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Models and methods for RZ-signals distinction in non-Gaussian noise
for information-measurement systems

Volodymyr Palahin, Oleksandr Zorin

Polynomial Decision Rules (DR) for the problems of discrete RZ (Return-to-Zero) signal distinction in asymmetric-excess
non-Gaussian noise are proposed. A new approach is proposed, which is based on the use of a modified moment quality
criterion of statistical hypothesis testing and the application of higher-order statistics to describe the characteristics of non-
Gaussian noise. Simulation of the DR with different parameters of the signal and noise was carried out. It is shown that taking
into account the coefficients of skewness and kurtosis of the non-Gaussian noise the efficiency of signal distinction increases
with non-linear processing DR compared to known results, which are optimal for the Gaussian noise model. The conducted
studies demonstrate a reduction in false decisions in the processing of RZ signals when considering the coefficients of skewness
and kurtosis of non-Gaussian noise. Such an increase in efficiency can exceed twofold, depending on the noise parameters.
It is shown that the efficiency of the proposed approach is much higher for small SNR (Signal-to-Noise Ratio) values, for
example, less than 1.
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1 Introduction

Developing new models and methods for signal
processing is crucial for advancing modern technical
systems, as it enables enhanced performance, efficiency,
and adaptability to diverse environments. Data
transmission and reception systems are a defining part of
modern diagnostic, control, management, and other
systems. The development of such systems is
characterized by growing requirements for the quality of
processing received data. When designing these
systems, one of the types of linear message encoding
used is RZ encoding [1]. This type of coding has several
advantages, namely:

e simple implementation compared to multi-level
coding methods;

o elimination of the problem of constant offset by
using opposite potential levels;

e self-synchronization of signals in communi-
cation systems.

Various destabilizing factors affect the functioning of
these systems during data transmission. The influence of
noise degrades the quality and efficiency of these
systems. Destabilizing factors arise during the multipath
propagation of radio signals, as they pass through
heterogeneous media, fluctuations in communication
channel parameters, etc. In most practical cases, such
destabilizing factors are random non-Gaussian processes
[2-4].

Traditionally, the design of systems for signal
detection and distinction has depended on classical
methods from statistical hypothesis testing theory. This
theory typically does not restrict the type of probability
density distribution for random variables [4-8].
However, the traditional approach to researching and
developing discrete signal processing systems in non-
Gaussian noise is characterized by significant
limitations. These limitations are associated with the
complexity of algorithmic implementation of classical
methods and the increased demand for computing
resources, leading to difficulties in creating high-quality
software and hardware for signal processing.

Recent research suggests that an alternative approach
to solving problems related to the processing of non-
Gaussian processes can be quite effective. This method
for describing the statistical properties of random
variables does not rely on probability density functions
(PDF) of the distribution of random processes. Instead,
it utilizes other characteristics in the form of a sequence
of moments and cumulants. This sequence forms higher-
order statistics (HOS), allowing for an acceptable
approximation of the statistical properties of non-
Gaussian processes [9-12].

It is important to emphasize the special significance
of characteristics such as cumulants and cumulant
coefficients. Unlike moments, these parameters have
independent statistical significance and allow for the
description of the characteristics of the non-Gaussian
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distribution of random variables. This approach
increases the accuracy of processing non-Gaussian
signals compared to the traditional correlation method,
despite constraints on complexity. Additionally, the
complexity of signal detection and discrimination
algorithms is reduced, and it becomes possible to
account for the correlations of non-Gaussian random
variables when using multidimensional moments and
cumulants.

The moment-cumulant approach to describing ran-
dom variables allows for an acceptable approximation of
the statistical properties of non-Gaussian processes and
improves the accuracy of processing these processes
compared to traditional correlation methods [13-17].
Statistical methods of signal processing based on higher-
order statistics are widely used in the development of
data reception systems over noisy communication
channels, where traditional methods are less effective
[18-21].

