Journal of ELECTRICAL ENGINEERING, VOL. 61, NO. 6, 2010, 357–364

MATHEMATICAL MODELLING AND
PARAMETER DETERMINATION OF RELUCTANCE
SYNCHRONOUS MOTOR WITH SQUIRREL CAGE
∗

Peter Hudák — Valéria Hrabovcová

∗∗

The paper provides an analysis of reluctance synchronous motor (RSM) with asymmetrical rotor cage. Its performances
during its starting up is investigated. A mathematical model is created on the basis of detailed investigation of model
parameters. The RSM starting up by switching it directly across the line was simulated and verified by measurements.
K e y w o r d s: leakage inductance, magnetizing inductance, reluctance synchronous motor, reluctance torque, mathematical model

1 INTRODUCTION

The reluctance synchronous motor (RSM) is a machine
working on the basis of development of reluctance torque
development. The rotor configuration with the salient
poles is made from the rotor of asynchronous motor if
some rotor teeth are symmetrically removed (mill out).
A different air gap in d and q axis enables development
of a reluctance torque. The rotor cage is asymmetrical
because some bars are located in the slots surrounded by
iron and the other are surrounded by air, as it is shown in
Fig. 1. This cage allows starting the motor directly from
the grid, like the induction motors. In synchronous operation the cage acts as a damper of the oscillations in the
speed. The cage parameters are important for the determination of the starting and running stability characteristics of the machine. Therefore in the past, several authors
have focused on an analysis of the transient/starting performance of the RSM [1]-[5]. Mathur, [1] has created detailed mathematical model for the RSM with segmental
rotor and winding on the rotor. He has derived an analytical expressions for the inductances calculation and made
simulation of RSM. The coincidence between results from
simulation and measurement was good but the analytical expressions were derived only for one type of rotor
construction, what was unpractical.
Lawrenson [2] and Honsiger [3] focused on impact of
working conditions on the transient performances of the
RSM with winding on the rotor. They made a lot of the
simulation and on the basis of results have created also
basic recommendations for the RSM designers.
In recent years, authors [6], [7] have used the finite
element method for a detailed analysis of the transient
performance of the RSM. The FEM brought a lot of the
advantages in the analysis but it is a time consuming
method, and good FEM software is also expensive.

Fig. 1. Asynchronous rotor with symmetrically removed rotor teeth

In this paper, a mathematical model is created comprising very complete system of equations with demanding mathematical apparatus describing mutual linking
between rotor parameters in d and q axis as well as between the stator and, the rotor. The self and mutual inductance are calculated by free FEMM [9] software.
2 MATHEMATICAL MODEL OF THE RSM
WITH ASYMMETRICAL ROTOR CAGE

As it is seen in Fig. 1, the bars of the cage are distributed asymmetrically, but from the point of view of
its electrical parameters, they differ in d and q axis. In
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Fig. 2. Fictitious coils and loops in: (a) — d and (b) – q axis

Fig. 2, there is an illustrative view on the cross-section
area of such cage with its fictitious coils and loops in d
and q axis, which are numbered from 1d, 2d,. . . etc, to
Nd in d axis, and from 1q, 2q,. . . etc to Nq in q axis.
One coil-loop is created by 1d-1d’, 2d-2d’,. . . etc in d
axis, the same approach is used in q axis.
For such arranged cage is created a mathematical
model, which enables a detailed analysis how the cage
asymmetry influences the running up and synchronizing
of the RSM. The RSM mathematical model with asymmetrical cage is presented in the form, as follows
dψd
− ωR ψq
dt
dψq
+ ωR ψd
ud = iq RS +
dt
dψ0
u0 = i0 RS +
dt
,
dψ1d
,
,
0 = i1d R11d +
dt
...

,
0 = i,1q R11q
+

,
ψ1d
= (L,σ1d + Lµd )i,1d + Lµd (id + i,2d + ... + i,N d )
,
ψ1q
= (L,σ1q + Lµq )i,1q + Lµq (iq + i,2q + ... + i,N q )
,
ψ2d
= (L,σ2d + Lµd )i,2d + Lµd (id + i,1d + i,3d + ... + i,N d )
,
ψ2q
= (L,σ2q + Lµq )i,2q + Lµq (iq + i,1q + i,3q + ... + i,N q )
.....

