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COMMUNICATIONS

Voltage THD limits for three- and single-phase multilevel inverters

Abir Rehaoulia1

This paper deals with single and three phase multilevel inverters power quality. The voltage total harmonic distortion
rate is an important criterion for choosing the number of inverter levels and checking compatibility with power quality
requirements. In this study, the author raises an interesting issue related to the definition of voltage THD boundaries with
upper and lower limits. The problem is reformulated, and a novel and more practical approach is developed for three-
and single-phase multilevel inverters. Found upper and lower voltage THD limits are sufficiently verified with most known
switching algorithms like sinusoidal modulation (SM) with phase disposition (PD), space vector modulation (SVM) and
selective harmonic elimination (SHE). They are also valid for cascaded (H-Bridge), neutral point clamped (NPC) and flying
capacitors (FC) multilevel inverters.
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1 Introduction

With the rise of electrical grid modernization through
digitalization, the search for better quality is a univer-
sal challenge. The advent of smart grid, the integration
of renewable energy sources and the transition from cen-
tralized grid to connected micro grids require strict power
quality standards and recommendations. This issue can
be discussed from different aspects including voltage qual-
ity and harmonic emissions. Improving constantly the
output waves of multilevel inverters, to meet international
standards increasingly stringent, is within this context. In
literature, there is a wealth of available papers addressing
this topic [1-8]. The need for better communication be-
tween researchers urges in order to avoid vain efforts. In
this way, an IEEE letter raises an important issue regard-
ing the analytical quantification of voltage THD upper
and lower bounds for single and three phase multilevel
inverters [9]. The idea is very interesting and the math-
ematical treatments in [10], using space vector modula-
tion, are extensive and consistent but it will be shown
that estimated THD bounds, also reported in [9], are not
accurate.

Elsewhere, it is obvious that the output voltage of a
single-phase inverter corresponds to the voltage of one
leg or preferably the line to neutral voltage of a three-
phase inverter. In the inverter side of this latter, it is
well known that there is always a difference between the
THDs of line to line and line to neutral (phase) voltages.
Because of triple harmonics, the THD of the phase voltage
is much higher. From this point of view, it is difficult to
accept what is proposed in [9] like voltage THD upper
bounds of single and three phase inverters are same and
voltage THD lower bound of single-phase inverter is less
than that of three phases. It must be emphasized that

the inverter phase voltage, in case of three phase inverter,
has no interest and THDs of line and phase voltages are
identical in the load side with isolated neutral.

In [11], the problem is restated in a general form and a
novel and more practical approach is developed, well dis-
cussed, and accepted. In what follows, a summary of this
approach highlights the principal steps to calculate THD
bounds in multilevel inverters. The purpose of this work
is twofold. First, the idea is extended to single phase in-
verters case in addition to three phase inverters one. Sec-
ond, results for both converters are compared to previous
works. Found voltage THD upper and lower bounds of
multilevel inverters are verified with most known modu-
lation algorithms such as sinusoidal modulation, selective
harmonic elimination, and space vector modulation. Ob-
tained THD limits are verified with some experimental
results. They apply for arbitrary modulation index m and
number of inverter levels L,L = 2N + 1, with N being
the number of series cells or modules by leg. They are
also valid for main inverter topologies cascaded H-bridge,
neutral point clamped and flying capacitors multilevel in-
verters.

2 Approach for THD limits

It is admitted that the output voltages of multilevel
inverters are staircase waveforms. Starting with a wave-
shaped stairs, chopping cannot allow to reach a pure sinu-
soidal wave, regardless the algorithm and the modulating
frequency. If not, we would fall in contradiction. The im-
possibility of eliminating all harmonics suggests the ex-
istence of a minimum value of voltage THD for given
modulation index and inverter level. This value can be
a priori optimized by any PWM modulation algorithm,
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Table 1. Line voltage THD of cascaded multilevel inverter in % as function of modulation index and number of inverter levels