The purpose of this work is to improve the efficiency
of data reception systems for distinguishing RZ signals
in non-Gaussian noise by applying the moment-
cumulant representation of random variables. This
includes developing a moment quality criterion for
statistical hypothesis testing and polynomial decision
rules [22-25].

Problem statement. Let random signals ¢&;(t),
i =0,1,2 be observed on the observation interval
(0 — T) which are an additive mixture of constant useful
signals a, and a, in asymmetric-excess non-Gaussian
noise with zero mathematical expectation and variance

X20 $o@®) =n(), &) =a;+n(), &@)=—a;+
n(),i = 1,2.

From the random signals &;(t), i = 0,1,2 we obtain a
vector of sample values X = {x;, x5, ...x,,}. Based on
the processing results of these values, it is necessary to
make a decision on the implementation of the hypothesis
H, or H,. The implementation of these hypotheses
corresponds to the reception of a constant useful signal
a, or (—a,), respectively, Otherwise, a decision is made
to implement the hypothesis H,, which characterizes the
presence of additive non-Gaussian noise.

Each received signal corresponds to a moment-
cumulant description, presented in the form of a finite
sequence of moments m;[{0, ¥z, vi3, - ¥i;}]1, where
Yiz, - ¥ij are cumulant coefficients that describe the
parameters of non-Gaussian noise n(t).

2 Models and methods of RZ — signals distinction
in non-Gaussian noise

In line with the classical approach, the optimal
Bayesian signal detection algorithm is characterized as

the one that minimizes the average risk [5-8]. The
fundamental statistic essential for hypothesis testing is
identified as the likelihood ratio, which can be obtained
from

P(X|H1)

AX) = 55 ()

The solution to such problems is typically formulated
under the assumption that the random variables adhere
to the Gaussian probability density function (PDF).
However, deriving solutions in the format of equation
(1) for non-Gaussian PDFs poses challenges due to the
inherent uncertainty in the PDF, parameters, and
algorithmic  implementation.  Hence, alternative
approaches are needed to circumvent these issues. One
such alternative approach may entail expressing the
likelihood ratio as a power-law polynomial function, as
detailed in references [15, 22-25].

Assume the likelihood ratio in Eqn. (1) is a
continuous function and is represented as a stochastic
power polynomial of degree s for independent random
samples x,,:

AQxy, X2, o ¥n) = Ko + XiZa Xy=1 ki (), (2)

where the functions ¢;(x,,) represent transformations of
sample values x,, which may include power or
trigonometric functions. The coefficients k;,, and k, are
unknown parameters chosen based on the relevant
quality criterion. Furthermore, if the functions
¢, (x,,) are linearly independent and form a basis, then
for a broad class of functions A(X) = f(xq, x5, ..., Xn),
a decomposition in the form of series (2) is feasible.

In practice, instead of infinite series (2), polynomials
with a finite number of terms are used.

Then an expression of the form
A(X)sn = kO + Zf=1 ZE:l kiv¢i(xv)/ (3)

where x,, are random variables, this will be referred to as
a generalized stochastic polynomial of degree s with
dimension n.

This stochastic polynomial (3), as a function of the
sample values, is a function of the likelihood ratio, which
can be used in the form of DR to test statistical
hypotheses. In the case of using power-law transforma-
tions of sample values, the DR for uniformly distributed
random variables takes the form:

Hl
;>

A(X)sn = kO + 22?:1 Zg:l kivxllz" < 0, (4)
Hy

where unknown coefficients k;, and k, (4) can be
determined by minimizing a well-known probabilistic
quality criterion such as Bayes or minimax criterion.
However, this determination can be complex in general
cases. Therefore, a new moment-based quality criterion
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for statistical hypothesis testing is proposed [15, 23-25].
Let us outline the development of such a quality criterion
for testing statistical hypotheses.

Let us assume that there exists a DR
Hy
>
AX) = y(X) —ko 0. (5)
Hy

where y(X) — function from sample values X and k, is
chosen so that

My=E [’“X)] [2 AX)p(X/Ho)IT dx < 0,

M, =E [%‘)] = [* AX)p(X/H)IT dx > 0.

