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MODELING AND SIMULATING OF SINGLE
SIDE SHORT STATOR LINEAR INDUCTION
MOTOR WITH THE END EFFECT
Hamed HAMZEHBAHMANI

∗

Linear induction motors are under development for a variety of demanding applications including high speed ground
transportation and speciﬁc industrial applications. These applications require machines that can produce large forces, operate
at high speeds, and can be controlled precisely to meet performance requirements. The design and implementation of these
systems require fast and accurate techniques for performing system simulation and control system design. In this paper, a
mathematical model for a single side short stator linear induction motor with a consideration of the end eﬀects is presented;
and to study the dynamic performance of this linear motor, MATLAB/SIMULINK based simulations are carried out, and
ﬁnally, the experimental results are compared to simulation results.
K e y w o r d s: linear induction motor (LIM), magnetic ﬂux distribution, dynamic model, end eﬀect, propulsion force

1 INTRODUCTION

The linear induction motor (LIM) is very useful at
places requiring linear motion since it produces thrust
directly and has a simple structure, easy maintenance,
high acceleration/deceleration and low cost. Therefore
nowadays, the linear induction motor is widely used in
a variety of applications such as transportation, conveyor
systems, actuators, material handling, pumping of liquid
metal, sliding door closers, curtain pullers, robot base
movers, oﬃce automation, drop towers, elevators, etc. In a
linear induction motor, the primary winding corresponds
to the stator winding of a rotary induction motor (RIM),
while the secondary corresponds to the rotor. Normally,
the secondary, similar to the RIM rotor, often consists of
a sheet conductor, such as copper or aluminum, with a
solid back iron acting as the return path for the magnetic
ﬂux. Based on the relative primary and secondary length,
linear induction motors are categorized into two types:
long rotor and short rotor. The structures of these LIMs
are shown in Figs. 1a and 1b, respectively [1–3]. The
photograph of the experimental model of short stator
LIM, constructed for this research is shown in Fig. 2.
Table 1 shows its speciﬁcations.
The LIM special structure means that its performance
is a little diﬀerent from that of a RIM. As we know, in the
RIM, an accurate equivalent circuit model can be derived
easily by simplifying the geometry per pole. The main
diﬀerence between LIM and RIM is related to the “End
Eﬀects” which is explained in part 3. These eﬀects should
be considered in both the modelling and controlling of
LIMs.
In recent decades, a number of papers on the LIM performance analysis, involving steady and dynamic states,
have been available [1–15]. Gieras et al [4] and Faiz et

al [5] developed an equivalent circuit by superposing the
synchronous wave and the pulsating wave caused by the
end eﬀect. Nondahl et al [6] derived an equivalent circuit model from the pole-by- pole method based on the
winding functions of the primary windings.
Table 1. Experimental model speciﬁcations

Quantity
Unit
Value
Primary length
Cm
27
Primary width
Cm
9.5
Length of secondary sheet
m
6
Thickness of Secondary Sheet
mm
5
Number of Slots
7
Width of Slots
mm
13
High of Slots
mm
37
Air gap length
mm
15
Number of poles
–
2
Number of coils per phase
–
2
Number of turns per coil
–
300
Conductivity of the rotor material Ω−1 m−1 2.29 × 107
Duncan et al [7] developed the ‘per-phase’ equivalent
circuit by modifying the magnetizing branch of the equivalent circuit of the RIM. Noting that the air gap ﬂux
grows and decays gradually from the entry and the exit,
respectively, he introduced a weighting function with the
use of a dimensionless factor Q.
Then, the average values were taken to describe the
magnetizing inductance and the resistance of the eddy
loss. Kang et al [8], according to the result in [7], deduced
the two-axis models (dq), which can be applied in vector
control or direct force control to predict the LIM dynamic
performance. However, the derivation process of the revised function f (Q) is very coarse on the assumption that
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sults. A comparison of the experiments results with the
calculation and simulation results show that the calculation and simulation procedure and the obtained model
for this type of linear motor have suﬃcient accuracy.
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Distribution of the magnetic ﬂux density in the core
and surroundings of the experimental model is investigated in this section. Two fundamental postulates of the
magneto static that specify the divergence and the curl
of B in free space are [9]
⃗ ×H
⃗ = J⃗ ,
∇
(1)
⃗ ·B
⃗ = 0.
∇