(2a)
where for example
– is a linkage flux of the rotor
coil Nd referred to the stator,
(1a)

L,σN d =

2
3 NwS1
LσN d
2
2 NwN d1

is a rotor leakage inductance LσN d referred to the stator,
on the basis of the so called ”winding functions”, where

2
2
NwS1
2 Lµd
3 NwS1
2 Lµd
=
⇒
=
(2b)
2
NwN d1
3 LdN d
2 NwN
3 LdN d
d1

,
dψN
d
dt

,
dψN
q

dt

where
2
3 NwS1
R11d
2
2 Nw1d1

ψ0 = LσS i0

,
ψN
d

...

,
R11d
=

ψq = (LσS + Lµq )iq + Lµq (i,1q + i,2q + ... + i,N q )

,
,
,
,
,
ψN
q = (LσN q + Lµq )iN q + Lµq (iq + i1q + ... + i(N −1)q )

,
dψ1q
dt

,
0 = i,N q RN
qN q +

ψd = (LσS + Lµd )id + Lµd (i,1d + i,2d + ... + i,N d )

,
,
,
,
,
ψN
d = (LσN d + Lµd )iN d + Lµd (id + i1d + ... + i(N −1)d )

ud = id RS +

,
0 = i,N d RN
dN d +

and

(1b)

is the rotor resistance R11d (resistance of the fictitious
coil 1d-1d’) referred to the stator. In the same way also
the other rotor resistances are referred to the stator.

NwSl – is a fundamental component of the winding function of the stator and NwN dl – is a fundamental component of the winding function of the rotor coil Nd.
The voltage equations are completed by the equation
of electromagnetic torque which is derived from the airgap power pδ
 
 
3
3
ωR (ψd iq − ψq id ) =
pΩ (ψd iq − ψq id )
pδ =
2
2
 
3
⇒ me =
p (ψd iq − ψq id )
2
(3)
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and the equation for mechanical angular speed Ω

Therefore more convenient the inductances can be expressed as follows

dΩ
1
= (me − mL )
dt
J

Laa = LσS + L0 + L2 cos (2θR )

where p – is the number of pole pairs, J – is moment of
inertia, and mL – is the load torque.
To solve this system of equation, not only voltages
applied to the RSM terminals but also the resistances
and inductances of the investigated RSM are needed to
know.
The rating and parameters of the asynchronous motor,
the rotor which has been rearranged to create the salient
poles are as follows: 3 phase, 4 pole ASM 4AP90L, 1500
W, 400/380 V, 3.4/3.6 A, 1410 rpm, η = 77%, cos φ =
0.82 , resistance of stator winding at 20 ◦C is RS20 =
5.422 Ω, and at 75 ◦C is RS75 = 6.575 Ω, the resistance of
the rotor bar is Rbar20 = 91.33 µΩ, Rbar75 = 117.55 µΩ,
the part of the ring belonging to one bar (or between two
adjacent bars) Rring20 = 1.641 µΩ, Rring75 = 2.05 µΩ.

3 CALCULATION OF SELF
AND MUTUAL INDUCTANCES

To get the self and mutual inductances of the windings,
the FEM analysis has been used. The self inductances are
calculated by means of expression
Ljj (θR ) =

ψj (θR )
ij

(4a)

where
Z
QS
1
zQ X
kji
AdSd
ψj (θR ) = lF eS
npp i=1
Sdi

(4b)

Sdi

and zQ – is the number of conductor in a slot, npp – is
the number of parallel conductor in a slot, QS – is the
number of stator slots, kji – is a factor saying how the
winding in i-slot is oriented.
The mutual inductances are calculated by means of
similar expression
Ljk (θR ) =

ψk (θR )
ij

(5)

where ψk (θR ) – is the leakage flux of k-coil, which will
be calculated by means of (4b).
In the shown way the waveforms of self and mutual
stator inductances as a function of rotor position have
been calculated. The Fourier series of these waveforms
have shown that most dominant are zero and second space
harmonic components. The other ones can be neglected.