The probabilities of type | and Il errors are defined
according to the Chebyshev inequality:

0
a=P[AX) 2 H—o] < Go/M? = a,

B =PAX) <] < Gi/ME = B,

where G;(y) = [ [f(X) — M;]>p(X/H)Tl dx

represents the variance of the decision function y (X)
for hypothesis H;, i = 0,1.

Then the sum of error probabilities can be expressed as

F(a,f) = a+f < ag + By = 15 + 5 = @(G, M).(6)

Let us take that for expression M, and M, the
coefficient k, is defined as:

ko = 0.5(Ey + Ey), (7

where E;(y) = E[y(X)|H;] - the mean of the decision
function y(X) (5) for hypothesis H;, i = 0,1.

Then, the function ®(G, M) (6) for such coefficient
ko (7) has the form ®(G, M) = 4Kul(G,E), where

G +G
Kul(E,G) = —em——om_ (8)
(El(sn) Eo(sn))

where the mean E; sy, and the variance G; sy, of the DR

(4) of power S for hypotheses H; (i=0,1) for sample
values of volume n are defined as

Eoisn) = Yo=1Di=1 Kivlhi, (9)

Eoisn) = Yo=1Di=1 Kiv™M, (10)
Go(sn) = Lv=12i=1%;=1KiwkjuF i jyv (Ho), (11)
= Yo=12i=127=1 KiwkjinF i jy» (H),  (12)

where m;, u; - the initial moments of the i-th order for
hypotheses H; and H, respectively in (9-12),
F i jyv(Ho) = Ugitjyv — UipUjp, Fijyw(Hy) =
M(i+jv — MiyMjy.

GO(sn)

Definition 1. Let us define the functional Kul(E, G)
as the quality criterion for decision making. We assume
that the optimal coefficients kg in the form of (7) and
k;,, which minimize the right-hand side of (8), form the
basis of this criterion, referred to as the "Moment quality
criterion of probability upper bound errors" for statistical
hypothesis testing, or briefly the "Kul criterion".

The proposed quality criterion provides an upper
bound on the probabilities of errors of the first and
second kind for the DR (4), offering a clear
interpretation. The minimum of the Kul criterion (8)
corresponds to minimizing the error probabilities of the
DR. This minimum is achieved when the variances (11,
12) of the decision rule are minimal, and the distance
between the mean (9, 10) of the decision rule for the
hypothesis and the alternative is maximal.

The optimal coefficients k;,, for the decision rule can
be determined by minimizing the proposed quality
criterion (8). Specifically, we use the following system
of linear equations to find such coefficients:

521 kju | Fi jyw (Ho) + Fgi jyp (H)| = m
i=1,s.

This approach has proven effective in solving various
signal detection problems [22-25]. Let us adapt this
method for multi-alternative statistical hypotheses
testing, using the example of distinguishing RZ-signals
in non-Gaussian nois. In this case the likelihood ratio for
multi-alternative statistical hypotheses testing H, and H,.
for independent and unequally distributed random
samples x,, will differ from (4) and defined as

Uiy, (13)

Hr
A(X) (.97") l$=1 Z k(gr) k(gT) 0’ (14)

Hg
where g,r=0,N—1, g#r and the unknown

optimal coefficients ki(g ™) are determined by minimizing
the adapted moment quality criterion for multi-
alternative statistical hypotheses testing:

6 y1+69" 1y

Ku2(E,G)9") = 2 ,
(9" b1-59"1)

(15)

and k(()gr) is chosen as the average of the mean functions
E!ggr) and E97 for hypothesis testing H, and H, in DR
(14):

1
(gr) _ (gr) gn) _
K _—E(Eg +E97) =
_ _ZS L Y, k(gT) ( ) + m(T))’ (16)
gr=0N—1, g=#r.
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The minimum value of criterion (15) also guarantees
the minimization of the sum of the upper bounds of the
probabilities of errors of the first and second kind for the
DR (14). It is demonstrated that the optimal DR

coefficients kl.(fr) in (14) will be determined by the
following system of equations
§:1kj(fr) [F(r) + F(g) ] — m(g) —m®

@@ Nv @i, )v iv v’

17)

v=1n, i=ﬁ, gr=0N-1, g=+r.

