011.

[15] Y. Li and M. H. Er, “Theoretical analyses of gain and phase error

calibration with optimal implementation for linear equispaced

array”, IEEE Transactions on Signal Processing, vol. 54, no. 2,

pp. 712–723, 2006.

[16] A. Young, M. V. Ivashina, R. Maaskant, O. A. Iupikov, and

D. B. Davidson, “Improving the calibration efficiency of an ar-

ray fed reflector antenna through constrained beamforming”,

IEEE Transactions on Antennas and Propagation, vol. 61, no. 7,

pp. 3538–3545, 2013.

[17] H. Pawlak and A. F. Jacob, “An external calibration scheme

for DBF antenna arrays”, IEEE Transactions on Antennas and

Propagation, vol. 58, no. 1, pp. 59–67, Jan 2010.

[18] Z. Jaffri, Z. Ahmad, A. Kabir, and S. Bukhari, “A novel compact

stair–shaped multiband fractal antenna for wireless communica-

tion systems”, Journal of Electrical Engineering–Elektrotechnicky

Casopis, vol. 72, no. 5, pp. 306–314, 2021.

[19] Z. Ahmad, Z. Jaffri, S.–D. Bao, and M. Chen, “Frequency di-

verse array radar with non–uniform array spacing based on sig-

moid function”, Journal of Electrical Engineering, vol. 73, no. 1,

pp. 36–42, 2022.

[20] H.L. van Tress, Optimum array processing, Wiley, New York,

NY, USA, 2002.

[21] S. A. Vorobyov, A. B. Gershman, and Z.–Q. Luo, “Robust adap-

tive beamforming using worst–case performance optimization: a

solution to the signal mismatch problem”, IEEE Transactions

on Signal Processing, vol. 51, no. 2, pp. 313–324, 2003.

[22] S. A. Vorobyov, A. B. Gershman, Z.–Q. Luo, and N. Ma, “Adap-

tive beamforming with joint robustness against mismatched sig-

nal steering vector and interference nonstationarity”, IEEE Sig-

nal Processing Letters, vol. 11, no. 2, pp. 108–111, 2004.

[23] R. G. Lorenz and S. P. Boyd, “Robust minimum variance beam-

forming”, IEEE Transactions on Signal Processing, vol. 53, no. 5,

pp. 1684–1696, 2005.

[24] L. C. Godara, “Application of antenna arrays to mobile commu-

nications. II. Beam–forming and direction–of–arrival considera-

tions”, Proceedings of the IEEE, vol. 85, no. 8, pp. 1195–1245,

1997.

[25] A. B. Gershman, N. D. Sidiropoulos, S. Shahbazpanahi, M.

Bengtsson, and B. Ottersten, “Convex optimization–based beam-

forming”, IEEE Signal Processing Magazine, vol. 27, no. 3,

pp. 62–75, 2010.



Journal of ELECTRICAL ENGINEERING 73(2022), NO4 257

[26] A. Elnashar, S. M. Elnoubi, and H. A. El–Mikati, “Further study

on robust adaptive beamforming with optimum diagonal load-

ing”, IEEE Transactions on Antennas and Propagation, vol. 54,

no. 12, pp. 3647–3658, 2006.

[27] S. D. Somasundaram, “Linearly constrained robust capon beam-

forming”, IEEE Transactions on Signal Processing, vol. 60,

no. 11, pp. 5845–5856, 2012.

[28] J. Li, P. Stoica, and Z. Wang, “Doubly constrained robust Capon

beamformer”, IEEE Transactions on Signal Processing, vol. 52,

no. 9, pp. 2407–2423, 2004.

[29] J. Xiang, L. Guo, and Q. Liu, “Study of GPS nulling antenna

based on space–time processing algorithm”, 2009 5th Interna-

tional Conference on Wireless Communications, Networking and

Mobile Computing, pp. 1–4, 2009.
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