Fig. 1. Linear Induction Motor with (a) Short Stator (b) Short
Rotor

Fig. 2. Experimental model of short stator linear induction motor

(2)

⃗ = µ0 H
⃗ , we obtain from (2):
By using the equation B
⃗ ×B
⃗ = µ0 J⃗ .
∇
(3)
Where B is the magnetic ﬂux density, H is the magnetic
ﬁeld intensity, J is the current density, and µ is the
magnetic permeability of material. It follows from (1) that
⃗ such that
there exists a magnetic vector potential A
⃗ =∇
⃗ ×A
⃗,
B
(4)
(1
)
⃗ ×
⃗ ×A
⃗ = J⃗ .
∇
∇
(5)
µ
For 2-D case, the magnetic ﬂux density B is calculated
as
( ∂A ∂A )
B=
,
,0 .
(6)
∂x ∂y
On the other hand
∫
⃗ · d⃗s .
B
(7)
Φ=
S

the eddy current in the secondary sheet decreases from
maximum to zero by exponential attenuation only in the
primary length range. It only considers the mutual inductance inﬂuenced by the eddy current, disregarding its
eﬀect on the secondary resistance.
In this paper, in order to investigate the magnetic ﬂux
distribution, ﬁrst a 2-D model of LIM is simulated and
the circumstance of the magnetic ﬂux density and the
equipotential lines of the magneto static potential in the
core and its surrounding for steady cases are presented.
Then, based on the per-phase equivalent circuit in [8], a
mathematical model for the single side short stator linear
induction motor with a consideration of the end eﬀects is
presented. In order to verify the mathematical model, a
laboratory prototype of short stator LIM is developed and
the results of experiments and simulations are presented
in Section 7. In this section, ﬁrst, the equivalent circuit
parameters are obtained and compared with calculation
results. Then, two experiments, a free acceleration and
locked primary experiment (S = 1) have been done and
the results have been compared with the simulation re-

From (4) we have:
∫
I
⃗ · d⃗ℓ .
⃗
⃗
A
Φ = (∇ × A) · d⃗s =
S

(8)

C

Fig. 3. (a) Mesh shape (b) magnetic ﬂux density (c) equipotential
lines of the magneto static potential
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Hence, the resulting magneto motive force (MMF), and
thereby air gap ﬂux, looks like Fig. 4c [8].
The Q factor is associated with the length of the
primary, and to a certain degree, quantiﬁes the end eﬀects
as a function of the velocity v as described by equation
(9) [11].
DRy
Q=
.
(9)
(Lm + Lly )v
Where D, Ry , Lm , Lly and v are the primary length,
secondary resistance, magnetizing inductance, secondary
leakage inductance and velocity. Note that the primary’s
length is inversely dependent on the velocity, ie, for a
zero velocity the primary’s length may be considered inﬁnite, and the end eﬀects may be ignored. As the velocity
increases, the primary’s length decreases, increasing the
end eﬀects, which causes a reduction of the LIM’s magnetization current.
This eﬀect may be quantiﬁed in terms of the magnetization inductance with the equation [4] and [11]
(
)
L′m = Lm 1 − f (Q)

Fig. 4. Linear induction motor (a) Eddy-current generation at the
entry and exit of the air gap (b) Eddy-current density proﬁle along
the length of LIM (c) Air gap ﬂux proﬁle [8]

(10)

where
Using (1) to (8), the magnetic ﬂux density and equipotential lines of the magneto static potential in the core
and its surroundings of the experimental model is simulated and the results are shown in Fig. 3. Figure 3a shows
the mesh shape of the experimental model and Figs. 3b
and 3c show the magnetic ﬂux density and equipotential
lines of the magneto static potential, respectively.
3 END EFFECT OF LINEAR
INDUCTION MOTOR