Definition 2. Let us define the functional Ku2(E, G)
as the moment quality criterion for decision making in
the form of DR (14). We assume that the optimal DR
coefficients k7" in (16) and k9", which minimize the
right-hand side of (15), constitute this criterion, termed
the "Modified Moment Quality Criterion of Probability
Upper Bound Errors for Multiple Statistical Hypothesis
Testing" or briefly the MMQC criterion. A lower value
of the criterion (15) indicates a reduced likelihood of
errors in the DR (14).

The mean and variance of DR (14) for multiple
hypotheses testing H, and H,. are defined as follows:

EFT = X8, i k7 m, (18)

BV =T Tk Umi, (9)

G = Ties Do Bhea ki ki) F(E),0 (20)

GO = B Yo Ma kT KEVFD) . (21)
where m{"”, m‘? are the initial moments of the i —th

v iv

order of the random variable ¢ for hypotheses H,. and H,
respectively,

@ _ . @ @, (@
Fihw = Miigjypp — My My, s
£ ™ (), )

Qv = Mt jr — My My
Then, the general structure of the DR (14) for
multiple statistical hypothesis testing H, and H, is
defined:

. (g0), i (g0) .
Hy: g;nlgv_x_l{Zfﬂ Yo=1ky Xy + kg } > 0;

Hy,: max { i=1 X0=1 kl.(fo)xf; + kf(JgO)} <0

g=1,N—1

DD Y S AR ACL YN YA AP AT
k((,ro),g,r =0,N—-1, g#r,i=1,s.

Property 1. If the optimal DR (14) coefficients are
determined by solving the system of algebraic equations
(17), then they satisfy the following condition

" _ gr),@gn [ (@)  1_

Is(i) - 3=12§=1kﬁ?r kigr [F(i!,]j)v + F(iTj)v] -
T kG (m@ —m)), (22)

iv iv

gr=0N-1, g=+r.

Definition 3. Let us determine the value I, &7 (22),
which we will refer to as the value of extracted
information from a samples of size n regarding
distinction between hypotheses H,, H, when using
polynomial DR (14) of degree s.

Property 2. For the coefficients determined from the
system of equations (17), the value of the quality
criterion Ku2(E, G) (15) is inversely proportional to the
amount of extracted information from sample values of
size n concerning the distinction between hypotheses H,.,
H, and expressed as follows:

] @) = 1

— CLON () ()
sn Ku(E,G)mn) — l$=123=1 kiv (miv —my, )'

gr=0N-1,g=+#r. (23)

3 Results

Let us carry out a synthesis of algorithms for RZ-
signals distinction in non-Gaussian noise for the degree
of the polynomial DR (14) S=1,2 on the basis of the
proposed approach and the MMQC (15).

The initial moments up to the 4th order for the signal
&o(t) when implementing the hypothesis H, are as
follows:

mgo) =0, mgo) = X2

3
m® =y, m» = 3 +y )i,

where y3, y,— coefficients of the third (kewness) and
fourth (kurtosis) orders.