m
Three-phase

m
Single-phase

↓
L →

↓
L →

3 5 7 9 11 3 5 7 9 11

0.20 161.8 91.76 49.3 41.98 35.58 0.20 233.7 147.4 105.6 77.3 52.59

0.25 140.87 69.26 43.06 35.58 24.95 0.25 203.8 124 83.31 52.59 43.78

0.30 119.4 49.19 39.33 25.29 23.39 0.30 181.2 105.6 64.2 44.42 40.28

0.35 105.9 44.06 33.19 24.24 17.92 0.35 163.5 90.21 48.23 41.87 34.94

0.40 90.79 41.96 25.62 21.93 17.08 0.40 148.7 76.65 44.2 38.43 27.09

0.45 80.39 39.33 24.51 17.38 14.96 0.45 135.8 64.12 42.34 33.6 24.66

0.50 67.87 35.27 23.39 17.07 13.24 0.50 125 51.97 40.15 27.09 23.95

0.55 58.71 30.55 20.65 15.66 12.57 0.55 115.2 46.42 37.22 24.71 21.96

0.60 48.44 25.29 17.38 13.37 10.73 0.60 106.3 44.35 33.5 24.33 18.3

0.65 45.76 24.71 17.18 13.21 10.66 0.65 98.37 42.83 28.81 23.33 17.17

0.70 43.57 24.46 16.62 11.99 9.11 0.70 90.95 41.7 25.25 21.4 17.01

0.75 43.06 24.26 14.96 10.73 9.1 0.75 83.96 39.96 24.6 18.3 16.01

0.80 41.54 21.93 13.25 10.68 8.34 0.80 77.3 38.3 24.29 17.24 13.78

0.85 40.81 19.36 13.16 9.83 7.88 0.85 70.85 35.86 23.62 17.13 13.22

0.90 38.83 17.28 12.88 9.03 7.62 0.90 64.79 33 22.45 16.73 13.16

0.95 37.59 17.20 11.62 9.03 6.88 0.95 58.73 30.31 20.72 15.66 12.57

1.00 35.09 17.07 10.73 8.28 6.8 1.00 52.59 26.91 18.27 13.78 11.11

Vdc,1

Vdc,N

Vs

Va1

VaN

Fig. 1. Topology of one arm cascaded H-bridge multilevel inverter

if the switching frequency is very high even theoretically

infinite, [12]. Nevertheless, so far there is no simple ana-

lytical solution for that. Instead, it is possible to locate it

at least within a narrow interval which upper and lower

bounds of THD shall be denoted dup and ddown.

For arbitrary L and m, the output voltage THD value

(d) of a multilevel inverter can be written as, [11]

d =
A(m,L)

(L− 1)m
, (1)

with A(m,L) as real variable and:

ddown ≤ d ≤ dup. (2)

Assuming (2) leads obviously to

Adown ≤ A(m,L) ≤ Aup. (3)

Here, ddown, Adown and dup, Aup are respectively min-
imal and maximal values.

Determination of such limits begins with the selec-
tion of the modulation frequency, in practice a ratio
fm/f = 100 is quite enough (fm = 5kHz for f = 50Hz).
Then, unlike the existing approach involving a full analyt-
ical study with some assumptions [10], a new approach,
based on the practice of extensive and repeated simula-
tions using Matlab/Simulink software has been adopted.
Selecting a cascaded inverter, Fig. 1, with PD-SM as
switching algorithm, the voltage THD is performed as
function of modulation index m for a reasonable odd
number of levels L = 3 to 11. Derived results, either for
three- or single-phase inverters, are reported in Tab. 1.

Now, with the simulation results all values of m(L−1)d
are calculated. Highlighted quantities in Tab. 1 corre-
spond to the cases where the relative minimum (green)
and maximum (red) of m(L− 1)d occur for each inverter
level. The maximum and minimum of m(L− 1) of THD
are exhibited in Tab. 2. According this, the desired global
extreme values are respectively 58.13 and 74.14 for three-
phase, 93.49 and 127.88 for single phase.