In LIMs, as the primary moves, a new ﬂux is continuously developed at the entry of the primary yoke, while
existing ﬂux disappears at the exit side. Sudden generation and disappearance of the penetrating ﬁeld causes
eddy currents in the secondary plate. This eddy current
aﬀects the air gap ﬂux proﬁle in the longitudinal direction. The losses, as well as the ﬂux-proﬁle attenuation,
become severer as the speed increases. Such a phenomena is called end eﬀect’ of LIM. The end eﬀects are not
very noticeable in conventional induction motors. On the
other hand, in LIMs, these eﬀects become increasingly relevant with the increase in the relative velocity between
the primary and the secondary. Thus, the end eﬀects will
be analyzed as a function of the velocity [8] and [10].
Figure 4a shows a view of a LIM. Both generation and
decay of the ﬁelds cause the eddy current in the secondary
sheet. The eddy current in the entry grows very rapidly to
mirror the magnetizing current, nullifying the air gap ﬂux
at the entry. On the other hand, the eddy current at the
exit generates a kind of wake ﬁeld, dragging the moving
motion of the primary core. The density proﬁle of the
eddy current along the length of LIM looks like Fig. 4b.

f (Q) =

1 − e−Q
.
Q

(11)

According to (9) to (11), the spatial distribution of the
magnetic ﬂux density along the width of the primary depends on the relative speed between primary and secondary. For null speed of the primary, the LIM can be
considered as having an inﬁnite primary and in this case
the end eﬀects can be neglected.

4 MATHEMATICAL MODEL
OF SHORT STATOR LIM

In the dynamic analysis of the electrical machines, a
mathematical model should be extracted from their equations so that the resulting model can explain the machine’s dynamic behavior with a high level of approximation. In this part, the mathematical model of the short
stator linear induction motors is given.
4.1 Per Phase Equivalent Circuit of Short Stator LIM
Per phase equivalent circuit of short stator LIM is
shown in Fig. 5 [8].
The voltage equations of the per-phase model shown
in Fig. 5 are given by [8]
vabcx = Rx iabcx + P λabcx ,

(12)

′
′
vabcy
= Ry iabcy
+ P λ′abcy .

(13)
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[
]⊤
[
]⊤
′
iabcy
= i′ay i′by i′cy
and λ′abcy = λ′ay λ′by λ′cy
are
the voltage, current and ﬂux linkage of the secondary in
the secondary frame. Further, p denotes the diﬀerential
operator, d/dt.
To keep the same convention as for the rotary motor, it
is assumes that the primary is ﬁxed, while the secondary
is moving. The ﬂux-linkage equations for the primary and
secondary are given by
′
λabcx = (Llx + Lmx )iabcx + Lmy iabcy
,

(14)

λ′abcy

(15)

= (Lly +

′
Lmx )iabcy

+

′
L⊤
my iabcx

,

where


Fig. 5. Per phase equivalent circuit of short stator linear induction
motor


0
Llx
0 ,
(16)
Llx

0
0
Lly
0 ,
Lly
(17)
0 Lly


1 − 12 − 21
(
)
1 − 12  ,
(18)
Lmx = Lm0 1 − f (Q)  − 12
1
− 2 − 12
1
(
)
Lmy = Lm0 1 − f (Q) ×

)
(
)
(
cos θy − 2π
cos θy
cos θy + 2π
3
3 )
(
)
(


cos θy
cos θy + 2π
 cos(θy − 2π
3 )
3  .
(
)
(19)
cos θy + 2π
cos θy − 2π
cos θy
3
3
Llx
= 0
0

Lly
= 0
0

0
Llx
0

Llx(lyx) denotes the primary (secondary) leakage and θy
is the angular displacement of the secondary.
4.2 Short stator LIM model in synchronous
reference frame
Fig. 6. Equivalent qd circuit of short rotor linear induction motor