The initial moments up to the 4th order for the signal
&, (t) when implementing the hypothesis H; are as
follows:

(1)

® _ — 2
ml = aq, m2 - al +X2'

3
mgl) =ai +3ax, + Y3X
3
m® = af + 6aly, + 4arysx2 + 3x% +vax3.
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The initial moments up to the 4th order for the signal
&, (t) when implementing the hypothesis H, are as
follows:

2 2
m® = —a,, mP = a2 + x,,
(2 5
my” = —a3 = 3axx; +v3x3,

3
5 3
m{? = a} + 6a3x, — 4asysxZ + 373 + vax}.
Let us formulate the expressions for the centered
correlations based on the provided equations

@ _ 0 D @ _ 95
F(k,]) - (;(_'_]) - mkl m L= 0,2.

j )
Then, for hypotheses Hy, H,,H, we will obtain the
following expressions:

© _
FOy = 2o FO =FO = 32,

(L2) (21

Fiay = 223 +vax?,

3 3
L _ 0 _ 2 2 () _
F(ll)) =12 Fu2) = Fopy = 24 P1X; +V3xXy F2) =

1
243 +4p1x5 + 4Jp1vsxs + vaxi,

3 3
2 @ _ @ _ = 2
F(ili =12.F12) = Fohy = —2(P2x;3 + 7315
2
Fy = 2x2 + 4p,x3 — 4\[p2vsx? + vax3,

2
where p; = ;l(—ll = 1,2 — the ratio of the power of the
2

useful signal a; to the variance y, of the additive non-
Gaussian noise (SNR).

Let us give a synthesis of linear DR (14) rules at the
degree of the polynomial S=1, which are as follows:

HO
AL = kO B8, + kg Y 0,i =12 (24)
H;
Hl
AXE =k T x + k2 0,
HZ

The general structure of the DR (14) for multiple
statistical hypothesis testing will be presented as a
system of equations for testing hypotheses (Table 1).

(25)

Table 1. Systems of equations for testing hypotheses
H, H, Hy

{A(X)(lo) >0 {A(X)@O) >0 {A(X)(“’) <0
AX)V <0 | (AX)EV >0 | (AX)E <0

Here, A(X)19, A(X)?9 are decision functions for
hypotheses testing H; and H, against Hy, respectively,
A(X)®V s the decision function for hypotheses testing
H, and H;.

The unknown coefficients k' and k** for DR
(24) are found from the solution of the system of

Eqns. (17), where the thresholds k(*V and k{® are
found according to (16):

i0 i 1,2 10 Vb1
kg™ = —nE kg™ = 2(py - po), ki1 = 2

2./x2’
(20 __ NP2 @ _ et o) _
1 - 2 v M1 - 2\/)6 » Lo = V.
X2

The mean and variance of DR (24, 25) will take the
form from Eqgns. (18-21):

] . 1 —
1
E2(21) = En(\/ P1y/P1 + < Pz):

GO = G = U0 — 14

60 = 60 = (o + o) i = 12

To evaluate the effectiveness of the synthesized
linear algorithms, we will use the expression (22) or (23)
that characterizes the value of extracted information
from a samples of size n regarding distinction between
hypotheses H,., H; and will take the form

b = 150+ 169 4169 -

n(py + /P1y/p2 + p2)-

The obtained set of systems of equations (Table 1) for
the synthesis of decision rules are linear and align with
well-known results for Gaussian models of random
processes. However, these synthesized decision rules do
not account for the parameters of the non-Gaussian
distribution of the studied random processes. This
limitation arises because only the initial moments of the
first and second orders, which describe the mean and
variance of the investigated process, were used to
characterize the random variables. To incorporate
additional parameters such as asymmetry and kurtosis of
the random process, it is essential to utilize higher-order
statistics (HOS). Therefore, increasing the degree of the
polynomial decision rule to S=2 (12) allows for the
incorporation of initial moments of the third and fourth
orders.

(26)

According to expression (14), let's derive a nonlinear
DR with a polynomial degree S=2. In the general case,
for uniformly distributed sample values, it takes the
form:
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H;

>
A5y = ki Tieyxy + kY Thogxf + ke 2 0,27)

o

H,
>
<0
Hy

ACOSY = K7 By, + KD By + kD

where i=1,2.