Lbb = LσS + L0 + L2 cos (2θR − 2π/3)
Lcc = LσS + L0 + L2 cos (2θR + 2π/3)
Lab = Lba = −M0 + M2 cos (2θR + 2π/3)

Lbc = Lcb = −M0 + M2 cos (2θR )

Lac = Lca = −M0 + M2 cos (2θR − 2π/3)

(6)

If these expressions are introduced to the expressions of
linkage flux, eg Ψd , the further deriving results in expression for synchronous inductance in d and q axis, respectively

LσS + L0 +

2
LσS + L0 −
Lq =
3

Ld =

2
3

L2
+ M0 + M2
2



L2
+ M0 − M2
2



(7)

where: LσS – is stator leakage inductance, consisting of
leakage inductance of end winding LσendS and differential
leakage inductance Lσdif d
The values of synchronous inductance for here investigated RSM for current IS = I0 nom = 3.2 A are as
follows
L2
2
(LσendS + Lσdif d + L0 +
+ M0 + M2 ) =
3
2
2
31.82
= (4.78 + 10.6 + 152.8 +
+ 62.3 + 86.54) × 10−3
3
2
giving: Ld = 222.02 mH
Ld =

2
L2
(LσendS + Lσdif q + L0 −
+ M0 − M2 ) =
3
2
31.82
2
+ 62.3 − 86.54) × 10−3
= (4.78 + 31.3 + 152.8 −
3
2
giving: Lq = 99.22 mH

Lq =

These values are compared with measured in no-load test,
load test, DC delay test and are given in Tab. 1.
Table 1. Comparison of synchronous inductances gained by various
methods

Ld

Xd

(mH) (Ω)
225.4 70.8

Lq

Xq

(mH) (Ω)

test,
no-load
meas- load
89.54 28.13
ured DC delay 232.9 73.20 124.1 39.0
calculated by (7) 222.02 69.75 99.22 31.17
diferences between
measurement and
-1.50 vs #1 10.80 vs #2
calculation in %
-4.67vs #3 -20.00vs #3
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Table 2. Factors needed to refer parameters of rotor partial coils
to the stator windings

partial coil

1d

2d

Lµd (mH)
LdN d (mH) 0.55 × 10−3
Lµd /LdN d
fd

5

7.47 × 10
3.72 × 1011

3d

417.346
1.872
3.42

4d
3.44

222.94 121.92 121.18
33135.1 9910.31 9798.8

calculated at Is = 0.5 A, fd = 23 (Lµd /LdN d)2
partial coil

1q

Lµq (mH)
LqN q (mH) 2.44×10−2
Lµq /LqN q
fq

5.54×103
2.04×107

2q

3q

135.074
6.68×10−2 1.379
2.02×103
2.72×106

where: Nbar – is number of bars of given partial coil
belonging to one pole, Nring – is number of ring parts
connected bars of partial coil belonging to one pole.
The calculated values of resistances for investigated
motor are as follows: Rbar20 = 91.33 µΩ; Rbar75 =
117.55 µΩ; Rring20 = 1.641 µΩ; Rring75 = 2.051 µΩ.
The real values of rotor resistances as well as those referred to the stator side in Tab. 3
Table 3. Resistances of the partial coils

4q

partial coil

1d

Rbar75 (µΩ)
250.16*
Nring
0
2001.28
RN d (µΩ)
referred value
′
RN
7.46 × 108
d (µΩ)

1.82

97.95 74.21
6396 3672

calculated at Is = 0.5 A, fq = 23 (Lµd /LdN d)2

2d

3d

4d

125.08 117.55 117.55
4
8
12
1033.4 1006.03 1038.8
34.24

9.97

10.17

3q

4q

Nbar = 2 , Rring75 = 2.051 µΩ

The mutual inductances between stator and partial rotor coils as a function of rotor position, have been calculated on the basis of equation (5) and FEM. The Fourier
series has been shown, that dominant harmonic components are fundamental and third one, therefore the inductances can be expressed as follows
LaN d = Lmax aN d1 cos(θR ) + Lmax aN d3 cos(3θR )

partial coil

1q

Rbar75 (µΩ)
Nring
RN q (µΩ)

117.55
2
956.8

2q

117.55 125.08* 250.16
6
10
14
989.6 1082.68 2116.1

referred value
′
RN
19585.7 2693.7
q (µΩ)

6.925

7.77

LbN d = Lmax bN d1 cos(θR − 2π/3) + Lmax bN d3 cos(3θR )