Table 2. Equivalent circuit parameters

Co-ordinates are changed into a synchronous reference
frame with the following transformation map [12]
fqd0 = [Tqd0 (θ)] fabc ,
(20)
(
)
)
(
2π 
2π
cos θ + 3
cos θ cos θ − 3
(
)
(
)
2
2π
.
[Tqd0 (θ)] =
sin θ sin θ − 3
sin θ + 2π
3
3
1
1
1
(21)


Value
parameter
Experimental Computational
result
result
primary resistance Ω)
12.56
13.22
secondary resistance Ω)
10.86
9.41
primary leakage
inductance (mH)
93.78
97.34
magnetizing
inductance (mH)
169.6
188.10

2

⊤

⊤

2

Where ωe is the electrical angular velocity and f is v ,
i or λ . Utilizing the transformation map (20), we obtain
from (12) and (13) the following
vqx = Rx iqx + ωe λdx + P λqx ,

(22)

vdx = Rx idx − ωe λqx + P λdx ,
′
vqy

Where vabcx = [ vax vbx vcx ] , iabcx = [ iax ibx icx ]
⊤
and λabcx = [ λax λbx λcx ] are the voltage, current
[ ′
]⊤
′
′
′
vby
vcy
,
and ﬂux linkage of primary, and vabcy
= vay

2

′
vdy

=

Ry′ i′qy

=

Ry′ i′dy

+ (ωe −

ωy )λ′dy

− (ωe −

ωy )λ′qy

(23)

+

P λ′qy

,

(24)

+

P λ′dy

,

(25)

where (vqx , vdx ) , (iqx , idx ) and (λqx , λdx ) are the dq axis voltages, currents and ﬂux linkages of the primary,
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5 EQUIVALENT QD CIRCUIT
OF SHORT STATOR LIM

Based on equations (22) to (25), equivalent qd circuit
for short stator LIM obtained as shown in Fig. 6.

6 THRUST FORCE

Fig. 7. Dynamic and static thrust-speed simulated characteristic

In rotary motors, the machine output is explained
as electromagnetic torque in N.m and rotation speed in
Rad/sec. On the other hand, in linear motors the machine output is explained as electromagnetic thrust in N
and linear speed in m/Sec (or Km/h). Electromagnetic
thrust of short stator LIM is given by [8]
Fm =

3π
[λdx iqx − λqx idx ] .
2 τp

(30)

where τ is pole pitch of the stator.

7 SIMULATION AND EXPERIMENT RESULTS
Fig. 8. Experimental model of LIM under locked test

Table 3. Measured values from free accelerating

Simulation Experimental
result
result
Stator voltage
V
380
380
Stator current
A
5.72
5.17
Phase shift
Degree
49.45
52.56

Measured value

Unit

′
′
, vdy
), (i′qy , i′dy ) and (λ′qy , λ′dy ) are the dq -axis
and (vqy
voltages, currents and ﬂuxes of the secondary in the secondary frame, respectively. ωy denotes the secondary angular speed.

Equations (24) and (25) are obtained by the Tqd0 (θ
transformation matrix.

θy )

4.3 Flux linkages of the primary and secondary
The dq -axis ﬂux linkages of the primary and secondary
are given by
λqx = Llx iqx + Lm (iqx + i′qy ) ,
(
)
λdx = Llx idx + Lm 1 − f (Q) (idx + i′dy ) ,

(26)

λ′qy

(28)

λ′dy

=

L′ly i′qy

i′qy ) ,

+ Lm (iqx +
(
)
= L′ly i′dy + Lm 1 − f (Q) (idx + i′dy ) .

Where Lm = 1.5Lm0 .