It should be emphasized that the described procedure
in this paper was conducted also by NPC (neutral point
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Table 2. Aup = m(L − 1)dup and Adown = m(L − 1)ddown as function of level’s number L for three and single phase inverter

Three-phase inverter

L → 3 5 7 9 11

Aup 74.137 73.408 70.794 71.16 71.160

Adown 58.128 59.028 59.16 60.696 62.375

Single-phase inverter

L → 3 5 7 9 11

Aup 127.881 126.72 126.72 123.68 122.29

Adown 93.48 102.124 101.283 105.18 105.18
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Fig. 2. Line voltage THD — d(m,L) , of three phase cascaded
multilevel inverter versus m for L = 3
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Fig. 3. Line voltage THD — d(m, L) , of three phase cascaded
multilevel inverter versus m for L = 5
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Fig. 4. Voltage THD — d(m,L) , of single phase cascaded multi-
level inverter versus m for L = 5
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Fig. 5. Voltage THD — d(m, L) , of single phase cascaded multi-
level inverter versus m for L = 7

clamped) and FC (flying capacitor) inverters, in addition
to H-bridge inverters.

Calculated voltage THDs with the two aforementioned
topologies show differences do not exceed 7% compared
to those obtained by cascaded topology. In order to make
THD bounds apply to all main topologies, found upper
and lower quantities are adjusted by 7%. Hence, in ac-
cordance with (1)-(2), we get after approximating results
shown in Tab. 3

3 Verification and comparison

To verify the proposed expressions presented in Tab.

3), we plotted Fig. 2 till 7. Findings from existing works

were also drawn on the same figures, for seek of compari-

son. Fig. 2 to 5 show the dependence of voltage THD and

its bounds to modulation index for given level L in both

cases of three- and single-phase multilevel inverters.
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Fig. 6. Line voltage THD of three phase cascaded multilevel in-
verter versus number of levels L for m = 1
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Fig. 7. Voltage THD of single phase cascaded multilevel inverter
versus number of levels L for m = 1

Experimental points in Fig. 2, 4 and 5 are taken from
Fig. 11 of [13], Fig. 10 of [14] and Fig. 18 of [15]. Moreover,
the calculated THD at different values of modulation in-
dex for SVM and SHE techniques, included in Fig. 3 and
Fig. 5, are extracted from Fig. 13 of [12] and Fig. 14 of

[16].

Table 3. THD limits for three and single-phase multilevel inverters

dn =
A

(L− 1)m

dn : d
3
up d

3
down d

1
up d

1
down

A : 80 54 137 87

Table 4. THD limits for three and single-phase multilevel inverters
proposed by [9]

dL =
B

(n− 1)m

dL : d
1,3
up d

3
down d

1
down

B : 57.7 47 42

In contrast, for a fixed modulation index m = 1, the
following fig. show the variation of the voltage THD in
terms of the number of inverter levels L for three- and
single-phase inverters. Note that, data relative to SHE
are respectively collected with care from Tab. 10 of [17]

for Fig. 6, from Fig. 13 of [18] and Tab. 2 of [19] for Fig. 7.
While those corresponding to SM are calculated.

All figures express the validity of the approach devel-
oped for the cited modulation algorithms, which are the
most solicited ones. They prove that for either three- or
single-phase inverters, calculated and measured voltage
THD values are located within the range we defined by

expressions in Tab. 3.

The study conducted in [9] concluded that voltage

THD bounds are expressed in Tab. 4.

In [9], n – has been defined as non-negative level count
equal to 2N , where N is the number of cascaded H-
bridges in a single phase, and 0 < m < 1.

Note that expressions in Tab. 4 are described in terms
of same parameters m and n for single and three phase
inverters. Reported as they are defined, in Fig. 1 to 6, the
calculated THD upper and lower bounds approximation
related to three phase inverters are not accurate. Also,
as it is explained in the introduction and thus expected,
limits predicted for single phase inverters are not correct.

Since the intervals bounded by d3up, d
3
down and d1up,

d1down are not overlapping, even the possibility of an error
in the definition of the parameter n , in expressions of
Tab. 4, does not solve the problem.

4 Conclusion

The dependence of a multilevel inverter voltage THD
on modulation index and number of levels does not al-
low a simple analytical description. Instead, a novel and
efficient approach is presented to evaluate voltage THD
limits for either three- or single-phase multilevel inverters.
Upper and lower THD limits are formulated in terms of
the modulation index m and the standard inverter num-
ber of levels L (independent of phase and line voltage
wave levels that may change with the modulation index).
The validity of the developed formulas is verified for most
known modulation algorithms and main inverter topolo-
gies (cascaded, NPC and FC). For any other modulation
algorithm or complex topology of the inverter, the pro-
posed method can be easily followed to achieve proper
analytical expressions for voltage THD limits.
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