LcN d = Lmax cN d1 cos(θR + 2π/3) + Lmax cN d3 cos(3θR )
LaN q = Lmax aN q1 sin(θR ) + Lmax aN q3 sin(3θR )
LbN q = Lmax bN q1 sin(θR − 2π/3) + Lmax bN q3 sin(3θR )

LcN q = Lmax cN q1 sin(θR + 2π/3) + Lmax cN q3 sin(3θR )
(8)
In these expressions are introduced to linkage flux Ψ1d ,
the next rearranging will result in the final expression
for mutual inductance Ld1d = Lmaxa1d1 = Lmaxb1d1 =
Lmaxc1d1 . The same approach will be introduced for
Lq1q . The factors needed to refer parameters of rotor partial coils to the stator windings are in Tab.2, where Lµ
– is the magnetizing inductance investigated like a difference between synchronous inductance, calculated according (7) for stator current IS = 0.5 A, and leakage
inductance of the stator.
4 CALCULATION OF ROTOR RESISTANCES

The resistances of partial rotor coils will consist of the
bar resistance and belonging part of the ring. For a partial
coil Nd in d -axis it will be calculated as follows (similar
for Nq in q -axis)
RN d = 2p (Nbar Rbar + Nring Rring )

(9)

5 CALCULATION OF
LEAKAGE INDUCTANCES

The leakage inductances of partial rotor coils consist of
leakage inductance of slot, end connectors and differential
leakage inductance. In d -axis (similar in q -axis) for Nd
coil it will be
LσN d = LσdR + LσringR + Lσdif R

(10)

All three components of (10) will be analyzed in more
details below.
5.1. Slot leakage inductance
The well known expression for slot leakage inductance
will be applied for the investigated RSM
LσdR



NR
= 2pq
pq

2

ΛdR

(11)

where 2pq – is the total number of slots for given winding.
For here investigated RSM it is 8 slots, 2 slots per pole
(see Fig. 1), NpqR – is the number of conductor in the given
slot, here it is 1, because in each slot there is one bar, ΛdR
– is the slot magnetic conductivity. Only this parameter
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Fig. 3. Three basic positions of the rotor slot (bar) with regard to its surrounding: (a) – the whole bar is surrounded by iron, (b) – half
of the bar is surrounded by iron and a half by the air, (c) – the whole bar is in the air

3 – the leakage slot flux is gained as an integral of the
flux density along the height of the slot (see Fig. 3 : the
arrow shows a direction of integration):

ψσd = lF e

Zhd

Bσd dx

(12)

0

4 – then the magnetic conductivity can be calculated
Λd =
Fig. 4. Slot leakage inductance versus slot current. The cross means
value calculated by means of expression valid for slot of squirrel cage

ψσd
zqR Imax d

(13)

where, zqR – is the number of conductors in the investigated slot, here it is 1, Imaxd – is the maximum of the
current flowing in the investigated winding (here in the
bar).
Table 4. Distribution of the current in the partial rotor coils in d and q -axis and corresponding slot leakage inductance

d – axis
rotor current (A)
I1d
0

I2d
72.9

LσdR (µH) 1*
2.15
XσdR (µΩ) 314* 675.4
Fig. 5. Slot leakage inductance versus temperature and frequency

is unknown and will be investigated by means of FEM.
This method has been evaluated for IM in [8], here will be
accommodated for the salient pole of the RSM. Here the
rotor bar in the slot can appear in these typical positions
according the surrounding of the slot, see Fig. 3.
The procedure of the slot leakage inductance FEM
calculation can be described in the following steps
1 – the rotor bar is fed by a current, at which the inductance will be calculated,
2 – the magnetic flux density along the slot axis (see
Fig. 3) is gained by means of FEM,