The unknown coefficients for DR (27) are
determined by solving the system of equations (16), (17)
and look like:

2P1Y3—D01(2+D1+Va) |
4(2+p1—Y§+V4) ’

k(()10) _

_2\/51’3 +p,2+p, + V4)_

k(zo) —
0 42+ p —vi+va)

v _ (PP (24 (Vo + Vo) = 2pr +p)rs + 7).

4(2+ (pi+p2) v+ 1)
=\/E(2+P1 +\/EV3 +V4)_

2vx:(2 +py _732 +y.)
k(ZO) — _ VP2(24p2—P2¥3+Va)+P2Vs3 |
1 2. x2(2+02-VE+ys)
k0 — _ VP13 .
2 2x2(2+p1-V3+va)’
\P2V3
2x2(2+p2- V3+Y4)
(VP1+VD2)(2+ (P71 +VP2) 2+ (D1 — x/_)V3+Y4)
222 (2+(WP1+VD2)2 V3 +Va)
VP1+VP2)Ys
2)(2(2“'((\/_"' P2)? )’3"'1’4))

The mean and variances of DR (27) are defined
according to expressions (18-21).

k(lo)

k(zo)

kim

k(21)

For evaluating the effectiveness of the synthesized
non-linear DR (27) we will use expression (22) or (23).
The maximum value (22, 23) will correspond to the
minimum value of MMQC (15), which leads to the
minimum values of the upper bound of the probabilities
of errors of the first and second kind of DR (27):

- 1 p
I n—n{(P1+\/P_1\/P_2+P2)+;V3(m+
D1+VP2)? b2
2+ (VD1 +VD2)?~Vi+Va + 2+P2—V§+V4)}. (28)
The synthesized DR (24, 25) with a polynomial
degree of S=1 represents a system of equations for
testing hypotheses H,,y, Hyy, H,y, Which do not

incorporate the non-Gaussian distribution characteristics
of random processes. When the degree of the polynomial
DR is increased to S=2 (27), it involves the use of initial
moments of the 3rd and 4th orders. This expansion
allows for the consideration of non-Gaussian parameters
of random processes, specifically the coefficients of
skewness y5 and kurtosis , y,.

4 Experiments

To evaluate the effectiveness of the obtained linear
(S = 1) (24, 25) and non-linear (S = 2) (27) DR, we will
use the modified criterion (15), which characterizes the
sum of the probabilities of errors of the first and second
kind of the DR. We also note that the inverse value of
this criterion Ku2(E, G)W™ is the extracted information
value I &7 (28) from a samples for distinction between
hypotheses H,., Hy.

The ratio of the extracted information value I,,, (26)
on the distinction among three hypotheses for the
Gaussian noise model (DR S=1) to I,, (28) for the non-
Gaussian asymmetric-excess noise model (DR S=2)
from the skewness coefficient y5 is shown in Fig. 1.

Research results show that linear DR (24, 25) for
S = 1is equal to well-known results obtained from the
probabilistic quality criterion by assuming the Gaussian
noise model. In this case, only the first two initial
moments are used to characterize the random variables,
which describe the mean and variance of the random
variables. The extracted information ratio I,,/I,, from
samples about distinction hypotheses is equal to 1 for
Gaussian model noise when the skewness coefficient
is y3 = 0. Taking into account the asymmetry of random
samples (y3; # 0), the extracted information I, for
nonlinear DR (S = 2) are more than I;,, for the well-
known linear DR (24, 25). This tendency characterizes
the lower values of MMQC (15) and accordingly
probability the first and the second kind of errors of
nonlinear DR (27) than linear DR (24, 25). For example
(Fig. 1a), the probability errors value of nonlinear DR is
decreased approximately twice for y; = 0.8 and
ys =—1 (atSNR p; = p, = 0.1,curve — 3) compa-
red to linear DR. A similar positive effect in increasing
the effectiveness of nonlinear processing of sample
values is observed for other parameters of non-Gaussian
noise, as demonstrated in Figs. 1b-1d. It should also be
noted that the efficiency of signal processing improves
with the increasing of the DR polynomial degree S.
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0.8+

0.4+

02}

02 h s i i
a) y4 =—1;1)p; =p, =10;2) p; =p, =0.5;
3)p1 =p2 =0.1.

ln

Y3

05 1.0 15 2.0 215

©) ¥4 =5;1)py =p, =10;2) p; = p, = 0.5;
3)p1 = pz = 01

05 10 15

b) va=1; 1p; =p,=10;2)p; =p, =0.5;
3)p1 =p2 =0.1.