(27)

(29)

The dynamic performance of the experimental model
is simulated by MATLAB/SIMULINK software. Two different experiments are performed to investigate the validity of the mathematical model. The ﬁrst is to measure the
voltage, current, and the phase shift between them under
free acceleration, and the other is an investigation of the
air gap eﬀect on the propulsion force under locked primary ( S = 1 ).
7.1 Measurement of the equivalent circuit parameters
In order to measure the motor parameters, the measurement methods of rotary induction motors and transformers have been used as follows [13]
• DC test for measuring primary resistance (Rx ).
• Locked secondary test for measuring primary leakage
inductance ( Lx ) and secondary resistance ( Ry ).
• Free acceleration test for measuring magnetizing inductance ( Lm ).
On the other hand, the calculation of LIM’s parameter
has been done according to the method mentioned in [14].
The experimental and computational results of equivalent
circuit parameters are shown in Table 2.
Due to the limited length of the machine, it is not
possible to achieve the steady state condition in the free
acceleration test. Therefore, the maximum error between
the two methods on the measurement of the equivalent
circuit parameter is about 13 % . Nonetheless, this table
shows that the accuracy of the method used to measure
and calculate the motor parameter is acceptable.
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to the simulation results, the stator current at the steadystate condition is ix = 2.71 A. As in part 7.1, there is also
a good agreement between the simulation and experiment
results.
7.3 Locked primary experiment

Fig. 9. Tthrust-speed characteristic changing in air gap

Fig. 10. Propulsion thrust versus air gape length characteristic at
unity slip

Table 4. Experiment and simulation result from locked secondary
test

Propulsion force (N)
Air gape length
Simulation Experimental
(mm)
result
result
10
102.2
95
15
91.5
88
20
83.8
80
25
78.2
75

7.2 Free acceleration experiment
The thrust versus speed simulated characteristic of
the experimental model during free acceleration is shown
in Fig. 7. The synchronous speed of this LIM in 50 Hz
frequency is 48.54 km/h.
As has been mentioned in part 7.1, due to the limited
length of the machine, it is not possible to achieve the
steady state condition in this experiment. Thus, the experimental and simulation results of stator voltage and
the current and phase shift between them at the end of
the secondary are shown in Table 3. Of course, according

The eﬀect of the air gap length on the thrust characteristics of the LIM has been discussed in [15]. In order
to investigate the air gap length eﬀect on the starting
propulsion force, the stator of the experimental model was
locked by a mechanical force gauge as shown in Fig. 8.
This experiment was carried out for 4 values of the air
gap between primary and secondary (air gape = 10 mm,
15 mm, 20 mm and 25 mm).
The thrust versus speed simulated characteristic of the
experimental model for these values of air gaps are shown
in Fig. 9 and the propulsion thrust versus the air gap
length characteristic under locked stator condition (S =
1 ) is shown in Fig. 10. The experimental results from the
locked test are presented in Fig. 10. The propulsion forces
at unity slip obtained from experiment and simulation are
shown in Table 4.
From this experiment, it can be seen that the propulsion force monotonically decreases with air gap length;
this phenomenon matches with [15] and [16].
According to these results, the maximum error between the two methods on propulsion force is about 7 % .
Thus, it is seen that the experimental results are in accordance with the simulation results. Therefore, the experimental and simulation methods have acceptable accuracy.

8 CONCLUSION

In this paper, based on the Duncan’s per-phase equivalent circuit, a dynamic model for short stator LIM with
the end eﬀects, which allows fast and accurate simulations, has been developed. The validity of the LIM model
and simulation method was checked by comparing the
simulation results with the experimental results, obtained
from the prototype model.
In this research, in order to validate the simulation results and experimental model, the following experiments
have been done:
• Measurement of the equivalent circuit parameters
• Free acceleration experiment
• Locked primary experiment (S = 1 )
Comparing the experimental and simulation results
shows that the modelling and simulating procedures and
the experimental methods for this type of linear motor
have suﬃcient accuracy. Thus, this model and simulation
can be used for design studies, control development, and
performance evaluation for a variety of LIM applications.
As a ﬁnal note, the author is still working on modelling
and experimental stages in the case of LIMs. In particular,
the eﬀects of diﬀerent parameters of design and diﬀerent
types of power supply, especially PWM inverters, on the
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electrical and mechanical speciﬁcations of LIMs are being
analyzed too.
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