I3d
154

I4d
164

0.48
131.3

0.08
25.13

IS = 3.4 A, Bδ1 = 0.925 T
q – axis
rotor current (A)
I1q
38.5

I2q
68

LσqR (µH) 0.046 0.05
XσqR (µΩ) 14.45 15.71

I3q
170

I4q
241

2.165
680.1

1.06*
333*

IS = 3.4 A, Bδ1 = 0.425 T
* these partial coils have only half number of the rotor
bars in comparison with other partial coils therefore their
slot leakage inductance is 1/2 lower, see also (11).
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Table 5. Leakage inductances and reactances of the cage ring

partial
coil

nring
0
Lσring (µH) 0
Xσring (µΩ) 0
partial
coil

d – axis
2d
3d

1d

4d

4
8
8
0.46
0.92
0.92
144.67 289.30 289.30
q – axis
2q
3q

1q

nring
0
Lσring (µH) 0
Xσring (µΩ) 0

0
0
0

4q

4
8
0.46
0.92
144.67 289.30

Table 6. Differential leakage inductance for rotor partial coils in
d - and q - axis

partial
coil

1d

IR
(A)
Lσdif R (µH)
Xσdif R (mΩ)

0
0
0

partial
coil

1q

d – axis
2d
3d
72.9
8.14
2.56

154
4.22
1.33

q – axis
2q
3q

4d
164
3.92
1.23

4q

IR
(A)
38.5
68
170 214
Lσdif R (µH) 0.15 0.19 8.19 15.01
Xσdif R (mΩ) 0.045 0.062 2.57 4.72

5.2 End connectors leakage inductance of the
rotor asymmetrical cage
The leakage inductance (reactance) of the cage end
connectors is calculated for the part of the ring lying
between the two adjacent bars. Because of rotor salient
poles, there are two possible positions of the investigated
parts of the ring: at first, in d -axis, the ring touches the
iron of the teeth and second, the ring is surrounded by
air in q -axis. The first case is identical with the ring
of induction machine and can be calculated by the same
procedure and expressions. For example for the partial
rotor coil 2d, Lσ will be calculated as follows Lσring 2d =
2pnring Lσring = 2 × 2 × 4 × 28.7806 × 10−9 = 0.4605 µH,
where: nring – is the number of the ring parts belonging
to investigated partial coil, touching iron teeth on one
pole.
If the ring is surrounded by air, the leakage reactance
is so small that can be neglected. In Tab. 5 there are
calculated values of leakage inductances and reactances
of the partial rotor coils.
5.2 Differential leakage inductance
A differential leakage inductance means an influence of
space harmonics to the winding by which it was created.
These harmonics induce in the winding voltage harmonics, which increase winding reactance. The investigated
RSM has salient poles on the rotor with different air-gap
in d- and q - axis, therefore the method obviously used
for induction machine can not be employed.
The calculation for the rotor partial coils will be in the
following steps:
1 – by means of FEM the rotor partial coils is fed by
the same current as it was done for leakage inductance
(see Tab. 4) to be able to get a waveform of flux density
along the air-gap
2 – a Fourier series is done for the flux density waveform
3 – for each space harmonic of the flux density BδvR the
magnetic flux is calculated
φνR =

Once the magnetic conductivity is known, the slot
leakage inductance can be calculated on the basis of (11).
In Fig. 4 there are its values as a function of current for
all three typical slot positions according the Fig. 3.
The slot leakage inductance (reactance) for bars surrounded from both sides by iron are influenced also by
skineffect. Unsaturated slot leakage inductance as a function of temperature and frequency is in Fig. 5. Skineffect
is negligible in the bars surrounded by air from one or
from both sides (see Fig. 5).
The calculated slot leakage inductances will be used in
the next chapter in simulation of the RSM running-up.
The current of each partial rotor coil is different, what is
seen in Tab. 4.

2 τpR
lF eR BδνR
π ν

(14)

R
where, τp = πd
2p – - is the pole pitch of the rotor, lF eR
– is a length of rotor iron stack, BδvR – is the magnitude of ν -th harmonic magnetic flux density, which
was induced in the air-gap if the rotor partial coil was
excited.
4 – the harmonics of magnetic flux calculated in the point
3 the induced voltage will be calculated
√
(15)
UνR = 2πφνR kwRv f1R NR

where, NR – is the number of turns of a partial rotor
coil, in our case NR = 4 , because on each pole of the
rotor there is one turn of partial rotor coil crated by two
bars and corresponding parts ring, kwRv – is the winding factor of the partial rotor coil for ν -th harmonic, in
our case kwRv = 1 , f1R – is the frequency of fundamental harmonic. In our case f1R = 50Hz because we will
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Table 8. Comparison of the simulated and measured steady state
values

parameters simulation measurement difference
I0N (A)
ISN (A)
ϑL (deg)