U.‘5 1?0 1‘\5 2?0 215 310 3.‘5
d) y, = 10; 1)p; = p, = 10;2) p; = p, = 0.5;
3)p1 =p2 =0.1.

Fig. 1. Comparison of the extracted information ratio I;,/I,, from samples about distinction hypotheses from the

skewness coefficient }; using polynomial DR of order S = 1,2, n=100.

Simulation of the RZ-signal distinction in non-
Gaussian noise was carried out. The simulation was
implemented in the Matlab-Simulink environment, the
results of which are shown in Fig. 2. The result of linear
(a - S=1) and non-linear (b - S=2) signal processing DR
for hypotheses testing H; and H, against H, is shown.
Linear processing (a) is characterized by more chaotic
DR emissions, which will lead to the appearance of
errors of the first and second kind. Non-linear processing
is characterized by less chaotic DR emissions, which
improves the accuracy of the RZ-signal distinction in
non-Gaussian.

The result of the noisy RZ-signals decoding is
presented in Fig. 3. The simulation was carried out with
different non-Gaussian noise parameters, namely with
different skewness and kurtosis coefficients and SNR.

Figure 3 shows a useful RZ-signals (a), a noisy
RZ-signals in non-Gaussain Rayleigh noise (b) - y3 =
0.631, y, = 0.245, the results of linear (c, ) and non-
linear (d, f) signal processing. As can be seen from the
results of the simulation, the number of RZ-signal
distinction errors decreases with nonlinear processing of
sample values (S=2 - d, f) compared to the processing
results for Gaussian models of random processes (S=1
- C, €). It can be seen from the obtained oscillograms that
taking into account the non-Gaussian characteristic of
random processes in the form of the coefficient of
asymmetry and kurtosis allows us to increase the
efficiency of RZ-signal distinction in non-Gaussian
noise by factors of 5 (c, d) and 3.5 (e, f) - in Fig. 3. This
improvement in efficiency corresponds to the results
obtained for theoretical studies (Fig. 1)
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ROC Curve, g=0.1, gam3 = 0, gam4 = 0. n=100
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Fig. 4. Simulation of the ROC curve of a polynomial signal detector in non-Gaussian noise

Figure 4 shows the results of the simulation of the
ROC curve (Receiver Operating Characteristic curve)
for the polynomial signal detector in non-Gaussian
noise.

It is shown that for the Gaussian noise model, when
the coefficients of skewness (y3) and kurtosis (y,) are
equal to zero, the characteristics of the linear (s=1) and
nonlinear (s=2) polynomial DR are the same (Fig. 4 - a).
It is important to note that the linear DR coincides with
the classical DR, which is derived from the likelihood of
the assumed Gaussian noise model. As the skewness
coefficient increases (discrete values for y; = 0.5, 1.0,
1.2 for n=100 are shown in Fig. 4b, c, d), the curve
deviates to the upper left corner. Such a deviation of the
curve indicates an increase in the quality of nonlinear
signal processing (s=2) compared to the linear (s=1)
processing under the assumption of non-Gaussian noise
models

5 Discussions

Signal processing in noise is a significant statistical
challenge for many practical applications. The
foundation for addressing these problems lies in using
the likelihood ratio, which involves the probability
densities of random processes. However, applying this
approach to non-Gaussian models of random processes

presents practical difficulties related to determining the
type of distribution density, its parameters, and the
synthesis and analysis of algorithms.