2.694
4.2
19.42

3.22
4.55
17.5

-16.3%
-7.7%
+10.97%

measured at mL = 8 Nm

Fig. 6. Comparison of torque simulation and measurement, at the
moment of inertia J = 23 × 10−3 kgm 2

analyze the running up of the RSM, at which the rotor
frequency is identical with the stator one.
5 – at the end the differential leakage inductance (reactance) will be calculated
pP
p
2
2 + U 2 + U 2 + ...
UυR
U3R
5R
7R
Xσdif R =
=
IR
IR
Xσdif R
(16)
Lσdif R =
2πf1R
The results gained on the basis above described procedure are seen in Tab. 6.
In Tab. 7 there are real values of all components of
leakage inductances as well as their values referred to the
stator. Now we have all parameters needed for simulation
and we can do it.
Table 7. Leakage inductances of the rotor partial coils

6 SIMULATION OF THE RSM
STARTING BY SWITCHING IT
DIRECTLY ACROSS THE LINE

To be able to verify a correctness of the derived mathematical model as well as parameters of the rotor partial
coils referred to the stator side, a simulation of the RSM
starting by switching it directly across the line was made.
For the simulation model also magnetizing inductances
in d- and q - axis are needed. They will be calculated as
a difference between synchronous inductance, calculated
above for the stator current IS = 3.2 A, and leakage
inductance of the stator (see Tab. 1)
Lµd = Ld − LσdS − LσringS − Lσdif S

d

=

=222.02 × 10−3 − 4.878 × 10−3 − 4.78 × 10−3
− 10.63 × 10−3 = 201.732 mH,
Lµq = Lq − LσdS − LσringS − Lσdif S
=99.22 × 10

−3

− 4.878 × 10

−3

q

− 4.78 × 10

=
−3

− 31.33 × 10−3 = 58.232 mH.
partial coil

1d

2d

3d

Lσ1R (µH)
1
2.15 0.418
LσringR (µH)
0
0.461 0.921
Lσ1if R (µH)
0
2.14 4.224
LσN d (µH)
1
10.75 5.563
reffered values
L′σN d (mH)
3.73 × 108 356.21 55.13
′
XσN
1.17 × 108 111.91 17.32
d (Ω)
partial coil
Lσ1R (µH)
LσringR (µH)
Lσ1if R (µH)
LσN d (µH)
reffered values
L′σN d (mH)
′
XσN
d (Ω)

3q

4d
0.08
0.921
3.917
4.918
48.15
15.13

1q

2q

4q

0.046
0
0.145
0.191

0.05
0
0.197
0.247

3909.7
1228,3

672.33 69.17 62.68
211.22 21.72 19.69

2.17 1.06
0.461 0.921
8.19 15.1
10.82 17.07

The other parameter is moment of inertia, which will
be taken the same as of the original induction motor. The
simulation was made for the RSM starting by switching it
directly across the line in no-load condition, and in time
t = 1 s the rated load mL =8 Nm was applied to the RSM
rotor. The simulation results have been verified by measurements. In Tab. 8 there are simulated and measured
values of the important variables in the steady-state conditions. It is see that the deviation is in acceptable rate.
The derived mathematical model enables to investigate also transients. In Fig. 6 there is shown comparison
of the simulation and static torque measurement. It is see
that the coincidence is very good, what confirms that the
mathematical model and parameters are correct.
The further measurement which has verified the simulation model was made at the reduced voltage 120 V rms
to find out waveforms of the speed, torque and stator
current, which are seen in Fig. 7 and Fig. 8. The measured values of the torque have been taken by the torque
transducer of the HBM, type T34N.
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been verified by simulations and measurements. It was
shown that during the RSM starting by switching it directly across the line a coincidence of the simulated and
measured waveforms of the speed, current and torque is
very good. This fact confirms that the developed mathematical model is correct and can be employed for analysis
of the RSM behaviour.
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Fig. 8. Comparison the simulated and measured waveform of the
stator current of the RSM at 120 V rms J = 23 × 10−3 kgm 2

7 CONCLUSION

A mathematical model of the RSM with asymmetrical rotor cage has been created and a detailed description
of its parameters investigation is provided. The correctness of the parameters as well as of the whole model has
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