The paper suggests an alternative approach to
describing random processes. This approach is based on
using moments and cumulants, an infinite sequence of
which will accurately approximate the proposed
description of random variables to a complete
probabilistic description. However, to develop practical
algorithms for signal processing in non-Gaussian noise,
scientific research is required. This research must focus
on the synthesis of decision rules and new moment-
based quality criterion (Modified Moment Quality
Criterion of Probability Upper Bound Errors for
Multiple Statistical Hypothesis Testing) to determine
optimal algorithms for signal distinction in non-
Gaussian noise.

The use of polynomial decision rules is proposed,
with optimal coefficients determined by the suggested
criterion. Additionally, an adapted criterion for multiple
hypothesis testing has been proposed, enabling the
synthesis of polynomial decision rules for RZ signal
distinction in non-Gaussian noise.

Based on the proposed approach, linear and nonlinear
decision rules were derived for various polynomial
orders. It is important to note that linear decision rules
do not account for the non-Gaussian distribution of



Journal of Electrical Engineering, VVol. 75, No. 5, 2024 381

random variables processed by the proposed algorithm.
This is because only the first two moments, representing
the mean and variance of the random variables, are used
to describe them. However, these linear decision rules
exactly match those derived from the likelihood ratio for
a Gaussian model of random variables.

Nonlinear processing of sample values and
consideration of higher-order statistics of hon-Gaussian
processes lead to enhanced performance in RZ signal
distinction  systems compared to conventional
approaches for Gaussian processes. In this case, four
initial moments are used to describe random variables,
which additionally characterize the properties of
skewness and kurtosis of random processes. With such a
description of random variables, the process can be non-
Gaussian.

Studies have shown that this new approach to describing
random variables and synthesizing decision rules can
increase the accuracy of signal processing compared to
the well-known results for widely used Gaussian models
of random processes. The use of the proposed method
and synthesized algorithms increases the noise immunity
of the system for transmitting and receiving bipolar
discrete RZ signals in information and measurement
systems, as confirmed by simulation results in the
SIMULINK environment.

Based on the DR (14) the structure generalized block
diagram of polynomial RZ-signals distinction at the
degree of DR s = 1, 6 is shown in Fig. 5. This structure
is designed for statistical processing of input discrete
independent values X = {x;, x,, ..., x,}. Such a struc-
ture is not difficult to implement. It includes blocks such
as sample value accumulators, multipliers, a threshold
device and can be implemented on a modern element
base, for example on an FPGA. The optimal DR

coefficients k97, k{97, which minimize the sum of
error probabilities in accordance with the MMQC (15)

for multiple hypothesis testing, are derived from solving
the system of equations (17).

I
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—+ —>
k(?.n) k(zo)
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Device |
=1
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® —

Fig. 5. Generalized block diagram of polynomial
RZ-signals distinction signal distinction at the degree

of DRs =1, 6.

6 Conclusion

After analyzing the challenge of enhancing signal
processing methods in non-Gaussian noise, a
methodology for developing mathematical modeling
techniques for signal detection and distinction was
chosen and justified. This methodology considers the
unique characteristics of random signals and involves
utilizing a moment-cumulant representation of random
processes along with polynomial DR. The coefficients
of these decision rules are optimized to minimize the
sum error probabilities, as dictated by the MMQC.

Methods for detecting and distinguishing signals in
non-Gaussian noise have been devised. The synthesized
polynomial signal processing algorithms demonstrate
superior performance when contrasted with established
outcomes for Gaussian noise models. This approach
more accurately characterizes the traits of non-Gaussian
stochastic processes by incorporating moments and
cumulants of the third order and beyond. Considering
higher-order statistics, such as third and higher order
moments and cumulants like skewness and kurtosis
coefficients, for additive non-Gaussian noise compo-
nents can enhance the effectiveness of nonlinear signal
processing. Such an increase in efficiency can exceed
twofold, depending on the noise parameters. It is shown
that the efficiency of the proposed approach is much
higher for small SNR values, for example less than 1.
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